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ABSTRACT: In this paper, in the context of an important class of locally
compact hypergroups, namely Kρ, which were introduced by Dunkl and
Ramirez, we find some sufficient conditions on a weight (wn)

∞
n=0 ⊆ (0,∞)

such that the set{(
(fk)k, (gk)k

)
∈ Lp(Kρ)× Lq(Kρ) :

∞∑
k=1

|fkgk|w2
k ρ

k−1 < ∞

}

is a σ-c-lower porous set.
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1. Introduction and Notations

Consider N0 := {0, 1, 2, . . .} equipped with the discrete topology, and fix some prime number ρ. For any k ∈ N0

and each m,n ∈ N, define
δk ∗ δ0 = δ0 ∗ δk := δk,

and

δn ∗ δn :=
1

ρn−1(ρ− 1)
δ0 +

n−1∑
k=1

ρk−nδk +
ρ− 2

ρ− 1
δn,

and δm ∗ δn := δmax{m,n}. Then, by [5], N0 equipped with the above convolution would be a Hermitian hypergroup.
Note that the measure λ on N0 given by

λ({k}) :=

1, if k = 0,

(ρ− 1)ρk−1, if k ≥ 1,
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is a Haar measure for N0. This means that for any n ∈ N0,

δn ∗ λ = λ.

In the sequel, we refer to this hypergroup by Kρ.
This class of hypergroups, as the dual of a compact countable hypergroup, was introduced and studied in [5].

For more details about general locally compact hypergroups refer to the monographs [4, 7].
In this paper, we intend to discover some facts regarding porosity of weighted Lebesgue spaces on this hyper-

groups with respect to the above Haar measure λ. Let (X, d) be a metric space, c ∈ (0, 1], and P ⊆ X. Then, P is
called a c-lower porous set in X if for each x ∈ P ,

lim inf
r>0

γ(x, r, P )

r
≥ c

2
,

where
γ(x, r, P ) := sup{s ≥ 0 : for some z ∈ X, B(z; s) ⊆ B(z; r) \ P},

where B(z; s) is a ball with center z ∈ X and radius s > 0. A subset P of X is called σ-c-lower porous if it can be
written as a countable union of c-lower porous subsets of X. For more details, see [10, 11] and their references.

Recall that if f, g are measurable complex-valued functions on a hypergroup (K, ∗, ·ˇ ), then

(f ∗ g)(x) :=
∫
K

f(y)g(y̌ ∗ x) dλ(y),

for all x ∈ K, while this integral exists. In [3, 8] convolution properties of Orlicz spaces and weighted Orlicz spaces
on hypergroups have been studied.

In [6, Theorem 1] for a locally compact non-compact group G and any p, q > 1 with 1
p +

1
q < 1, it is proved that

the set
{(f, g) ∈ Lp(G)× Lq(G) : ∃x ∈ B, (f ∗ g)(x) is well-defined},

is σ-c-lower porous in Lp(G)× Lq(G) for some 0 < c < 1, where B is a compact subset of G. Also, it is proved in
[6, Corollary 2] that a locally compact group would be non-compact if and only if the set

{(f, g) ∈ Lp(G)× Lq(G) : f ∗ g is defined a.e. on G},

is σ-c-lower porous for some 0 < c < 1. See [2, 9] for some new results in this direction for Lebesgue spaces in the
context of semigroups and hypergroups. In [1] some similar facts are given for subsets of Orlicz spaces.

In this paper, we have a try to study this topic in some new situation. More precisely, in Theorem 2.1, we find
some sufficient condition on a weight (wn)

∞
n=0 ⊆ (0,∞) such that the set{(

(fk)k, (gk)k
)
∈ Lp(Kρ)× Lq(Kρ) :

∞∑
k=1

|fkgk|w2
k ρ

k−1 < ∞

}
,

to be σ-c-lower porous.

2. Main Results

In the next result, for each p, q > 1 we consider the norm

∥(f, g)∥ := max{∥f∥p, ∥g∥q}

for all (f, g) ∈ Lp(Kρ)× Lq(Kρ).

Theorem 2.1. Let ρ be a prime number and p, q > 1 with 1
p + 1

q < 1. Assume that w := (wn)
∞
n=0 ⊆ (0,∞) such

that for some sequence n1 < n2 < · · · ,
0 < inf

k∈N
wnk

≤ sup
k∈N

wnk
< ∞.

Then,

F :=

{(
(fk)k, (gk)k

)
∈ Lp(Kρ)× Lq(Kρ) :

∞∑
k=1

|fkgk|w2
k ρ

k−1 < ∞

}
, (1)

is σ-c-lower porous in Lp(Kρ)× Lq(Kρ) for some c > 0.
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Proof. For each N ∈ N denote

FN :=

{(
(fk)k, (gk)k

)
∈ Lp(Kρ)× Lq(Kρ) :

∞∑
k=1

|fkgk|w2
k ρ

k−1 < N

}
.

