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1. Introduction

Finding suitable C*-norms to complete the algebraic tensor product of C*-algebras goes back to the works of T.
Turumaru [16] in 1952 and Alain Guichardet [7] in 1969. Since then a lot of work has been done on the subject,
including the Takesaki result confirming that the spatial tensor norm is the minimal C*-norm on the algebraic

tensor product [15].

There are some important notions related to the tensor product of C*-algebras like nuclearity and exactness,
studied among others by Alain Connes (1978), Uffe Haagerup (1983), Simon Wassermann (1994) and Eberhard
Kirchberg. The equivalence between tensor product conditions and approximation properties is now known due to

fundamental results of Choi and Effros (1978), Kirchberg (1977) and Pisier (1995).

The nuclearity (equality of min and max C*-norms on algebraic tensor product with any other C*-algebra) is
known to be equivalent to amenability for C*-algebras. B. E. Johnson in [9] showed that a locally compact group G
is amenable if and only if the group algebra L'(G) is amenable as a Banach algebra. A version of Johnson’s result
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for (inverse) semigroups is proved by Massoud Amini, using the notion of module amenability introduced in [1] for
Banach algebras (see also [14]). The relation between module nuclearity and module injectivity for C*-algebras
were settled in [3].

In this paper we further explore the notion of module tensor products of C*-algebras (specially in the minimal
and maximal tensor norms) and following Pisier [12], study tensorizing maps in the module context. This has
applications in the module version of the notion of exactness, studied in the classical case by Kirchberg and
Wassermann for group C*-algebras [11] and for general C*-algebras by Kirchberg [10].

Throughout the paper 2, A and B denote C*-algebras where A and B are 2(-bimodules with compatible actions.
Also ® denotes the algebraic tensor product of the algebras A and B. The completion of A® B with respect to the
minimal (maximal) tensor norm is denoted by A ®in B and A ®max B, respectively.

We say that 2 acts on A (with a compatible action) if there are two maps A x A — A;(a,a) — «-a and
A XA — A;(a,a) — a- « satisfying the following conditions:

i) both of the maps are linear on each variable,

ii) there is k > 0 such that ||a- o, ||a - a|| < k||| alle||a,

* *

(

(

(i) «-(ab) = (a-a)b and (ab) - a = a(b- a),
(iv) (a-a)*=a*-a* and (a-a)* = a* - a*,

for each @ € 2 and a,b € A.

The natural example of such action is the case where A acts on itself by the algebra multiplication. If A is an
2A-bimodule with the compatible action, then so is the dual space A*.

Let X be a Banach A-bimodule and a Banach 2-bimodule such that for every a € %,a € A and = € X,

a - (a-z)=(a-a)z, a(a-z)=(a-a)-z, (a¢-z)-a=a-(r-a),

and the same for the right action. Then, we say that X is a Banach A-2(-bimodule. If moreover, for each a € A
and x € X, a-x = x - «, then X is called a commutative Banach A-2-bimodule. In this case X*, the dual of X
is also a commutative Banach A-2(-bimodule with the canonical action. Let Y be another Banach A-2-bimodule,
then an A-2-bimodule morphism from X to Y is a bounded linear map ¢ : X — Y which is module morphism
with respect to both actions, that is,

pla-z)=a- o), ¢(@-a)=e@) a pla-z)=a-e@), e ) =) o

for each « € 2,a € A and x € X.
When A acts on itself by the algebra multiplication, it is not in general a Banach A-2(-bimodule, since we have
not assumed the condition

a(a-d)=(a-a)d (a€NAad €A). (1)

However, if A is a commutative 2-bimodule, then the equation (1) holds, so A is a Banach A-2-bimodule.
Let A, B be 2-bimodules. Let I4 g be the ideal of A® B generated by the elements of the form a-a®b—a®a-b,

AOB .

for o € A,a € A and b € B. We use [ instead of I4 g when there is no ambiguity. The quotient space is

denoted by A @y B. It is desirable to relate the C*-completions of A ®y B with quotients of C*-completions of
A ® B. This is done in the next section.

Let m: A© A — A;> a; ®al — Y a;al be the multiplication map and let J be the closed ideal of A generated
by m(Ia,4), that is, the closed linear span of the set of elements of the form (a - a)a’ — a(a-d’) (o € A, a,a’ € A).

2. Module tensor products and module tensorizing maps

In this section we explore module versions of tensorizing maps. The following definition is due to G. Pisier [12,
Definition 7.1].

