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ABSTRACT: The special unitary group SU,(¢) has a maximal imprim-
itive subgroup with the structure (¢ + 1)"~1:5,,. The exceptions when the
subgroup is not maximal are SU3(5), SU4(3) and SUg(2). In this paper, the
ordinary character table of the maximal imprimitive subgroup G = 3%:5
of SU7(2) = Uz(2) is computed by the Fischer-Clifford matrices technique.
A combinatorial approach is adopted in the computation of the Fischer-
Clifford matrices of G.
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1. Introduction

The wreath product of Z,, with S, is a semi-direct product of N by S,, called the generalized symmetric group
denoted by B(m,n), where Z,, is the cyclic group of order m, N the direct product of n copies of Z,, and S, is
the symmetric group of degree n. A subgroup Bg(m,n) is a group of order m™~!n! and index m in B(m,n). A
combinatorial method in [1] was adapted in [22] to construct the Fischer-Clifford matrices [6] of some generalized
group extensions of the form B(m,n) and their associated groups of the form Bg(m,n). Using Theorem 6.1 and
Proposition 6.3 both in [1] together with Theorem 6.2 in [11] (see Section 6), Programme 5.2.4 was developed in [22]
to compute matrices which are row equivalent to Fischer-Clifford matrices of B(m,n). The Fischer-Clifford matrices
of Bg(m,n) are then extracted from those of B(m,n). In our current work, we adopt one of the combinatorial
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approaches by [22] to obtain the Fischer-Clifford matrices of Bg(3,7) = 3%:S7 from the Fischer-Clifford matrices of
B(3, 7) = 37157.

In general, the special unitary group SU, (q) has a maximal imprimitive subgroup with the structure (g+1)"~1:S,,
(see [3] or [9]) with SU3(5), SU4(3) and SUs(2) being the exceptions, where the imprimitive subgroup is not maximal.
The simple group SU7(2) = Uz(2) [21] has an imprimitive maximal subgroup of structure 3%:S; which is identified
with the group Bg(3,7). In the rest of the paper, the group 3%:57 is denoted by G and is a split extension of N = 36

The Fischer-Clifford technique that is being applied to the group G draws its fundamentals from the process
of obtaining the irreducible characters of G by way of induction of the irreducible characters of the inertia groups
H; = N:H; of Irr(N), which have N in their kernels, to G. In general, the character tables of H; are much larger

and complicated than the set Irr(G), so it suffices to just use the character tables of the inertia factors groups

H, = % and so-called Fischer-Clifford matrices of G to construct the ordinary character table of G (see Section
6). The coset-analysis technique (see Section 2) is used to obtain the classes of G coming from each class [g] of
G. Section 3 deals with the inertia factor groups H; for i € {1,2,...,12} and their fusion maps into G = S7 while
Section 5 reviews combinatorial objects necessary for determining the entries of Fischer-Clifford matrices. Section
6 is dedicated to the determination of a Fischer-Clifford matrix M (g) corresponding to a class [g] of G and all the
Fischer-Clifford matrices of G while Section 7 deals with the computation of the full character table of G. For
all computations involving of the conjugacy classes and inertia factor groups of G = 3%:5;, the computer algebra

system GAP [7] is used.

2. The Conjugacy Classes of G

A 6-dimensional matrix representation of G = S7 over GF(3) is obtained using generators g; and go in Figure 1
taken from [21]. The generators are such that o(g1) = 2, 0(g2) = 6 and 0(g1g2) = 7. In this section, we use this
representation of G to compute the classes of G by the coset-analysis method.

20000 0 02000 0
00 2 00 0 1 200 0 0
o 20000 000 2 0 0
=1 o o0o0200]|" 271000020
0210 2 0 0000 0 2
01 2 0 0 2 20 2 2 0 1

Figure 1: The generators of G = S7

The group G = (g1, g2) has 12 orbits on the vector space Vg(3) = 3% having lengths 1, 105, 105, 21, 210, 21,
35, 140, 35, 7, 7 and 42 with corresponding orbit stabilizers P, = S7, P, = P3 = Cy x Sy, Py = Ps = Cy x S5,
Py =22x 83, P; =8, x83, Ps =83 x83, Py =83 x Sy, Piop = P11 = Sg and Pis = S5. The orbit stabilizers were
computed using GAP, and those identified as equal were verified directly within GAP. Since the stabilizers P; are
known, we proceed to compute the permutation character x(G|N) =1+ 21122 Ig of S7 acting on the classes of
36, where I are the identity characters of the stabilizers P; induced to G. The character x(G|3°) has degree 729
and is written as the sum of irreducible characters of G. For instance, to determine I}% = Igs the inner product
(xi,¥1) of each x; € Irr(G) with the identity character ¢ of P is computed, where deg(x;) < 105. The values for
(xi,%1) pertaining to each P; are given in Table 1 and were computed in GAP.

Using the Frobenious Reciprocity theorem and the information in the last row of Table 1, it turns out that
X(G|N) =12x 1a+ 16 x 6a+ 8 x 14a+ 14 x 14c+5 x 150+ 2 x 21a + 210+ 5 x 35b. Evaluating x(G|N) on a class
representative g € G gives the number of elements of N which is fixed by g € G. The method of coset-analysis [14]
is used to compute the conjugacy classes of G’ coming from a coset Ng. The size of the centralizer Ca(z) of x € G

k|Cc(g)|
fi

is given by |Cx(z)| = , where f; is the number of orbits that fuse together under the action of C¢(g) on the

X(G|N)(g) = k orbits of N on Ng. The constants f; and orders of the classes [x;] of G corresponding to a class [g]
of G are computed with the Programme A in [4]. The information of the classes of G obtained by coset-analysis
method is tabulated in Table 2.

Table 2: The Conjugacy Classes of G = 35:57

| k| f; |m;|lzlg|lCa@)|| 2 8 5 7 = Ui2)|lgle| k |fi|m|le]g||Cal@)l| 2 3 5 7 |—U:(2)
1A |729] 1 1 1A | 3674160 | 1A 1A 1A 1A 1A 2A (2431 | 3 | 2A 58320 1A 2A 2A 2A 2A

Continued on next page
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Table 1: The inner product (x;, 1)

X1 X2 X3 X4 X5 X6 X7 X8 X9 X0 X111  X12  X13  X14  Xi15
Xis¥1)p 1 - - - - - - - - - - - - - -
(Xxi,¥1)p, 1 0 2 0 1 0 0 2 0 1 0 0 0 0 1
(Xi,¥1)py 1 0 2 0 1 0 0 2 0 1 0 0 0 0 1
(xi,¥1)p. 1 0 1 0 0 0 0 1 0 0 0 0 0 - -
(Xi )Py 1 0 2 0 2 0 0 3 0 1 0 1 1 0 2
(Xi,¥1)p 1 0 1 0 0 0 0 1 0 0 0 0 0 - S
(xi,¥1)p, 1 0 1 0 1 0 0 1 0 0 0 0 0 0 0
(xi,¥1)p 1 0 2 0 2 0 0 2 0 1 0 1 0 0 1
(Xi,¥1)py 1 0 1 0 1 0 0 1 0 0 0 0 0 0 0
(X, Y1)p 1 0 1 0 - . . - = = = - - - -
<Xi7¢1>P11 1 0 1 0 - B - - - - - - - - -
(xi,¥1)p 1 0 2 0 0 0 0 1 0 0 0 0 0

12 0 16 0 8 0 0 14 0 0 2 1 0 5

Table 2: The Conjugacy Classes of G = 35:S7 (Continued)

k| fi|mi|lelg|lCe(@)l| 2 3 5 7 |=Us(2)|lgle| k |fijm;|lzlg|ICa)]| 2 3 5 7 |=Uz(2)