Then, there are δ, c ∈ (0, 1) and η ∈ (0, 1− δ) such that

θ :=
(
inf
k∈N

wnk

)2 − ( c

(1− δ) η

)p (
sup
k∈N

wnk

)2 − ( c

(1− δ) η

)q (
sup
k∈N

wnk

)2
> 0.

Let r > 0, f := (fk)k ∈ Lp(Kρ) and g := (gk)k ∈ Lq(Kρ). Without loss of generality, assume that w0 = 1. Note
that

∞∑
k=1

∥χ{nk} f∥pp =

∞∑
k=1

∞∑
n=0

∣∣χ{nk}(n) fn
∣∣p (ρ− 1) ρn−1

=

∞∑
k=1

|fnk
|p (ρ− 1) ρnk−1

≤
∞∑

n=0

|fn|p (ρ− 1) ρn−1

= ∥f∥pp < ∞.

Similarly,
∞∑
k=1

∥χ{nk} g∥qq ≤ ∥g∥qq < ∞.

So, there is some ℓ ∈ N such that
∞∑
k=ℓ

∥χ{nk} f∥pp < [(1− c− η)r]p

and
∞∑
k=ℓ

∥χ{nk} g∥qq < [(1− c− η)r]q.

Since 1
p + 1

q < 1, one can pick a natural number κ > ℓ such that(
κ∑

k=ℓ

ρnk−1

)1− 1
p−

1
q

>
N(ρ− 1)

1
p+

1
q

(δη r)2 θ
.

Put
A := {nℓ, nℓ+1, . . . , nκ}.

So,

∥χA f∥pp =

∥∥∥∥∥
κ∑

k=ℓ

χ{nk} f

∥∥∥∥∥
p

p

=

κ∑
k=ℓ

∥∥χ{nk} f
∥∥p
p
≤

∞∑
k=ℓ

∥∥χ{nk} f
∥∥p
p
< (1− c− η)prp.

So,
∥χA f∥p < (1− c− η)r (2)

and similarly
∥χA g∥q < (1− c− η)r. (3)

Denote

M1 := η r

(
κ∑

k=ℓ

(ρ− 1)ρnk−1

)−1
p

and M2 := η r

(
κ∑

k=ℓ

(ρ− 1)ρnk−1

)−1
q

.

and define

f̃n :=

{
M1, if n = nk (k = ℓ, . . . , κ)

fn, otherwise
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and

g̃n :=

{
M2, if n = nk (k = ℓ, . . . , κ)

gn, otherwise

for all n ∈ Kρ. Put f̃ := (f̃n)n and g̃ := (g̃n)n. Then, by (2) and (3),

max{∥f̃ − f∥p, ∥g̃ − g∥q} < (1− c)r,

and so
B((f̃ , g̃); c r) ⊆ B((f, g); r).

Let (h, s) ∈ B((f̃ , g̃); c r), where h := (hn)n and s := (sn)n. Put A1 := {n ∈ A : |hn| ≤ δ f̃n}. Then,

c r >
(
1− δ

)
M1 ∥χA1

∥
1
p

1 ≥
(
1− δ

)
M1

∥∥∥∥∥χA1

w2(
supk∈N wnk

)2
∥∥∥∥∥

1
p

1

,

thus

∥∥χA1
w2
∥∥
1
<

(
c r

(1− δ)M1

)p (
sup
k∈N

wnk

)2 ≤
(

c

(1− δ) η

)p
(

κ∑
k=ℓ

(ρ− 1)ρnk−1

)(
sup
k∈N

wnk

)2
.

Now, put A2 := {n ∈ A : |sn| ≤ δ g̃n}. Then,

c r >
(
1− δ

)
M2 ∥χA2∥

1
q

1 ≥
(
1− δ

)
M2

∥∥∥∥∥χA2

w2(
supk∈N wnk

)2
∥∥∥∥∥

1
q

1

and so,

∥∥χA2 w
2
∥∥
1
<

(
c r

(1− δ)M2

)q (
sup
k∈N

wnk

)2
=

(
c

(1− δ) η

)q
(

κ∑
k=ℓ

(ρ− 1)ρnk−1

)(
sup
k∈N

wnk

)2
.

Put A3 := A \ (A1 ∪A2). Then,

∞∑
k=1

|hksk|w2
k ρ

k−1 =

∞∑
k=1

|hkwk| |skwk| ρk−1

≥
∞∑
k=1

χA3
(k) |hkwk| |skwk| ρk−1

≥ δ2
∞∑
k=1

χA3
(k) |f̃kwk| |g̃kwk| ρk−1

≥ δ2 M1 M2

∞∑
k=1

χA3
(k)w2

k ρ
k−1.