Definition 2.1. Let A and B be C*-algebras and let v and n be one of the symbols min or mazx. A linear map
u: A — B is called (v — n)-tensorizing if for every C*-algebra C, the map v ®idec : A©C — BoC is
~v-n-continuous, equivalently for every r € A ® C we have

Ju®ide ()|, < [z

In the next definition we extend the notion of tensor product of C*-algebras to module tensor product.
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Definition 2.2. Let v be a C*-norm on A ® B. If the quotient norm on A ®g B coincides with the norm -y, then
we define the A-module y-tensor product of A and B as the completion of A Oy B with respect to this norm and
denote it by A @y~ B. In this case for x € A® B we have ||z + I||y = inf;c ||z + i]|.

The next result now follows immediately.

Proposition 2.3. Let v be a C*-norm on A ® B and let I, be the closure of I in this norm. Then, we have an

isometric isomorphism
(A®y B)/1y ~ A®uy B,

where A ®~ B is the completion of A® B with respect to 7.

In particular, it follows that the module max-norm is well behaved with respect to inclusion of ideals.

Corollary 2.4. Let N be a closed two-sided ideal of a C*-algebra A. Then, for any C*-algebra B we have an
isometric embedding N @9 max B € A @9 max B

Proof. By [12, Lemma 7.14], we have N ®@max B C A @max B. Let fN7B be the closed ideal in N ®y,. B generated
by the elements of the form n-a®b—n® «-b. Then, Iy C I. Hence N ®g( max B € A @9 max B. O

More generally, let D be a C*-subalgebra of a C*-algebra A. The inclusion D C A is called max-injective [12,
7.2] whenever for every C*-algebra C' the inclusion D ®@pax C C A ®max C holds. We extend this definition to the
case of module tensor product of C*-algebras.

Definition 2.5. The inclusion D C A is called A-max-injective if for every A-bimodule C with compatible actions,
the mazimal norm on D Oy C coincides with the norm inherited from A g max C. Equivalently, the map D ®q max
C — A ®a,max C s injective (and so isometric).

As an example, if D be a closed two-sided ideal of A, then by the above corollary, D C A is 2-max-injective.

The case of min-norm is less problematic. If D C A the restriction of the min-norm of A ®g min B to D Og B
always coincides with the norm of D ®g min B. This means that if D C A, then for every B, we have D ®g min B C
A ®Ql,min B.

Next let us treat the quotient norms. Let u : A — B be a completely bounded (completely positive) -linear
map. The following facts are well-known:

(i) The map u®ide: A®C — B® C induces a map u Og idg : A ©g C — B Og C.

(ii) The map @ : A/Ja — B/Jp;a + Ja — u(a) + Jp is completely bounded (completely positive) with
@le. < [|ulle.b.-

Definition 2.6. For every x € A ® B we define
[ 4 I]|lat—max = sup [|w(z + 1)

where the supremum runs over all the *-homomorphisms of A ®y B. Similarly, for each x = ,a;, ®b; € A® B
we define
@+ Tllot—min = [ 32 7(as) @ o(bi) | Bnar)-

The next result guarantees that the definitions 2.2 and 2.6 are compatible for the module min and max norms.
Theorem 2.7. For v = min or max, and each x € A ® B we have
[+ Ila—y = [lz+ 1]

Proof. First let us treat the case of y=max: Let p : 2 — B(H) be a *-homomorphism. Using this, one could
define a left and a right action of 2 on B(H) via a- T = p(a)T and T - o := Tp(a), for a € A and T €
B(H). This makes B(#H) an 2-bimodule with compatible actions. Let 7 : A — B(H) and ¢ : B — B(H)
be 2-bimodule *-representations with commuting ranges. Then, there is a unique 2-bimodule *-homomorphism
mxo:A®B — B(H);a®b— w(a)o(b). Let I :=I4 p. If 7 x o|f =0, then we obtain a unique *-representation
WXQ[UA@Q[B—)B(H)

Conversely, for every *-homomorphism ¢ : A ©y B — B(H), the *-homomorphism ¢ : A ® B — B(H) defined
by ¥(a®b) = p(a ® b+ I) vanishes on I. Extending v to the algebraic tensor product of unitizations of A and B
if needed, we may assume that A and B are unital. Putting 7(a) := ¢¥(a ® 15) and o(b) := ¥(14 ® b), we obtain
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A-bimodule *-representations 7 : A — B(H) and ¢ : B — B(H) with commuting ranges. In other words, there is
a one-one correspondence between the pairs (7, 0) of *-representations on A and B with commuting ranges with
7 X o|r = 0 and the *-homomorphisms of A Gy B.