7| 7| 3A | 524880 | 3B 1A 3B 3A | 3A 1] 3| 6A]| 58320 | 3D 2A 6B 6A | 6C

7| 7|38 | 524880 [3A 1A 3A 3B| 3B 1|3 |6B| 58320 | 3c 24 6A 6B | 6D

21|21 | 3C | 174960 [ 3D 1A 3D 3C | 3C 5|15| 6C | 11664 | 3B 24 6D 6C | 6B

21|21 | 3D | 174960 | 3C 1A 3C 3D | 3D 5/15| 6D | 11664 |3A 24 6C 6D | 6A

35|35 | 3E | 104976 | 3F 1A 3F 3E | 3G 5(15| 6B | 11664 | 3H 2A 6G 6E | 6N

35|35 | 3F | 104976 | 38 1A 3E 3F | 3F 5(15| 6F | 11664 | 3B 2A 6H 6F | 6E

42|42| 3G | 87480 3G 1A 3G 3G | 3E 5/15|6G | 11664 | 31 24 6E 6G | 60

105105 3H | 34992 | 31 1A 31 3H | 3H 5(15| 6H | 11664 | 3F 2A 6F G6H | G6F

105(105| 3I 34992 3H 1A 3H 31 31 10| 30 | 61 5832 3D 2A 6J 61 6G

140[140| 37 | 26244 | 37 1A 3] 3] | 3 10[30| 67 | 5832 [3C 2A 6 6J | oH

210|210| 3K 17496 3K 1A 3K 3K 3K 10| 30 | 6K 5832 3K 2A 6N 6K 6AH

10| 30 | 6L 5832 3F 2A 6M 6L 6Q

10[30 | 6M | 5832 |[3E 2A 6L 6M| 6P

10[30 | 6N | 5832 [3K 2A 6K 6N | 6AG

30/ 90| 60 | 1944 | 31 24 6P 60 | 6AD

30/ 90| 6P | 1944 |3H 24 60 6P | 6AC

30/ 90| 6Q | 1944 |3K 24 6Q 6Q | 6AK

20/ 60| 6R | 2016 | 3G 24 6R 6R | 6K

20/ 60| 65 | 2016 |37 24 6T 65| 6X

20/ 60| 6T | 2016 | 3J 2A 65 6T | 6Y

81| 1 2B 3888 1A 2B 2B 2B 2B 2C 27 (1|27 | 2C 1296 1A 2C 2C 2C 2C

1 6U 3888 3F 2B 6V 6U 6W 1|27 |6AN 1296 3A 2C 6A0 6AN 6R

1 6V | 3888 |3E 2B 6U 6V | 6V 1|27(6A0| 1206 | 3B 2C 6AN 6AO| 65

2 [18]6W | 1944 |3C 2B 6X 6W | 6L 3|81 |6AP| 432 |3H 2C 6AS 6AP| 6AU

2 [ 18| 6X 1944 3D 2B 6W 6X 6M 3|81 [6AQ 432 3C 2C 6AU 6AQ 6AF

2 | 18| 6Y 1944 3K 2B 6Y 6Y 6AL 3 | 81 |[6AR 432 3E 2C 6AT 6AR 6AN

3 |27 | 6Z 1296 3B 2B 6AA 6Z 61 3|81 |6AS 432 3 2C 6AP 6AS 6AT

3 | 27 |[6AA 1296 3A 2B 6Z 6AA 6J 3|81 |6AT 432 3F 2C 6AR 6AT 6AM

3 | 27 |6AB 1296 3D 2B 6AC 6AB 6T 3 | 81 [6AU 432 3D 2C 6AQ 6AU 6AE

3 |27 [6AC| 1206 |3C 2B 6AB 6AC| 6U 6 |162|6AV| 216 |3K 2C 6AV 6AV| 6AV
3 |27 [6AD| 1206 | 31 2B 6AE 6AD| 6AO
3 |27|6AE| 1206 | 3H 2B 6AD 6AE| 6AQ
6 | 54|6AF| 648 |3H 2B 6AI 6AF| 6AJ
6 | 54 [6AG| 648 | 3E 2B 6AH 6AG| G6AA
6 |54|6AH| 648 |3F 2B 6AG 6AH| 62
6 |54|6AT| 648 | 31 2B G6AF GAI| G6AI
6 |54|6AJ| 648 |3G 2B 6AJ 6AJ| 6AB

Continued on next page
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Table 2: The Conjugacy Classes of G = 3%:57 (Continued)
lgla| k| fj |mj|l=lg||Ca(@)l| 2 8 5 7 |=Ux2)||lgle| k |fijm|le]a||Ca(@)l| 2 3 5 7 |— U:(2)
6 | 54 |6AK 648 3K 2B 6AL 6AK 6AR
6 | 54 |6AL 648 3K 2B 6AK 6AL 6AS
12 |108|6AM 324 3J 2B 6AM 6AM 6AP
3A |81 1|9 | 3L 5832 3L 1A 3L 3L 3E 3B 9 |1]|81] 3Q 162 3Q 1A 3Q 3Q 3K
119 |09A 5832 9B 3E 9B 9A 9B 1(81| 9K 162 9L 3B 9L 9K 9H
1|9 |9B 5832 9A 3F 9A 9B 9A 1|81| 9L 162 9K 3A 9K 9L 9G
4 |36 | 3M 1458 3N 1A 3N 3M 31 2 (162| 9M 81 90 3E 90 9M 9L
4 (36| 3N 1458 3M 1A 3M 3N 3H 2 [162| 9N 81 9N 3J 9N ON IM
4 136| 9C 1458 9F 3F 9F 9C 9C 2 [162| 90 81 IM 3F 9IM 90 9K
4 136| 9D 1458 9E 3F 9E 9D 9D
4 36| 9E 1458 9D 3E 9D 9E IE
4 (36| 9F 1458 9C 3E 9C O9F 9F
6 | 54| 30 972 30 1A 30 30 3J
6 | 54| 9G 972 9H 3F 9H 9G 91
6 |54 | 9H 972 9G 3E 9G 9H 9J
12 [108| 3P 486 3P 1A 3P 3P 3K
12 |108| 91I 486 9J 3F 9J 91 9K
12 (108| 9J 486 9 3E 9I 9J 9L
4A 9 | 1|81 4A 72 2B 4A 4A 4A 4F 4B |27 |1 (27| 4B 648 2B 4B 4B 4B 4C
1 |81 |12A 72 6AC 4A 12B 12A 12AX 1|27 121 648 6U 4B 12J 121 12W
1|81 |12B 72 6AB 4A 12A 12B 12AS 1|27 12] 648 6V 4B 121 12J 12V
1|81 |12C 72 6AE 4A 12F 12C 12BE 3|81 | 12K 216 6AA 4B 12N 12K 12R
1|81 12D 72 6U 4A 12H 12D | 12AW 3|81 |12L 216 6AB 4B 12P 12L 12A1
1 |81 |12E 72 6Z 4A 12G 12E 12AF 3|81 |12M 216 6AE 4B 120 12M| 12A7Z
1 |81 |12F 72 6AD 4A 12C 12F 12BF 3|81 12N 216 6Z 4B 12K 12N 12Q
1 |81 |12G 72 6AA 4A 12E 12G 12AG 3181|120 216 6AD 4B 12M 120 12BA
1 |81 |12H 72 6V 4A 12D 12H 12AV 3|81 |12P 216 6AC 4B 12L 12P 12AJ
6 (162| 12Q 108 6AJ 4B 12Q 12Q 12AN
5A 9 | 1|81 5A 90 5A 5A 1A 5A 5A 6A |27 |1]|27|6AW| 324 3L 2A 6AW 6AW 6K
1 |81 |15A 90 15B 5A 3D 15A 15D 1]27|18A 324 9G 6L 18B 18A 18K
1 |81|15B 90 15A 5A 3C 15B 15E 1|27|18B 324 9H o6M 18A 18B 18J
2 |162| 15C 45 15E 5A 3B 15C 15H 1|27]|18C 324 9H 6M 18E 18C 18L
2 |162| 15D 45 15D 5A 3G 15D 151 1|27 |6AX 324 30 2A 6AY 6AX 6X
2 |162| 15E 45 15C 5A 3A 15E 15C 1|27|18D 324 9B 6L 18F 18D 18A
1127 18E 324 9G 6L 18C 18E 181
1|27 18F 324 9A 6M 18D 18F 18B
1|27 |6AY 324 30 2A 6AX 6AY 6Y
2 | 54 | 18G 162 9C 6L 18H 18G 18E
2154 | 18H 162 9F 6M 18G 18H 18H
2|54 | 18I 162 9J 6M 18J 18I 18N
2 | 54 | 6AZ 162 3M 2A 6BA 6AZ 6AD
2 | 54 |[6BA 162 3N 2A 6AZ 6BA 6AC
2154 | 18] 162 9 6L 18I 18J 18M
2 | 54 |6BB 162 3P 2A 6BB 6BB 6AK
2|54 | 18K 162 9D 6L 18L 18K 18F
2| 54 | 18L 162 9E 6M 18K 18L 18G
6B 9|1 |81|6BC 216 3L 2B 6BC 6BC 6AB 6C 3 | 1(243|6BE 18 3Q 2C 6BE 6BE 6AV
1 |81 18M 216 9B 6U 18N 18M 18C 1 (243| 18Q 18 9. 6AN 18R 18Q 18Q
1 |81 |18N 216 9A 6V 18M 18N 18D 11243| 18R 18 9K 6AO0 18Q 18R 18R
2 |162|6BD 108 30 2B 6BD 6BD 6AP
2 162|180 108 9G 6U 18P 180 180
2 |162| 18P 108 9H 6V 180 18P 18P
TA 1| 1 |729] 7A 7 TA TA TA 1A TA 10A | 3 | 1|243]| 10A 30 5A 10A 2A 10A 10A
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Table 2: The Conjugacy Classes of G = 35:S7 (Continued)