Note that

∞∑
k=1

χA3(k)w
2
k ρ

k−1 =

∞∑
k=1

χA\A1
(k)w2

k ρ
k−1 −

∞∑
k=1

χ(A\A1)\(A\A2)(k)w
2
k ρ

k−1

≥
∞∑
k=1

χA\A1
(k)w2

k ρ
k−1 −

∞∑
k=0

χA\(A\A2)(k)w
2
k ρ

k−1

=

∞∑
k=1

χA\A1
(k)w2

k ρ
k−1 −

∞∑
k=0

χA2(k)w
2
k ρ

k−1

=

∞∑
k=1

χA(k)w
2
k ρ

k−1 −
∞∑
k=1

χA1
(k)w2

k ρ
k−1 −

∞∑
k=1

χA2
(k)w2

k ρ
k−1,
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Thus, setting

P :=

(
c

(1− δ) η

)p

−
(

c

(1− δ) η

)q

we have

∞∑
k=1

χA3(k)w
2
k ρ

k−1 ≥
((

inf
k∈N

wnk

)2 − ( sup
k∈N

wnk

)2
P

) ( κ∑
k=ℓ

ρnk−1

)

= θ

(
κ∑

k=ℓ

ρnk−1

)
.

Finally, by the above calculation,

∞∑
k=1

|hksk|w2
k ρ

k−1 ≥ δ2M1M2 θ

(
κ∑

k=ℓ

ρnk−1

)

= δ2η r

(
κ∑

k=ℓ

(ρ− 1) ρnk−1

)−1
p

η r

(
κ∑

k=ℓ

(ρ− 1) ρnk−1

)−1
q

θ

(
κ∑

k=ℓ

ρnk−1

)

= δ2η2 r2 θ

(
κ∑

k=ℓ

ρnk−1

)1− 1
p−

1
q

(ρ− 1)−
1
p−

1
q

> N,

therefore, (h, s) /∈ FN . This shows that any FN is c-lower porous, and so the proof is complete. □

By some calculation, we can conclude an improvement of the above result as below.

Theorem 2.2. Let ρ be a prime number and p, q > 1 with 1
p + 1

q < 1. Assume that w := (wn)
∞
n=0 ⊆ (0,∞) such

that for some sequence n1 < n2 < · · · , we have 0 < infk∈N wnk
. Then,

F :=

{(
(fk)k, (gk)k

)
∈ Lp(Kρ)× Lq(Kρ) :

∞∑
k=1

|fkgk|w2
k ρ

k−1 < ∞

}

is σ-c-lower porous in Lp(Kρ)× Lq(Kρ) for some c > 0.

Note that, the set F given by (1) in the above theorem equals to{(
(fk)k, (gk)k

)
∈ Lp(Kρ)× Lq(Kρ) : ((fk)k ∗w (gk)k)0 < ∞

}
.

So, in the case that p = q > 2, if (Lp(Kρ), ∗w) is an algebra, then we have F = Lp(Kρ)×Lp(Kρ). Hence, thanks to
Theorem 2.1, the next fact will be obtained.

Corollary 2.3. Let p > 2, and w := (wk)k ⊆ (0,∞). If (Lp(Kρ), ∗w) is an algebra, then for every sequence
n1 < n2 < · · · , infk∈N wnk

= 0. In particular, Lp(Kρ) is not a convolution algebra for all p > 2.
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groups, Rev. R. Acad. Cienc. Exactas F́ıs. Nat. Ser. A Mat. RACSAM, 110 (2016), pp. 7–16.

[3] A. R. Bagheri Salec, V. Kumar, and S. M. Tabatabaie, Convolution properties of Orlicz spaces on
hypergroups, Proc. Amer. Math. Soc., 150 (2022), pp. 1685–1696.

389



S. M. Tabatabaie et al., AUT J. Math. Comput., 7(4) (2026) 385-390, DOI:10.22060/AJMC.2025.23979.1345

[4] W. R. Bloom and H. Heyer, Harmonic analysis of probability measures on hypergroups, vol. 20 of De
Gruyter Studies in Mathematics, Walter de Gruyter & Co., Berlin, 1995.

[5] C. F. Dunkl and D. E. Ramirez, A family of countably compact P∗-hypergroups, Trans. Amer. Math. Soc.,
202 (1975), pp. 339–356.

[6] S. G l a̧b and F. Strobin, Porosity and the Lp-conjecture, Arch. Math. (Basel), 95 (2010), pp. 583–592.

[7] R. I. Jewett, Spaces with an abstract convolution of measures, Advances in Math., 18 (1975), pp. 1–101.

[8] S. M. Tabatabaie and A. Bagheri Salec, Convolution of two weighted Orlicz spaces on hypergroups, Rev.
Colombiana Mat., 54 (2020), pp. 117–128.

[9] S. M. Tabatabaie, A. R. Bagheri Salec, and H. R. J. Allami, Porosity in the context of hypergroups,
Eurasian Math. J., 15 (2024), pp. 75–90.
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