By the above definition, the norm 2A-max has the universal property. Indeed, if ¢ : A ©®g B — B(H) is a
*-homomorphism, then there is a unique *-homomorphism @ : A g max B — B(H) that extends ¢. In particular,
for every 2-bimodule *-representations 7 : A — B(H) and ¢ : B — B(H) with commuting ranges and 7 x o|; = 0,
there is a unique *-representations ™ Xg 0 : A Qg max B — B(H). In particular, for every z € A® B,

[ + Ifl2t—max = igﬁ 1z + illmax-
Next we treat the case of y=min: Let 7 : A — B(#) and o : B — B(K) be injective *-representations. Then,
TOo:AOB = B(H)® B(K) C B(H®K); > ,a; @b — >, m(a;) ® o(by)

is an injective *-homomorphism [5, Proposition 3.1.12]. Again by passing to minimal unitizations we may assume
that A and B are unital. Let I = I4 . Then, [ is the closure of the span I of elements of the form a-a®b—a®a-b.
Define 2-actions on B(H) and B(K) as follows:

x-a:=zr(lag-a), a-y:=oc(a-1p)y,

for o € A,z € B(H) and y € B(K). Let I be the corresponding ideal of 7(A) ®o(B). Then, clearly (r©o)(I) C I,
thus there is a *-homomorphism

TOuo: A0y B = 7m(A) Oy oa(B); Y (a; @b +1)— > (m(a;) ®a(b;)) +1,

which is also a module map. Let us observe that m ®g o is injective: if 7 Og o(x 4+ I) = 0, for some z € A ® B,
then (7 ® o)(z) € I and so it is the norm limit of a sequence of elements of the form (7 ® o)(y;), with y; € Io.
Since m ® o is injective, it follows that the sequence (y;) is Cauchy and so convergent to some y € I. Thus we have
(m®o)(x) = (m ®0)(y), and again by injectivity of T ©® o, x =y € I, that is x + I = 0. Now, since 7(A4) Oy o(B)
is a pre-C*-algebra, it has a faithful representation p : 7(A) ©g o(B) — B(L) in a Hilbert space £, and

po(mrOyo): AGy B— B(L)

is an injective *-homomorphism.

Note that by a similar argument to that of [5, Proposition 3.3.11], the 2l-min norm is independent of the choice
of faithful representations 7 and o.

Now, let 7 : A — B(H) and o : B — B(K) be injective *-representations. Then,

12+ Tl -min = [lpo (7 @2 o) (@ + D) = inf |l ©o(x) + il = inf[|z + 4|l = |z + Ilmin, (2)
1€

for each x € A ® B. O

The next definition could be compared with Definition 2.1.

Definition 2.8. Let v and n be one of the symbols min or max. An A-linear map v : A — B is called A-(y — n)-
tensorizing if for every C*-algebra C' that is an A-bimodule with compatible actions, we have

[u ©acide(T)lly < (17l

for every & € A Og C, that is, the map u Oy ide : A ©g C — B Og C is y-n-continuous.
In this case the map u Og idc extends to a contraction u Qg idc : A ®g 4 C — B Qg C.

Lemma 2.9. Ifu: A — B is an 2A-module map, then for each C*-algebra C and x € A® C,
[u @2 1de(Z) [ min = [lu © ide(2)|[min 3)
where T € A Oy C is the image of x in the canonical embedding.

Proof. Suppose that 7 : B — B(#H) and o : C' — B(K) are injective *-representations and let z = > a; ® ¢;. We
denote Ip ¢ by I. By (2)

||U O idC(i‘)Hmin = || Zu(ai) ®c; + IHmin
= Z mu(a;) ® o(ci)| Buar)
= [}t ®ide (@) mins
where the last equality is just the definition of the spatial tensor product. O
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Corollary 2.10. If u: A — B is 2-(min — min)-tensorizing, then it is (min — min)-tensorizing.

Amini and Rezavand in [3] defined the notion of 2-nuclearity for a C*-algebra A in the case that the action of
2 on A is left trivial. Here, we extend this definition to an arbitrary action.

Definition 2.11. Let A and B be C*-algebras with compatible actions of A on them. The pair (A, B) is called
A-nuclear if AQq min B > AQq max B, or equivalently, the min and the max norm on A®gy B defined by Definition
2.2. coincide. A C*-algebra A is called A-nuclear if for every C*-algebra B with a compatible 2A-action, the pair
(A, B) is A-nuclear.

The next result immediately follows from definition.

Proposition 2.12. A C*-algebra A is A-nuclear if and only if the identity map id : A — A is A-(min — max)-
tensorizing.

If D C A is A-max-injective and the pair (A, B) is 2-nuclear, then so is (D, B). This is because, by 2-nuclearity
of (A, B), the restriction of the min-norm and the max-norm on D ®y B are the same, that is,

D @ymax B=D@oa B =D oy B =D @ymin B C AQgmin B.

Note that the first equality holds as D C A is 2l-max-injective.

3. Comparing tensors for trivial one-sided actions

We say that the action of 2 on A is left-trivial if o+ a = f(«)a, for some character f € 2*. The right-trivial action
of 2 on A is defined similarly [4].
Let 2 act on A left-trivially. Let Jy be the closed linear span of elements of the form a - a — f(a)a.