lgle| k| fi|mj|zlz|ICa@)l] 2 8 5 7 |=U2)|ldgle| k |fim|lz]g|ICa(@)l| 2 3 5 7 |—U:(2)
1[243[30A] 30 |15A 10A 6A 30A| 30D
1(243(30B| 30 |15B 10A 6B 30B| 30E

12A | 3 | 1 |243| 12R 36 6BC 4B 12R 12R| 12AN
1 [243] 36A 36 18N 12J 36B 36A 36H
1 |243| 36B 36 18M 121 36A 36B 36G

3. The Inertia Factor Groups of G

By Brauer’s theorem [8], the number of orbits of G on N is the same as the number of orbits of G on Irr(N). Hence
it follows from Section 2 that G has also 12 orbits on Irr(N). The Brauer character table modulo 3 of G has two
irreducible characters of degree six and hence two six-dimensional G-modules over GF'(3) exist which are isomorphic
to each other. Moreover, N and its dual N* = Irr(N) are equivalent as G- modules. Thus the action of G on N
is identified with the action of G on Irr(IN). Therefore, the orbit lengths and corresponding orbit stabilizers of the
actions of G on N and Irr(N) coincide. The stabilizers of the action of G on Irr(N), called the inertia factors H;,
have the structures H1 = S7, H2 = H3 = CQ X 54, H4 = H6 = CQ X S5, H5 = 22 X S3, H7 = S4 X Sg, Hg = Sg X Sg,
Hg = S3 x S84, Ho = Hy1 = S and His = S5. The computation and identification of the aforementioned inertia
factor groups were carried out with the assistance of GAP, and where they are shown to be equal, this was also
confirmed within GAP. The fusion maps of the conjugacy classes of the inertia factors H; into the classes of G are
computed using the GAP function “FusionConjugacyClasses(H;, G)” and listed in Tables 3 and 4.

Table 3: The fusion of Ho = Hs, Hy = Hg, Hs and H7 into G = S7

(M, — lgls- (Me, — lgls. [hH, — [9]s. (Me, — lgls
14 1A 14 1A 14 14 14 14
24 20 24 20 24 24 24 2B
2B 24 2B 2B 2B 2B 2B 24
20 2B 20 24 20 24 20 20
2D 2B 2D 2B 2D 2C 2D 2B
2F 24 28 24 28 2B 2F 24
34 34 34 34 2F 2B 34 3B
4A AB 4A AB 2G 24 3B 34
4B 44 4B 44 34 34 3C 34
6A 6A 5A 5A 6A 6A 44 44
6A 6A 6B 6B AB 4B

6B 6B 6C 6A 6A 6A

6C 6A 6B 6B

104 104 6C 6A

124 124
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Table 4: The fusion of Hg, Hg, Hig = H11 and His into G = S7

[h]Hs — [9]57 [h]Hg — [9]37 [h]Hlo — [Q]S7 [h]Hm — [9]57
1A 1A 1A 1A 1A 1A 1A 1A
2A 2A 2A 2A 2A 2A 2A 2B
2B 2B 2B 2A 2B 2B 2B 2A
2C 2A 2C 2B 2C 2C 3A 3A
3A 3B 2D 2B 3A 3A 4A 4B
3B 3A 2F 2C 3B 3B 5A 5A
3C 3A 3A 3A 4A 4A 6A 6A
6A 6A 3B 3A 4B 4B
68 6A 3C 3B 5A 5A

4A 4A 6A 6A

6A 6A 6B 6C

6B 6A

6C 6B

12A 12A

4B 4B

4. Theory of Fischer-Clifford matrices for G

In this section, a theoretical outline is given on the application of the Fischer-Clifford matrices technique to G =
36:5;. For a general and more detailed theory of Fischer-Clifford matrices, readers are referred to [2, 6, 12, 13, 14,
16, 17] and [18].

The action of G on Irr(N) gives rise to 12 orbits Oy, 0s,..., 01 with lengths 1, 105, 105, 21, 210, 21, 35,
140, 35, 7, 7, 42 and corresponding inertia groups H, = 3%:5;, Hg = H3 = 3%:Cy x 54, Hy = Hg = 3%:Cy x S,
H5_3622X537H7 3GS4><53,H8—3 SgXSg,Hg 353XS4,H10—H11_3 SG H12—3 S5
respectively. The computation and identification of the above inertia groups were carried out using GAP, and
where equalities are indicated, they were directly confirmed within GAP. The inertia groups are defined as H; =
N:H,; = {x € GloF = Hi}, i=1,2,...,12, where §; € O; are representatives of the orbits O;. Since N = 36 is
elementary abelian, each ; extends to a ; € Irr(H;), i.e. ¥; |y = 6;, by Mackey’s Theorem (see Theorem 5.1.15

n [14]). Also, using Theorem 5.1.7, Remark 5.1.8 and Theorem 5.1.19 in [14], an ordinary irreducible character
x = (¢ ﬂ) of G is obtained by induction of ;3 € Irr(H;) to G, where N is contained in the kernel ker(3) of
B € Irr(H;). Note that 3 € Trr(H;) is a lifting of 3 € Trr(H;) to H;. Therefore,

Irr(G U{ € Ire(H;), N C ker(8)} = | J{(1:B)%|B € Lrr(H,)}.

i=1

It turns out that the irreducible characters of G will be divided into 12 blocks corresponding to the 12 inertia groups
given earlier. Note that H; is taken to be equal to G and and the corresponding inertia factor group H; to be equal
to G. The set

R(g) ={(i,yr) |1 <i <12, H; N [g] # 0,1 < k <7},

is defined where yi, k = 1,2,...,r, are class representatives of conjugacy classes [yx] of H; that fuse into a class [g]
of Hy = G. Let y;, be representatives of the conjugacy classes of H;, where each y;, has y; as an image under the
homomorphism H; —s H; whose kernel is 36 and the set X (g) = {z1, 72, ... , Te(g) } contain the class representatives
of G coming from Ng. Then for z; € X(g), we have

Lemma 4.1.

@By = 3 [sz/}xylk)] Blys)-

yi:(i,yr) ER(g) Cr(y )|
Proof. See [20]. ]

The Fischer-Clifford matrix M(g) = (a{i yk)) is then defined as

(afi) = (Z| zk)>7
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with columns indexed by X(g) and rows indexed by R(g) and where Z; is the summation over all | for which y;,
is conjugate to z; in G. A Fischer-Clifford matrix M(g) of G has the shape as depicted in Figure 2.

ICa(z1)|  [Cq(z2)] -+ [|Cqlmeg))l

|Ca(g)| 1 1 1
[Ca(9)] 2 c(g)

|Cry (y1)] chi (Zl)\ A2,y1) %(2,y1)
[Cc(9)l 2 c(g)

ICra(2)l | oty Yews) %(2,42)
[Ca(9)] 2 c(g)

|Cr; (1) \ch(zln A(i,y1) o %iu1)
M(g)= ICc(9)] 2 c(9)

(8) |CH, (y2)] \ch(zg)| A(i,yz) %(i,y2)
ICc(9)] 2 c(g)

|Crrz (y1)] \cHIG2 Gol G2 T Gy,
[Cc(9)] 2 c(g)

|CH12 (yQ)l \CH1G2 (QYJQH a(12,y2) N a(lg’yz)

Figure 2: The Fischer-Clifford Matrix M (g)

The Fischer-Clifford matrix M(g) in Figure 2 has its rows partitioned into blocks M;(g), such that each block
corresponds to an inertia group H;. If there is is no class fusion from an inertia factor H; to [g], then the block M;(g)
is omitted from M (g). The centralizer size |C5(x;)|, for every x; € X(g), is written at the top of the columns of
M (g) while on the left of each row we write |Ch, (yx)|, where the conjugacy classes [yx], k = 1,2, ...,r, of an inertia
factor H; fuse into the conjugacy class [g] of G. Since |X(g)| = |R(g)| it follows that M(g) is a square matrix of
size ¢(g). The properties of M (g) which may be found in for instance [14], are usually used to determine the entries
of M(g). However, in this paper, we use a combinatorial approach described in sections 5 and 6 to determine the
entries of the Fischer-Clifford matrices.

5. Combinatorics

The ordinary irreducible representations of the symmetric group S, and extensions of symmetric groups (generalized
symmetric groups) may be described combinatorially using partitions of a positive integer n (see [5]). In this section,
a recap of the partition of a positive integer n called an m-set of partition [A] of n is given. These results will play
a very critical role in determination of entries of Fischer-Clifford matrices using Theorem 6.1 in Section 6.

m

Proposition 5.1 ([19]). An m—tuple (a1, as2,...,amn) such that Zaj = n, where a;j € NU {0} is called an
j=1

m—composition of n and the number of m—compositions of n is given by

n+m-—1
m—-1 )
Proof. See Proposition 2.1.2 in [22]. O

The set of m—compositions of n is going to be denoted by A(n,m).

Definition 5.2. Forn € N, [\] = [123 - -n}] is referred to as a partition of n z'fz sAn = n, where \; € NU{0}.

s=1

Definition 5.3. Let [)\] be defined as above and X = (A1, Aa, ..., \,) be the n-tuple of powers of [A].
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m
i) a=((a11,a12,-..,01n), (@21,022, . a2 )5 - -, (Am1,Gm2y - - - Amn)), such that Z a;s = A\ 18 called a partition
i=1
[A]. for computation purposes, o may be expressed in the following form

a1 ai2 - A1n

a21 aga - a2n
a = Qjs =

aAml Am2 - Omn-

m n
il) « is said to be a type-zero m—set of partition [A] zfz Z(z — 1Da;s = 0(mod m).
i=1 s=1
iii) 8= ((b11,b12, * yb1n), (b21,022, + yban), ==+ s (b1, bm2s -+, bmn)) be an m—set of partition [N]. Then a and
B are said to be equivalent if B can be obtained by cyclically re-arranging the rows of a.. The number of m—sets
of partition [A] equivalent to o is m.
iv) If As = 0 and the lengths s are clear, we will write the m-sets of partition [A] omitting the zero columns to
which such s refers.

The GAP routine, Programme 2.2.3 in [22], is used to compute the m-sets for all partitions of n.

6. The Fischer-Clifford matrices of G

It is important to note that most of the studies on application of Fischer-Clifford theory to group extensions make
use of the properties Fischer matrices to determine their entries. In this section, a combinatorial approach is
adopted to compute the entries of the Fischer-Clifford matrices of B(3,7) from which the Fischer-Clifford matrices
of Bg(3,7) are obtained. The results used in this chapter are found in [1] and [11].

Theorem 6.1 ([1]). The entries of the Fischer-Clifford matriz F(m,1"), which are in the column labeled

(191292 ... mam) and rows labeled (1¥12%2 ... mF*m) where (k1,ka, -+ ,km) € A(n,m) are given by the coefficients of
x’flxéz <oogkm in the expansion

H(Z g(i—l)(j—l)mj)ai_

i=1 j=1
Proof. See Theorem 4.3.2 in [22] O

Theorem 6.2. For a conjugacy class of the group S, of the form (1*12*2...n ). The matriz
(F/(m’ 1)\12A2 U nAn) = ®i:nF<m7 1AS>7

where ® is the tensor product over s is equivalent to the Fischer-Clifford matrix
(F(m, 171232 ...nAn) of B(m,n) at [g].

Proof. See Theorem 4.3.5 in [22] O

The above two theorems are used in determining the entries of a Fischer-Clifford matrix of the generalized symmetric
group B(m,n). Furthermore, using Theorem 7.1.6 and Proposition 7.1.12 in [22], it is evident that a type-zero
p-set of partition [)\] indexes a column of the Fischer-Clifford matrix Fg(p,1*12*2...n*) of Bg(m,n) which is
obtained from F(p,1*12*2...n*n) of B(m,n). A method of extracting a Fischer-Clifford matrix of Bg(m,n) from
corresponding matrices of B(m,n) is given by the following proposition.

Proposition 6.3. Suppose g is a conjugacy class representative of S, of type (1*2*2...n* ), then a Fischer-
Clifford matriz Fs(p,1*12*2 .. .n*n) of Bg(m,n) is obtained from that of B(m,n) by;
i) Selecting the columns of F(p,1M2*2 ... n ) indexed by type-zero columns.
ii) Selecting the rows (of the resulting matriz in (i)) corresponding to the representatives of sets of equivalent
m-sets of partition [\ (also referred to as permissible rows).

iii) Having the rows of the resulting matriz in (ii) above that correspond to self-equivalent p—sets of partition [
divided by p.
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For finer details on combinatorial treatment of Fischer-Clifford matrices, interested readers are referred to [1, 10, 11]
and [22]. We now illustrate how to determine the Fischer-Clifford matrices of Bg(3,7) from those of B(3,7) using
Theorems 6.1, 6.2 and Proposition 6.3. For M (1A) of B(3,7) which is hereby denoted by F(3,17), A\; = 7. The
thirty six 3-sets of partition [17] denoting the columns of F(3,17) are as in Figure 3. This implies that F'(3,17) has
order 36.
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Figure 3: The 3-sets of partition [17]

Now by Theorem 6.1 and letting p; =  +y+ 2, po = 2+ £y + &2z and p3 = x + 2y + €22, where © = 1, y = o,
z = xg and & is the primitive third root of unity, we expand pi"'p32ps?®, where a1 =7, ap =0 and a3 = 0 to get,
p{pgpg =27 + 725y + 7282 + 212°y% + 4225y 2 + 212522 + 35243 + 1052122
+ 1052y 22 + 352% 22 + 3523 y* 4+ 14023132 + 21023y2 2% + 14023y 23
+ 3523 2% 4 21225 + 10522y 2 + 210229322 + 21022223 + 1052%y2*
+ 212225 4 TayS + 422152 + 1052y* 22 + 1402932 4+ 1052y 2* + 422y2°
+ 7225 + 47 + Ty02 + 219°2% + 359723 + 35932 + 219%2° + Ty2b + 27,
The coefficients for the expansion p]p9p9 are

1,7,7,21,42,21, 35,105,105, 35, 35, 140, 210, 140, 35, 21, 105, 210, 210, 105,
21,7,42,105,140,105,42,7,1,7,21,35, 35,21, 7, 1,

which form the first column of F(3,17). Similarly for a; = 6, az = 1 and a3 = 0 we have,