Theorem 3.1. Let A, A and B be unital.

(i) If the actions of A on A and B are left-trivial with the same character f € 2*, then we have the isomorphic

isomorphism
A
A ®Ql,max B~— max B. (4)
Ja
If in addition the C*-algebra B is exact, then
A
A ®91,min B~ — Qmin B. (5)
Ja
(i1) If the actions of A on A and B are right-trivial with the same character f € A*, then we have the isomorphic
isomorphism
B
A ®Ql,max B~A ®max - (6)
JB

In addition if the C*-algebra A is exact, then

B
A®Ql min B =~ A®min e
’ JB

Proof. (i) Let (e;) C A be a bounded approximate identity. Then,
a-a— fla)a= lign[(a ca)e; —ala-e;)] € Ja,
thus Jy C Ja. Conversely, for every aq,as € A since Jy is an ideal, we have
(a1 - @)az —ar(a-az) = (a1 - a — f(a)ay)as € Jp,
and we get J4 C Jy. Thus J4 = Jy. By [5, Proposition 3.7.1], exactness of the sequence
0—Jas—A—A/Js—0

implies exactness of
0— JA ®max B— AQmax B— A/J4 Qmax B—0
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hence we have an isomorphic isomorphism

A®mx B _ A

5 - 5 =7 maxB-
JA ®maXB JA @

Now, it is enough to show that J4 ®max B = Imax- Since the action of 2 on B is left-trivial, I,,x is spanned by the
elements of the form a-a— f(a)a®b. This means that Jy® B spans Inax. Thus Jy C J4 implies Iy C J Ja Qmax B.
Conversely Ja C Jy gives J4 ® B C I hax. Thus by [12, Proposition 7.19 (iii)], J4 Qmax B = Ja © B™™ C s

Thereforea Ilnax = JA Qmax B and A ®Q[,max B~ T Qmax B.
A

If B is exact, exactness of the sequence
0—Js—A—A/Js —0

implies the exactness of
0— JA ®min B— A®min B— A/JA ®min B — 0,

thus
A®min B - A

¥ - - — T minB‘
T Omm B Ja

A
A similar argument as above shows that Iin = J4 ®min B and A Qg min B =~ N ®min B.
A

(ii) The proof is similar as the above. O

Corollary 3.2. Let u : A — B be an 2-module map. Suppose that the actions of A on A and B are left-trivial
with the same character f € A*. Then, the following statements are equivalent.

(i) The map u: A — B is 2 — (max — max)-tensorizing,
(ii) The map @ : A/Js — B/Jp is (max — max)-tensorizing.

Corollary 3.3. Let u: A — B be an 2A-linear map. Suppose that the actions of A on A and B are left-trivial with
the same character f € 2A*. Then,

(1) If |lull <1 and u is c.p., then u is A-(max — max)-tensorizing.
(i) If [|ullcp. <1, then u is A-(min — min)-tensorizing.

Proof. (i) As observed above, we have ||t : A/Js — B/Jg|| < 1. Using [12, Corollary 7.8] 4 is (max — max)-
tensorizing. Therefore, by Corollary 3.2 u is 2l — (max — max)-tensorizing.
(ii) By [12, Corollary 7.2] @ is (min — min)-tensorizing. Thus for each C*-algebra C,

A B
ltoide: —o0C — —0C| <1

Ja JB
.. . AcC
Let Io = I4,c and Ip = Ip,c. By a similar argument as in the proof of Theorem 3.1, we have A o C ~ T
A A
B BoC
and — © C ~ © . Thus
- s AoC  BocC
. © ®©
lu @y ide : — I <1,
I Is
which means that v« is 2-(min — min)-tensorizing. O

Proposition 3.4. Suppose that the action of A on A is left-trivial. Then, the inclusion D C A is 2A-max-injective
in each of the following cases:

(i) there is a c.p. projection A-module map P : A — D with |P]| < 1,

(i) there is a net of c.p. A-module maps P; : A — D with ||P;|| <1 and P; — idp in point-norm.

Proof. The result is immediate, since the maps P and P;’s are -(max — max)-tensorizing by Corollary 3.3. O

Proposition 3.5. Let N be a closed two-sided ideal of A. If the actions of A on A and B are right-trivial with the
same character f, then we have isometric isomorphism

A
N ®Ql,max B~ (A ®2l,max B)/(N ®Ql,max B)
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Proof. Since N is an ideal by [12, Proposition 7.15], the sequence

B B A B
O N max 1 A max g NT max 1 O
—>®aJB—> ®aJB—>N®aJB—>
is exact. Now, by assumption and Theorem 3.1 (ii), we have A @g max B >~ A @max %. Hence the sequence

A
0— N ®Ql,max B— A ®Q(,max B — N ®Ql,max B—0

is exact. Thus % ®2,max B 2~ (A @9 max B)/(N Qo max B), as required. O

4. Module exactness

Let A be a C*-algebra and N be a closed two-sided ideal of A. Then, for every C*-algebra B the sequence

A
OHNGBHAQBHNQBHO

is exact. The key point here is that the completion of this sequence in the spatial tensor norm fails to be exact in
general. A C*-algebra B is called exact if for every C*-algebra A and two-sided closed ideal N, the sequence

A
0—)N®minB—>A®minB—>N®minB—>0

is an exact sequence.
Here, we extend this definition and introduce the notion of module exactness for a C*-algebra with a compatible
one-sided 2-action.