Pipips = & + (=56 — 662)a’y + (=6 — 5¢%)a’z + (—=9¢ — 156%) 2%y + 242y
4 (—15¢ — 96%)a5 2% + (=5¢ — 20€2)xy® + (—30€ — 45€2)xhy? 2 4 (—45¢ — 30€2)zty2?
+ (—20€ — 5% 2t 23 + (5€ — 1562)x3y* — 40622393 2 + 3023222 — 40623y 23
+ (—15€ + 532t + (9¢ — 66%)2%y° + (30 — 1563 2%y 2 + 30¢x%y 22
+ 306222223 + (—15€ + 306%)2?y2? + (—6€ + 962) 222 + (56 — %)y
+ 24€xyd 2 + (456 + 1562)xy* 2% — 402123 + (156 + 4563y 2% + 248% 0y 20
+ (=€ + 562228 + &y + (66 + 2102 + (156 + 662)y°2% + (20€ 4 1562)y* 2>
+ (156 4+ 20€2) % 2% + (6€ + 1562)y%25 + (€ 4+ 662)y20 + €227,

giving column 2 entries of F(3,17) as
1, —5¢ — 6€2, —6¢ — 562, —9¢ — 15¢%,24, —15¢ — 962, —5¢ — 20€2, —30€ — 45¢2, —45¢ — 30£2,
—20€ — B5E%,5¢ — 1562, —40€2, 30, —40€, —15¢ + 5E2,9¢ — 6£2,30€ — 1562, 30€, 3062, —15€ + 30£2,
—6& + 982, 5 — £2,24¢,45¢ + 15¢%, —40, 15¢ + 45¢%,24€% ) —€ + 5¢% €, 6€ + €2, 15¢ + 6£2,
20€ + 1562, 15¢ + 2062, 6¢ + 1562, € + 662, €2

For purposes of implementing such expansions, specifically for this group, the following GAP sub-routine is used.
The coefficients are then extracted from the resulting expansion taking into consideration the cases where the
coefficient of the variables is zero.
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gap> x:=X(Rationals,"x");;

gap> y:=X(Rationals,"y");;

gap> z:=X(Rationals,"z");;

gap> pl:=(x+y+z);;

gap> p2:=x+E(3)*y+E(3) "2%z;;$§

gap> p3:=x+E(3) "2%y+E(3) "4x*z;;$

gap> p:=((p1)~6)*((p2)"1)*((p3)~0);;$

gap> coeffs:=function(p,ord) local cs,c,m;
> cs:=[];

> while not(IsZero(p)) do

> m:=LeadingMonomialOfPolynomial (p,ord) ;

> c:=LeadingCoefficient0fPolynomial (p,ord) ;
> Add(cs,c);

> p:=p-c*m;

> od;

> return cs;

> end;

function( p, ord ) ... end

gap> coeffs(p,MonomialLexOrdering()) ;

Similarly, for the remaining 3-sets of partition [17], the other sets of coefficients are obtained giving rise to the
Fischer-Clifford matrix F(3,17) shown below. Note that this matrix has been split severally with a | to fit in a4
paper. The primitive third root of unity is denoted by « in our matrices.
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1 1 1 1 1 1 1 1 1
7 —ba—6a —6a—ba —-3a-ba 4 —ba—-3a —a—4da —2a—-3a —3a—2a
7 —6a—-ba —ba—6a —-ba—-3a 4 -3a—-ba —4da—a —3a—2a —2a—3a
21 —9a—15a —15a—9a -9a 6 —9a 6a—3a —3a —3a
42 24 24 12 9 12 6 0 0
21 —15a—9a —9a—15a —9a 6 —9a —3a+6a —3a —3a
35 —ba—20a —20a—5a 10a—ba 5 —ba+l1l0a 13a+7a a—2a —2a+a@
105 —30a—45a —45a—30a —15a 0 —15a 3a—6a -9 -9
105 —45a—30a —30a—45a —15a 0 —15a —6a+3a -9 -9
35 —20a—ba —bSa—20a —-5a+10a 5 10a—ba Ta+13a —2a+a oa—2a
35 ba—1ba —1ba+d5a 1dba+ba 5 ba+ldba 7Ta+13a —a—3a —-3a—a
140 —40w —40c 20 —10 20 —4 8a 8«
210 30 30 0 —30 0 12 —-12 —-12
140 —40c —400 20 —10 20 —4 8« 8a
35 —15a+ba  bHa—15a bda+ldba 5  1ba+dba 13a+7a —3a—a —a—3a
21 9a—6a —6a+9a -9 6 —9 —3a+6a -3a -3«
105 30a—15a —15a+30a -15 0 —15 —6a+3a —9a —9a
210 30 30a 0-30 0 12 —12« —12«
210 30a 30 0-30 0 12 —12a —12«
105 —15a+30a  30a—15a -15 0 —15 3a—6a —9a —9«
21  —6a+9%a 9a—6a -9 6 -9 6a—3a —3a —3a
7 Sa—a —a+ba 2a+5a 4 Sa+2a —4da—a 2a—a —a+2a
42 240 24 120 9 12« 6 0 0
105 45a+15a 15a+45a —15a O —15a 3a—6a -9« —9a
140 —40 —40 20 —10 20 —4 8 8
105 15a+45a 4ba+1ba —15a 0 —15a —6a+3a -9 —9«
42 24a 24 12« 9 12 6 0 0
7 —a+ba Sa—a Sa+2a 4 2+ba —a—4a —a+2a  2a—«
1 « [ o 1 « 1 o o
7 6a+a at+ba —2a+3a 4 3a—2a —a—4a 3at+a a+3a@
21 15a+6a  6a+15a —-9a 6 —-9a 6a—3a — —

35 20a+15a  15a+20a —15a—10a 5 —10a—15a 13a+T7a 2a+3a  3a+2a
35 15a+20a 20a+15a —10a—15a 5 —1ba—10a 7a+13a  3a+2a 2a+3a
21  6a+lba  15a+6a —-9a 6 —9a —3a+6a -3 -3
7 a—+6a 6a+a 3a—2a 4 —2a+3a —4da—a a+3a 3ata
1 a « o 1 a 1 a «

1 1 1 1 1 1 1 1 1

—4a—a a—3a —2a 1 —2a -3o+ta 3a—2a 2o0—a «

—a—4da —3ata —2a 1 —2a a—3a —2a43a —a+2a «

—3a+6a  9a+3a 3a 0 3a 3a+9%a -9 -3 0

6 6 -3-6 -3 6 12 0 —6

6a—3a 3a+9%a 3a 0 3a Ya+3a -9 -3 0

To+13a 7a+13a -1 2 -1 13a+7a —dSa+10a —2a+a 2

—6a+3a —3a—9%a O6a—-6 6a —9a—3a —15c¢ —9a —6«x

3a—6a —9a—-3a 6o -6 6a —3a—9%«a —15«x —9a —6a

13a+7a 13a+7a¢ -1 2 -1 T7a+13¢ 10a—ba o—2a 2
1B3a+7a0 —Ta+b6a —a 2 —a 6b6a—Ta-—-15a—10a0 o—2a 22«

—4 —4a —13a 2 —13a —4a 20 8 2a
12 12 3 9 3 12 0 —12 9
—4 —4o —13a 2 —13« —4w 20 8 2«
Ta+13a  6b6a—Ta —a 2 —a —Ta+b6a —10a—15a —2a+a 2a
6a—3a —9a—6a 3a 0 3a —6a—9% —9a -3 0
3a—6a  3a—6a 6 —6 6 —6a+3a —-15 —9a -6
12 12¢ 3a 9 3« 12 0 —12 9«
12 12 3a 9 3o 12« 0 -12 9o
—6a+3a —6a+3a 6 —6 6 3a—6a —15 —-9a -6
—3a+6a —6a—9%a 3a 0 3o —9a—6a —J«a -3 0
—oa—4a —-ao—4a -2 1 -2 —do—a Sa+2a —a+2a 1
6 6a —3a —6 —3a 6 12 0 —6a
—6a+3a  9a+b6a 6o —6 6a 6a+9a —15« —9a —6a
—4 -4 —-13 2 -13 —4 20 8 2
3a—6a 6a+9%a 6a—6 6a Ya+ba —15a —9a —6«
6 6a —3a—6 —3a 6 12« 0 —6a
—4o—a —doa—a -2 -2 —a—4a 2+ba  2a—a
1 « @ « « a 1
—4da—a dat+da —2« —2a 4a+3a  —bHa—-3a 2a—a
—3a+6a —3a+b6a 3 3 b6a—3a —9a -3

Ta+13a —13a—6a —a
13a+7a —6a—13a —«

—a —6a—13a  1lha+dba —2a+a
—a —13a—6a  ba+1ldba a—2a

IR O NN O =
DO DO
Ol oI o2 —

6a—3a b6a—3a 3 3 —3a+6a —I« -3
—a—4a 4doa+3a —2a —2a  3at+4da  —3a—ba —a+2a
1 @ « @ le’ o 1
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1 1 1 1 1 1 1 1 1
a—a+2a —2a+3a ba—a 4o 3at+a —2 a+3a 4o

a 20—« 3a—2a —a+ba 4o at3a -2  3ata 4o

0 -3 -9  6a+l5a 6a —3a 3 —-3a 6a
—6 0 12 24 9 0 -3 0 9
0 -3 -9  1ba+6a 6ba —-3a 3 —-3a 6a

2 a—2a 10a—ba —20a—5a 5 a—2a -1 —2o0+4+a 5
—6a —9a —15a  30a—1b5a 0 —-9a 6 —9a 0
—6a -9« —15a —15a+30a 0 —-9a 6 -9« 0

2 —2a+a —5a+10a —5a—20a 5 —2a+a -1 a—2a 5
2a —2a+a —10a—15a —ba—20a  Sa 3a+2a —1 2a+3a  Sa

20 8 20 —40 —10a 8ar —13 8a —10«
9 —12 0 30 —-30 -12 3 —-12 =30
2o 8 20 —40 —10« 8a —13 8a —10@
20 a—2a —15a—10a —20a—ba bSa 2a+3a —1 3a+2a bda
0 -3 —9a  1lba+b6a 6a —3a 3 —3a 6a
—6 -9« —15 —15a+30a 0 —9a 6 —9a 0
9o —12 0 30 —30a« —12a 3 —12a —30@
9 —12 0 30 —30a —12a¢ 3 —12a —30«
—6 —9a —15 30a—1b5a 0 —9a 6 —9« 0
0 -3 —9a 6a+lba 6a —3a 3 —-3a 6a

1 20— 20+-5a —a+ba 4 2a—-a -2 —at2a 4
—6a 0 12« 24 9« 0 -3 0 9a
—6a -9 —15a 30a—15a 0 -9 6 -9 0
2 8 20 —40 -10 8 —13 8 —10
—6a —9« —15a —15a+30a 0 -9 6 -9 0
—6a 0 12 24 9o 0 -3 0 Y«
1 —a+2a Sa+2a Sa—a 4 —a+2a -2 2a—a 4

a 1 « 1 « « 1 « @

a —at+2a —3a—ba Sa—a 4o —2a-3a —2 -3a—2a 4da

0 — —9a  6a+1ba 6 -3 3 -3 6

2 a—2a Ha+1ldba —20a—ba bSba —-3a—a -1 —a—3a S
200 —2a+a 15a+ba —ba—20a0 Ha —a—3a —1 —-3a—a 15%6"

0 -3 —9a  1ba+6a 6 -3 3 -3 6
a 2a—a —bSa—3a —a+ba 4o —3a—2a -2 —2a—-3a 4da
« 1 o 1 a a 1 a le%
1 1 1 1 1 1 1 1 1

—a+d5a  Ta 6a+a  bat2a  4da+3a 3at+da 2a+dba a+ba  Ta
Sa—a Ta a+ba  2a+dba 3at+4a  da+3a ba+2a bat+a Ta

15a+6a 2laa  —6a+9a —9a —9a—6a —6a—9a —9a 9a—6a 2la
24 42 24 12 6 6 12 24 42
6a+15a 2la Ja—6a —9a —6a—9a —9a—6a —9a —6a+9a 21a
—ba—20a 35 —ba—20a 10a—ba 13a+7a Ta+13a —5a+10a —20a—ba 35
—15a+30a 105 45a+15a —15 6a+9%a 9a+6a —15 15a+45a 105
30a—15a@ 105a  15a+45a —15 9a+6a 6a+9a —15 4b5a+15a 105«

—20a—5a 35 —20a—ba —ba+10a Ta+1l3a 13a+7a 10a—5a —Ha—20a 35
—20a—5a 3ba 1ba+20a —ba+10a —13a—6a —6a—13a  10a—5a  20a+1ba 35

—40 140 —40« 20 —4o —4 20 —40a 140«

30 210 30 0 12 12 0 30 210

—40 140« —400 20 —4a —4w 20 —40« 140
—5a—20a 3ba 20a+15a 10a—5a —6a—13a —13a—6a —Ha+10a  15a+20a 35«
6a+1ba 2laa —15a—9a —-9a 9a+3a 3a+9a —9a —9a—15a 2la
30a—15a 105 30a—15a —15 —6a+3a 3a—6a —15 —15a+30a 105
30 210« 30 0 12« 12 0 30« 210

30 210 30« 0 12 12« 0 30a@ 210«
—15a+30a 105 —15a+30a —15 3a—6a —6a+3a —15 30a—15a 105
15a+6a 2la —9a—15a —9a 3a+9a  9a+3a —-9a —1ba—9a 2la
ba—a 7 ba—a 2a+ba  —4da—a —a—4a  Sat2a —a+ba 7

24 42« 24 12 6« 6 12 2400 42a0
—15a+30a 105 —30cv—45a —15 —9a—-3a —3a—9«a —15 —45a—30 105«
—40 140 —40 20 —4 —4 20 —40 140
30a—15a 105 —45a—30a —-15 —-3a—9%a —-9a—-3a —15 —30a—45a 105
24 42« 24 12 6 6« 12 240 42«

—a+ba 7 —a+ba  bat+2a —a—4a —4da—a 2a+da Sa—a 7

1 a @ 1 o a 1 o «

—a+ba Ta —ba—6a bSat2a —3ata a—3a 2a+ba  —6a—-ba Ta
15a+6a 21 15a+6a —9a 6a—3a —3a+b6a —9a 6a+1d5a 21

—ba—20a 3ba —1ba+da 10a—ba —Ta+b6a 6a—Ta —H5a+10a  Ha—1ba 35a
—20a—b5a 3ba  ba—15a —505—1—10@ 6a—Ta —Ta+6a 10a—ba —1ba+dba 3ba

6a+15a 21 OGa+lda —9a —3a+6a 6a—3a —9a  1ba+6a 21
Sa—a Ta —b6a—ba 2a+bda a—3a —3at+a bat+2a —ba—6a Ta
1 o o 1 a a 1 a «
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We proceed using Proposition 6.3 to get the Fischer Clifford matrix M (1A) of G = 35:S7 from the matrix
F(3,17). For A = 7 and p = 3, we have 36, 3—sets partitions of [17] given in Figure 3 from which we select the
following twelve type-zero 3-sets of partition [17] that give rise to the columns of Fg(3,17) = M(1A4).

N /5\ /4N /4\  /3\ /2\ /2\ /1\ /1\ [/1\ /o\ /o0
6], 3], 10],(5].(2
o/ \1) \o/ \3) \2/ \1/ \4/ \o/ \3/ \6/ \2/ \s5

o
ﬂ,_.
'OJ
“O
\.M
“»-b
“>—~

Figure 4: Type-zero 3-sets of partition [17]

The Fischer-Clifford matrix Fg(3,17) = M(1A) is thus of order 12. The following twelve representatives of sets
of equivalent 3-sets of partition [17] which index the rows of Fs(3,17) are also selected.

7 6 6 5 5 5 4\ (4 4\ (4 3 3
) 1 ) 0 ) 2 ) 1 ) O ) 3 Y 2 ) 1 ) 0 ) 3 ) 2
0 0 1 0 1 2 0 1 2 3 1 2

o

Figure 5: Representatives of equivalent 3-sets of partition [17]

Selecting columns 1,5,7,10,13,17,20,22,25,28,31 and 34 and rows 1,...,10,12 and 13 corresponding to the
type zero 3—sets and the twelve representatives of sets of equivalent 3-sets of partition [17] respectively, we get
Fs(3,17) shown in Figure 6. Since there is no self-equivalent 3-set of partition [17], no row of the resulting matrix
is divided by p = 3.