Definition 4.1. Let B be a C*-algebra with a compatible left A-action. Then, B is called ™A-exact if for every
C*-algebra A with a compatible right A-action and every closed two-sided ideal and right submodule N of A, the
sequence

A
0— N ®Ql7min B— A ®Q{,min B — N ®Ql,min B—0
15 exact.

In the above situation, whenever we need to treat A and B as two sided 2(-modules, we fix a character f on 2
and let the right action on B and the left action on A be trivial actions given by f.

Theorem 4.2. A C*-algebra B with a compatible left A-action is A-exact if and only if % 1s ezact.

Proof. We need to verify that the exactness of the first and the third rows in the following diagram are equivalent:

0 —— N ®Ql,min B— A ®2l,min B—— % ®Q[,min B—— 0

2A
qx 7% Ta/N

0 —— N ®umin B

A®min B—m— % Qmin B——— 0

idN Qmin 4B 1dA & min 4B ld% Qmin 4B

B B A B
0 —— NOming; ——A®min 7, —— F¥Oming, — 0

First let us assume that % is exact. Then, by definition we have

A @min £ A B

N ®min % N JB.
Let the right action on B and the left action on A be trivial actions given by the same character f on 2. Let I4 p
be the ideal of A ® % generated by the elements of the form a-a ®b—a®a-b, for a € A,a € A, be £, and

JB’

let 1, & be its min-closure. For B := B/Jp we have Ji = 0, and since the right 2-action on B is assumed to
"B
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be trivial, both the left and right 2A-actions on B=B /Jp are trivial (given by the above character f). Thus by

Theorem 3.1, we have I_A B = J4 Omin %. Therefore, we have
’JIp

B ~ A Qmin % ~ A Qmin % ~ A ® B
JB - I_A L B JA ®min Jﬁ N JA e JB ’
B B

J

A ®Ql,min

Similarly, using closed ideals Iy 5 and I 4 g, We get

N®ABEN®_B A®‘BEA/N B
A, min JB - JN min JB7 N 2, min JB - JA/N min JB .
Now, let g := qn : A — A/N be the quotient map. This induces a map
A A/N
qg:— — s v+ Ja—=qlz)+ Ja/N.
T JA/N A q(z) A/N

Let us observe that § is well-defined: If € J4 then x could be approximated in A with a linear combination of
elements of the form y = (a-a)a —a(a-a ) with q(y) = (q(a) - @)q(a ) —q(a)(a-q(a’) € Ja/n. Thus q(z) € Ja/n.
Next let us consider the embedding

L:%%%; n+Jy—=n+Ja.

To see that ¢, which is clearly well defined, is one-one, we need to observe that Jy = J4 N N: given a generator
z = (n-a)n’ —n(a-n) of Jy, we have z € N (as N is an ideal) and & € J4 (as N C A), thus Jy C J4NN. Conversely,
given £ > 0, each z € J4 N N is e-close in A to a linear combination of elements of the form y = (a-a)a’ —a(a-a’).
Given a bounded approximate identity (e;) of N with 0 < e; < 1 in the minimal unitization of N, each element
e;xe; is e-close in A to a linear combination of elements e;ye; = (e;a - a)a/ei —e;a(a- a/ei) € Jy (as N is an ideal
in A), thus « = lim,; e;ze; € Jy (as Jy is close), that is, J4 NN C Jy.

Identifying % with its image in -, we claim that ker(q) = %: given T = x + Ja with ¢(z) = 0, we
have q(x) € J4/n, thus, given ¢ > 0, q(z) is e-close in A/N to a linear combination z of elements of the form
(q(a) - @)q(a’) — g(a)(a - q(a’)), and so there is n € N such that z — n is 2e-close in A to a linear combination y of
elements of the form (a - a)a — a(a-a'). Hence T is 2e-close in A/J4 to n+ Ja = t(n + Jy), that is, € N/Jy,
after the above identification. Conversely,

G(tln+Jn)) =qd(n+Ja) =q(n) +JA/N = JA/N;

and the formula for the kernel is proved. This means that

AlJa ., A/N
N/JIn Ja/N’
canonically. Finally we have
A@gmin B _ Al Cmin 75 A)J B _ A/N B _A

= = min 5 — ®min7§7® minB-a
N ®@umin B N/JN @min % N/Jn Jp Jan Jg N 7%

that is, B is 2-exact. The converse is proved by going over the above argument in a reverse direction. O

To provide a concrete example, let us discuss C*-algebras of inverse semigroups. Following Duncan and Paterson
[6], let us consider an inverse semigroup S and left regular representation A : S — B(¢%(S)). Then, the completion
of the image of £(S) in the representation induced by \ is called the reduced C*-algebra of S, denoted by C(S).
Let the full C*-algebra of S be denoted by C*(5).

Let E be be the set of idempotents of S. Let £}(E) act on £*(S) by multiplication from right and trivially from
left, that is,

0g-0p =03 %0c =05 and 0, 05 = I (e€ E,s€8).

These actions continuously extend to actions of C*(E) on C*(S) and C}(S), where the left actions are trivial [3].
Let =~ be an equivalence relation on S given by

sxts §, — 0 € Jo.

Here, the ideal Jy is the linear span of the set {05t — st : 5, € S,e € E} C £1(S). Since E is a semilattice, the
discussion before [2, Theorem 2.4] shows that Gg := S/ =~ is a discrete group, that is known to be the maximal
group homomorphic image of S.

Following the group case, we define exact inverse semigroups as follows.
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Definition 4.3. An inverse semigroup S is called exact if C}(Gg) is an exact C*-algebra.

Example 4.1. Let S be an inverse semigroup with the set of idempotents E. Suppose that E acts on S by multi-
plication from right and trivially from left as above. Then, the following are equivalent;

(i) S is an exact semigroup.
(il) Cr(9) is C*(E)-exact.

Proof. Let J be the closure of Jy in C;(S). The map ¢*(S) — C;(Gs); s — djy is a continuous *-homomorphism
with dense range ¢!(Gg) so it lifts to a surjective *-homomorphism ¢ : C(S) — C}(Gg) with ker(p) = J.

Cr(S
Therefore, C}(Gg) ~ %) Now, the result follows from Theorem 4.2. O

5. decomposable module maps

Let A be an operator system and B a C*-algebra, both having 2-bimodule structures as above. We will denote by
Dy (A, B) the set of all 2-decomposable maps v : A — B, that is, the module maps that are in the linear span of
CPy(A, B) of c.p. A-module maps. Following Haagerup [8] we define

[[ullot—dce == inf max{[[ST, [[S2]]},

where the infimum runs over all module maps Sy, Se € CPy(A, B) such that

Ve (Sl “) € CP(A,My(B)),

U 52

where u,(a) = u(a*)*. Note that V' is automatically a module map in the canonical module structure of My(B).
By an argument similar to [12, Lemma 6.2], Dy (A, B) is a Banach space. We may ignore the module structure and
compare this norm to ||.||gec- Since in the latter case the infimum is taken over all c.p. maps S; and Sy (not just
the module c.p. maps), it is clear that ||u|la—dec > ||t|lgec. In particular,

[ulla-dec = [luller = [lull, (8)

Sl u

w. 52) € CP(A,Mz(B)), thus

for a c.p. map u, by [12, Lemma 6.5(i)]. On the other hand, when w is c.p., (
(i) if wis c.p., then
[ulla—dec = [[tflen = [lull-
Similarly, as in [12, Lemma 6.5(ii)-(iii)], we have

(i) if u = u, then
|l —dec = inf{||u1 + usa| : ur, us € CPy(A, B),u = uy — us}.

(iii) ifu= (1? g), then u € Dy (A, B) if and only if @ € Dy (A,Mz(B)) and ||u|log—dec = ||%||2—dec-

Also, by the same argument as in [12, Lemma 6.6],
(iv) Dy (A, B) C CBy(A, B) and ||u|la—dec > ||ul|cb, for a c.b. module map wu,
(v) ifue Dy(A,B)and v € Dy (B,C) then vu € Dy (A, C) and

||Uu||Ql—dec S ||U||Q[—dec||v||Ql—dec~

Now, consider the situation that v : A — M is a module map from a C*-algebra to a von Neumann algebra,
both with 2-bimodule structures. For M, we the left and right module actions are assumed to be w*-continuous.
This makes M, < M* an 2-submodule. Now, since u* : M* — A* is also a module map in the canonical module
structure of the dual spaces, so is its restriction to M,. Taking once more the adjoint of this restricted map, we get
a module map i : A** — M. By the same argument as in [12, Lemma 6.9],

(vi) u € Dy(A, M) if and only if & € Dy (A**, M) and |[ul|a—dec = ||t]|2—dec-
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Proposition 5.1. Let A, B and C' be C*-algebras. For each u € Dy (A, B) and x € C Oy A we have