1 1 1 1 1 1 1 1 1 1 1 1

7 4 —a—4a —da—a 1 20—a  —a+2a S5a—a  —2 —a+dHa S5a+2a 2a+5a

7 4 —4da—a —a—4a 1 —at2a 2a—a —a+5a —2 Sa—a 2a+5ba Sa+2a
21 6 6a—3a —3a+b6a 0 -3 -3 6a+15a 3 15a+-6a —9« —9a
42 9 6 6 —6 0 0 24 -3 24 12 12
21 6 —3a+6a 6a—3a 0 -3 -3 15a+6a 3 6a+15a —9a —9a
35 5 13a+7a Ta+13a 2 —2a+a a—2a —20a—5a -1 —5a—20a 10a—5a —5a+10a
105 0 3a—6a —6a+3a —6 —9« —9a 30a—15a 6 —15a+30a -15 -15
105 0 —6a+3a 3a—6a —6 —9a —9a —15a+30a 6 30a—15a —-15 —-15
35 5 Ta+13a 13a+7a 2 a—2a 2o+« —5a—20a -1 —20a—b5a —5a+10a 10a—5a
140 —10 —4 —4 2 8 8 —40 -—13 —40 20 20
210 —-30 12 12 9 —12 —12 30 3 30 0 0

Figure 6: Fischer-Clifford matrix Fs(3,17)

Lastly, we note that the rows and columns of the matrix M (1A) require to be re-arranged to give the actual
Fischer-Clifford matrix. This is achieved by use of the partial fusion of G into the parent group U7(2), the power
maps of G as well as restrictions of irreducible characters of U7(2) to G. The actual M(1A), after re-arrangement of
rows and columns is displayed as Figure 7. The other Fischer-Clifford matrices are computed in a similar manner
and listed immediately after M (1A4). The orders of the Fischer-Clifford matrices so obtained ranges from 1 to 21.
Again, note that some matrices have been split with a | to fit in a4 paper.

1 1 1 1 1 1 1 1 1 1 1 1
105 —15a+30a 30a—15a —15 -15 3a—6a —6a+3a 0 —9a —9a 6 —6
105 30a—15a —15a+30a —15 —15 —6a+3a 3a—6a 0 —9« —9a 6 —6
21 6a+15a 15a+6a —9a —9a —3a+6a 6a—3a 6 -3 -3 3 0
21 15046 6a+15a —9« —9a 6a—3a —3a+6a 6 -3 -3 3 0
210 30 30 0 0 12 12 =30 —12 —12 3 9
35 —20a—5a —5a—20a —5a+10a 10a—ba T7a+13a 13a+7a 5 —2a+ta a—2a -1 2
140 —40 —40 20 20 —4 —4 —10 8 8 —13 2
35 —5a—20a —20a—5a 10a—5a —b5a+10a 13a+7a Ta+13a 5 a—2a —2at+a -1 2
7 —a+dHa da—a S5a+2a 2a+5a —a—4a —4da—a 4 —a+2a 20—« —2 1

7 S5a—a —a+ba 2a+5a 5a+2a —4da—a —a—4a 4 20— —a+2a -2 1

42 24 24 12 12 6 6 9 0 0 -3 -6

Figure 7: Final Fischer-Clifford matrix M (1A)
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30 30a 30« —6« —6a —6 —6a —6 —6a 3a
5 5 5 a+4a da+a a+4a da+a do+a a+4a a—2a
30 30a 30« —6a —6« —6 —6a —6 —6« 3«

5 5 5 da+a a+4da da+a a+4da a+4a da+a —2a+a
10 10a 10« da+6a 6a+4a 2—4a  —2a—6a —4a+2a —-6a—2a —3a—5a

1 a o a a 1 [eY 1 a a

10 10a 10« 6a+4a da+6a —4dat+2a —6a—2a 2a0—4a  —2a—6a —ba—3a

1 I} @ a a 1 « 1 @ @

10 10a 10aa —2a—-6a —6a—2a —4a+2a da+6a 2a—4a 6a+4a 3a—2a

M(2A) = 30 30 30 —6 —6 —6 —6 —6 —6 3

10 10a 10a —-6a—2a —2a—6a 2a—4a 6a+4a —4da+22a da+6a —2a+3a
5 l5Ye" S5a —4a—3a —3a—4a a+4a —a+3a da+a Ja—a —3a—a
10 10 10 —4do+2a 2a—4a  —4a+2a 200—4a 2a0—4a  —4da+2a 2a+-5a
20 20a 20a 8« 8a 8 8« 8 8a 2a
20 20a 20« 8a 8« 8 S8a 8 8a 2c
10 10 10 2—4da  —4a+2a 20—4a  —4a+2a  —4da+2a 2a—4a Sa+2a
5 S5 S5a —3a—4a —4da—-3a da+a Ja—a a+4a —a+3a —a—3a
5 S5a Sa —a+3a 3a—a da+a —4da—3a at+4da  —3a—4a 3a+2a
5 ba bHa 3a—a —a+3a a+da —3a—4a da+a —4a—3a 2043

20 20 20 8 8 8 8 8 8 2
1 1 1 1 1 1 1 1 1 1 1
3a 3a 3 3 3a 3a 3a 3 -6 —6a —6a
—2a+a a—2a —2a+ta a—2a —2a+ta -1 -1 -1 2 2 2
3a 3a 3 3 3a 3a 3« 3 -6 —6a -6«
a—2a —2a+a a—2a —2a+ta a—2a -1 -1 -1 2 2 2
—ba—3a —2a+3a 2a+da Sat22a 3a—2a o a 1 1 « a
@ @ 1 1 a @ « 1 1 @ e
—3a—5a 3a—2a bSat2a 2a+ba  —2a+3a @ [ 1 1 @ «
leY o 1 1 a « a 1 1 a a
—2a43a —Ha—3a Hat2a 2a+d5a —3a—da a a 1 1 « @
3 3 3 3 3 3 3 3 —6 —6 —6 ,

3a—2a —3a—ba 2a+ba  ba+2a —ba—3a @ a 1 1 @ «
—a—3a 204+3a  —2a+4+a a—2a 3a+2a -« —a -1 2 2x 2a
Sa+2a 2+5a  ba+2a 2a+ba Sa+2a 1 1 1 1 1 1
2x 2c 2 2 20 —4a —4a -4 -1 -« —a
2a 2a 2 2 20 —4a —4a —4 -1 —-a —«
2045 S5a+2a  2a+da Sa+2a 2a+5a 1 1 1 1 1 1
—3a—a 3a+2a a—2a 20+« 2a+43a —Q —a -1 2 2a 2a
2a+43a —a—3a a—2a —2a+a —3a—a - —a -1 2 2 2a
3a+2a —3a—a —2a+4a a—2a —a—3a —a —a -1 2 2a 2x
2 2 2 2 2 —4 —4 —4 -1 -1 -1

1 1 1 1 1 1 1 1 1 1

3 3a 3a 3a 3a 3 —a—2a —2a—a a—a —a+ta

6 6a 6a —-3a —-3a -3 2a+-4a da+2a —2a—4a —4da—2a

3 3a 3a 3a 3a 3 —2a—a —a—2a —ata a—a

6 6a 6a —-3a —-3a -3 da+2a 2a+4a  —4da—2a —2a—4a

3 3a 3a 3a 3a 3 2a+a a+2a —2a—a —a—2a

2 2 2 -1 -1 -1 2a 2 2 2a

3 3a 3« 3« 3a 3 a+2a 2+a —a—2a —2a—a

2 2 2 -1 -1 -1 2 2a 2a 2

6 6a 6a —-3a —-3a -3 —2a+2a 2a—2a 2a+4a da+2a

M(2B) = 2 2 2 -1 -1 -1 2 2 2 2

6 6a 6a —-3a —-3a -3 20—2a  —2a+2a da+2a 20+4a

6 6a 6a —-3a —-3a -3 —4da—2a —2a—4a —2a+2a 200—2a

1 1 1 1 1 1 a a a @

12 12 12 —6 -6 —6 0 0 0 0

6 6a 6a —-3a —-3a -3 —2a—4a —4da—2a 2a—2a —2a+2a

1 1 1 1 1 1 « a a «

3 3a 3a 3a 3a 3 —ata a—a a+2a 2+«

3 3a 3a 3a 3a 3 a—a —a+ta 2a+a a+2a

6 6 6 6 6 6 0 0 0 0
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M(3A)

1

204
200—2a
a+2a
—2a+2a
—a+a
20

a—Q

2
—2a—4a

—4a—2a
20+4a
da+2a

—a—2a
—2a—a

M(20)