[(ide Oat u)(Z) |c@a—maxB < Ulla—dec|Z]| Cu—maxA-

Moreover, the map idc ®g max U : C @q—max A = C @9—max B is decomposable and its norm satisfies

||(1dC @921, max u)||DQ,[(C®Qj—maxA,C®Ql7maxB) < ||u||217dec- (9)

Proof. The proof is based on the argument in [12, Proposition 6.11] and we give the details for the sake of
completeness. By (8), |lide ©g u|| < [ide ®u ullg—dec and so we only need to prove (9). Let u € Dy(A, B)

and let V = (il ;,L) € CP(A,M3(B)). Then, the map idc @ max V : C @—max A4 = C Qg_max Ma(B) ~
* 2

My (C ®g(—max B) is ¢.p. and we may view it as

idC ®Ql7max V= <ldc ®m7max Sl 1dC ®91,max ) >

idC ®Ql,max U 1dC ®Ql,max SZ-

Since ide ®gf max s = (Idc @9 max u)« and u € Dy (A4, B), we obtain idc g max 4 € Do(C @ —max A, C @~ max B)
and
lide ®at,max ulla—dec < max{[lide @amax S1l|, [[idc @atmax S|} < max{[[S1]|, [|52[[}-

Taking the infimum over all possible module maps Sy, S2 we obtain (9). O

Corollary 5.2. Let u; € Dy(A;, B;),i =1,2. Then, us Og uz extends to a A-decomposable map w1 g max U2 such
that

||U1 ®2[,max UQHQl—dcc § Hu1||21—dccHu2||Ql—dcc
When the map « has finite rank then a stronger result holds and one can go min — max.

Proposition 5.3. Let u € Dy (A, B) be a finite rank module map. Then, for every C*-algebra C' and each x €
C Oy A we have

[(ide ©a u)(@)lcoa—nuxB < lulla—decllzllcoymna-
Proof. The min and max norms are equivalent on C' ®y F' for any finite dimensional subspace F' C B. Since the

rank of u is finite, the map
idC O u : c QA—min A—C @9 —max B

is bounded. Also
HldC Oy U C @Y—max A—C X9l —max B” < ||U||2l—deca

by (9). Let ¢ : C ®max A = C ®@min A be the canonical surjection and let I = I 4. Since " C Tmin, g induces a
surjection ¢ : C Qg —max A = C Qg _min A. Taking the open unit ball onto the open unit ball, thus it follows that

||1dC O u: c &9 —min A—C Q9 —max BH = ||1dC O u: c @9 —max A—C @2 —max BH
S ||u||Q[—dcc~ [l
Next, let p : 2 — B(H) be a *-homomorphism. We consider a two-sided action of 2 on H given by a-§ = §-a =
p(a)¢ for each £ € H, o € 2. This gives a compatible action of 2 on B(H) via (T-a)(§) = (a-T)(§) = T(a-&). Now,
if a von Neumann algebra M C B(H) is an 2-bimodule with compatible action, then its commutant M’ C B(H)

is a closed submodule.
In what follows we further assume that A is a unital C*-algebra and a commutative 2(-bimodule, that is,

aa=a-a (a€Aac).

We let E C A be a closed submodule and Suppose that v : E — M is a bounded 2A-linear map. Then, @ : M'Oy E —
B(#H) defined by @(2' ® x) = z'u(x) for 2’ € M’,z € M is an A-linear map. Finally, we take M’ @3** E to be the
closer of M' @Oy E in M’ ®@g(_max A.

Lemma 5.4. With the above notations, & : M' ©y E — B(H) extends to a c¢.b. map on M' @3 E with |4 :
M @§** E — B(H)|lcs. <1 if and only if there is & € Dy (A, B) with ||t||a—dec < 1 extending u.
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Proof. Suppose that there is an extension @ € Dy (A, B) with ||@|la—dec < 1. By (8) and (9) we have
HldM’ ®Q{—max U M/ ®2{—max A— M/ ®2l—max Mch S 1.

Therefore,

||1dM’ QA —max U : M/ ®$ax E — M/ Q9 —max MHc.b. S 1.
Since the product map p : M’ ®y M — B(H) defines a *-homomorphism on M’ ®g_max M into B(H) with c.b.
norm at most one and @ = p(idyy Oy u), we get ||a: M’ @Q** E — B(H)||cp. < 1.

Conversely, assume that || : M’ @3** E — B(H)||cs. < 1. Let K be a Hilbert space such that we have faithful
representation M’ ®g_max A € B(K). Let C = M’ ©y 1 C B(K) and let 7 : C — B(H) be the map coming
from the natural identification M’ ®g 1 ~ M’, which in turn follows from the fact that B(H) is a commutative
2-bimodule. Put & = M’ @3* E and note that £ is a C-bimodule and @ is a C-bimodule by [12, Lemma 6.19]
applied to w = 4. In particular, we obtain a u.c.p. 2-module map W : & — My(B(H)) which admits a u.c.p.
extension W : My(M' ®g_max A) — Ma(B(H)). Let T be the restriction of W to My(1 @y A). Since A is a
commutative 2A-bimodule, we may identify A with 1®g A and view T as a mapping from M (A) to My(B(H)) with
T(1) = W(1) = 1. We claim that the 2-module map 7" has the following special form

 (Tii(z11) Tiz(x12)
T() = (i) T2 @ e () (10)

with T3] = u and that T(Ma(A)) € My(M). Assuming the claim, one could conclude the proof as follows.
Since T is u.c.p., max{||T11||, |T22]|} < [|IT]| = 1, the maps T11,T52 are c.p. and moreover the 2A-module map

R:aw—T( (Z Z)) is c.p. on A and self-adjoint. Let @ = T2 and 4. (a) = a(a*)*, for a € A. Thus

Tll(a) ﬁ(a)
R(a)=|{"- .
(a) <u*(a) Tyo(a)
for each a € A. Therefore, by definition of the -dec norm,

[l —dee < max{||Tha], | To2ll} = 1.

It only remains to prove the claim. To this end, first observe that by definition W is a *-homomorphism on the

algebra of matrices (001 CO> with ¢1,¢5 € C. Let D denote the set of all such matrices. By [12, Corollary 5.3], the
2

map W must satisfy

W(y1zye) = W (y1)W (z)W (y2) (11)

0 0 0 1
that W (x);; depends only on z;; and the same is true for T = W\MZ( 4)- Thus we can write a priori 7" in the form

for all y1,y2 € D and « € My(B(H)). Applying this with y1,y2 equal to either (1 0) or (0 0) , one concludes

(10). Moreover, since W extends W, we know Wiy extends Wis = w = 4, and hence restricting this to A ~ 1 ®g A,
on which 4 = u, we conclude that o extends w.

Finally, it remains to check that all T;;s take their values in M, equivalently, it suffices to check that all the
terms T;;(z;;) with z;; € A commute with M’. Since 1 ®g A commutes with M’ ®g 1, each z € M3(A) commutes

i
m el 0 > with m’ € M’, and hence by (11),

w1thanyy€Dofthef0rmy( 0 m @ 1

W (y)W (2) = W(yx) = W(zy) = W ()W (y).

!/
Equivalently, W (y)T(z) = T'(z)W (y) and since W (y) = ng 773’) , this implies that all elements T;;(z;;) commute
with any m’ € M’ and hence take their values in M. This completes the proof of the claim. O

Lemma 5.5. For A-bimodules B,C, and each x € C' ©y B we have

”xHC@m—maXB = ||xHC®‘2l—1naxB**'

Proof. Let 7 : C — B(H) and 0 : B — B(#H) be representations with commuting ranges and let o** : B** — 7(C')'.
By Theorem 2.7, we have

7 x o(@)sa = 7 x o™ (@)sa) < [2looamumB
whence ||2]|coy B < %] c®a—mayB**- The converse is obvious. O

489



A. Shirinkalam, AUT J. Math. Comput., 7(4) (2026) 479-491, DOI:10.22060/AJMC.2025.24545.1457

Theorem 5.6. Let E be a submodule of A. The A-module map v : E — B is A-(max — max)-tensorizing if
and only if u admits a decomposable extension @ : A — B** with |||la—dec < 1 such that the following diagram

commutes.
F A
B

y s B**
‘B
Proof. Assume we have an extension & € Dy (A, B**) with ||@||g—dec < 1. By Proposition 5.1, @ and its restriction
ipu are 2A-(max — max)-tensorizing. By Lemma 5.5, the map u itself is 2-(max — max)-tensorizing.
Conversely, assume that w is 2-(max — max)-tensorizing. We put C = M’ and apply Theorem 5.4. Let
M = B** be viewed as a von Neumann algebra embedded in B(#), for some #, such that B C B** C B(H). Let
: M @3* E — B(H) be as in Theorem 5.4. Then, we have

id

_—

s

||1dM/ Oy U M’ ®§ax E— M XA —max BHc.b. <1.

Next, @ is the composition of the map id,;, ®g u with *-homomorphism o : M' @q_max B — B(H) defined by
o(c®b) = ¢b = be. Therefore,
i : M @™ E — B(H)|cp. < 1.

Applying Theorem 5.4 to the map igu : E — M = B** shows that there is an extension @ € Dgy(A, B**) with

”'ELHQlfdec S 1.
([l

Note that a preprint has previously been published in [13].
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