1 1
12 12«
12 12«
6a
6

4o
4o

4
4o
12

(N NN NN NN NG N =)

—

M(3B)

1

a+2a
—2a+42a
2+
200—2a
a—a

2
—a+a
2a
—4a—2a

—2a—4a
da+2a

20+4a

—2a—a
—a—2a

3a
3a
3a
3a

3a
3a
1
1

== W WO Wwwww—

12c

W w =

-3
-3

4 20—«
—a+2a

20—
4 —a+2a

20—
—a+2a
12 3

2a

2

N NN
[\
[\

1 1 1 1 1 1 1 1
—a+ta a+2a 2+ a—a 0 —2a—a —a—2a 0
20+ a—a —ata a+2a 0 —2a—a —a—2a 0
a—x 20+a at+2a —a+ta 0 —a—2aa 20—« 0
at+2a —a+ta a—a 2+ 0 —a—2a —2a—«a 0
—a—2a a—a —ata —2a—a 0 a+2a 20+ 0
- —« —a -« 2 - —a -1
—2a—a —ata a—a —a—2a 0 2+a a+2a 0
—Q —a - —a 2 —a —a —1
—2a—a 20+a at+2a —a—2a 0 —a+a a—a 0
-1 -1 -1 -1 2 -1 -1 -1 ’
—a—2a a+2a 20+ —20—a 0 a—a —ata 0
—ata —2a—a —a—2a a—a 0 a+2a 20+ 0
@ le} @ o 1 o o 1
0 0 0 0 —6 0 0 3
a—a —a—2a —2a—a —ata 0 20+a a+2a 0
o @ o a 1 a « 1
20+ —2a—a —a—2a a+2a 0 a—a —ata 0
at+2a —a—2a —2oa—« 20+ 0 —a+a a—a 0
0 0 0 0 -3 0 0 -3
1 1 1 1 1 1 1 1
3aa —a—2a —a+ta 20+a  —2a—a a+2a a—a 0
3Ja —2a—«a a—a at+2a —a—2a 20+a —ata 0
3a a—a at2a —2a—a —ata —a—2a 2a+a 0
3a —a+ta 2a+a —a—2a a—a —20—a a+2a 0
6 0 0 0 0 0 0 -3 ’
3a at+2a —2a—a a—a 2a+a —ata —a—2a 0
3a 2a+a —a—2a —a+ta a+2a a—a —2oa—a 0
1 o o a « « « 1
1 « a o a a a 1
1 1 1 1 1 1 1 1 1 1 1
3 3a 3a 3a 3a 0 0 0 -3 —3a —3a
3 3a 3a 3« 3¢ 0 0 0 -3 —3a -3«
-3 —3a —3a —3a -3a 3 3a 3a 0 0 0
-3 —3a —3a -3« -3a¢ 3 3a 3a 0 0 0
-3 -3 -3 -3 -3 3 3 3 0 0 0
1 « o @ a 1 o a 1 « a
—a+2a 2a—a  —a+t2a 20—a —at2a -2 -2 =2 1 1 1
20—a —2a—3a a+3a Jat+a —3a—2a —2 —2a —2a 1 « o
—a+2a —3a—2a 3a+a a+3a —2a—3a —2 —2a —2«a 1 a «
1 o o « « 1 a « 1 «a o
20— —at2a 20—a —a+t2a 20— —2 -2 =2 1 1 1
—a+2a a+3a —2a—3a —3a—2a Jat+a —2 —2a —2a 1 « «
2a—a 3at+a —3a—2a —2a—3a at+3a —2 —2a —2«a 1 «a «
3 3 3 3 3 0 0 0 -3 -3 -3
1 1 1 1 1 1 1 1 1
111 Pl baaaaaa
_ 1 1 1 a a a a a «
—-a -1 —« _ _ _
1 -1 1 1l @ a1 @ a 1 a «
_ MA4A) =1 a @ 1 a @ 1 a @ |,
—a -1 -« = = a
_ l oaa a1l a a a 1
e} 1 o _ _ _
o 1 a l @ a a l a a o 1
1l aa aa 1l a 1l «
1l @ a @ a1l oo 1 @

437




D. M. Musyoka et al., AUT J. Math. Comput., 7(4) (2026) 423-440, DOI:10.22060/AJMC.2025.23932.1340

1 1 1 1 1 1 1 1 1 1
3 3a 3a —a—2a —ata 20+ —2a—a a+2a a—a 0
3 3a 3a —2a—7a« a—a at2a —a—2a 20t —a+ta 0
3 3a 3« 20+ —a—2a —oata a+2a a—a —2a—a 0
M(4B) = 3 3a 3a a+2§ 720#? afé 2+a —ata —a—2a 0 ’
1 1 1 o [e) [} o « « 1
1 1 1 « o « e} [ « 1
3 3a 3a —a+a 2+ —a—2a a—a —2a—a a+2a 0
3 3a 3a a—a a+2a —2a-a —at+a —a—2a 20+ 0
6 6 6 0 0 0 0 0 0 -3
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 2a 2a 2« 2 2a 2a 2« 2 -a —-a —a -1 -1 —-a -1 —-a -«
2 2a 2a 2« 2 2a 2a 2a 2 —a —-a —aa -1 -1 —a -1 —-a -«
1 a «@ 1 a o 1 a o 1 1 « a [ [ 1 « a
1 1 1 a a o a a « « a « «a « a 1 1 1
1 a a 1 a a 1 a [ 1 1 a a a a 1 a a
1 1 1 o a a a a o a « a « a o 1 1 1
1 a a le' a 1 a 1 « a « 1 a lo' 1 1 a a
1 a a @ a 1 a 1 a o a 1 a a 1 1 a a
M(64) = 1 @ o « 1 @ o « 1 o o o 1 1 o 1 a a |’
2 2a 2a 2a 2« 2 2« 2 2aa - —a -1 —-a —-a -1 -1 —-a -«
2 2 2 2a 2a 200 2a 2a 2 - —-a —-a —-a —a —-a —1 -1 -1
2 2 2 2a 2a 2a 2a 2 20 —-aa -a -a —-a —-a —-a -1 -1 -1
1 a a « 1 [ le' a 1 « a a 1 1 lo' 1 a a
2 2a 2a 2a 2« 2 2a 2 20 -a —-a -1 —-a —-a -1 -1 —-a -«
2 2a 2« 2 2a 2« 2 20 2aa -1 -1 —-a —-a —-a -a -1 —-a -«
2 2a 2« 2 2a 2« 2 24 2« -1 -1 -a —-a —-a —-a -1 —-a —«a
2 2 2 2 2 2 2 2 2 -1 -1 -1 -1 -1 -1 -1 -1 -1
1 1 1 1 1 1 1 1 1 1 1 1
1 a a a 1 a 2 2a 2a -1 —-a —«
1 a « @ 1 « 2 2a0 2a -1 —-a -«
M(54) = 2 2a 2a¢ —a -1 —a |’ M(6B) = 2 2 2 -1 -1 -1 ’
2 2a 2a —-a -1 -« 1 a o 1 a e
2 2 2 -1 -1 -1 1 a a 1 a
1 1 1 1 1 1 1 1 1
M6C)=| 1 a a |, M(7TA) = (1), M10A) =1 a @ ) , M2A) = 1 @ «a |,
1 a « 1 a « 1 o «
where o = _1%\/?3

7. The Character Table of G

Having obtained the fusion maps of classes of the inertia factors H; into GG, the character tables of the inertia factors H;
which are stored in the GAP library and the Fischer-Clifford matrices of G, we proceed to construct the ordinary character
table of G = 3%:S7. A partial character table (see Figure 8) of G is constructed by multiplying the columns C;(g) for
i €{1,2,3,...,12} of the ordinary character tables of the inertia factors H; associated with the classes of H; fusing into [g]
by the rows of the Fischer-Clifford matrices in a block M;(g).

Cr2(9) M12(9)

Figure 8: Partial character table of G

To construct the set Irr(G), we append the partial character tables coming from each class [g] of G as depicted in Figure 9.
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C1(g91) Mi1(g1) C1(g2) Mi(g2) C1(g15) M1(g15)
Ca(g1) Ma(g1) | C2(g2) M2(g2) C2(g15) M2(g15)
Cs(g1) M3(g1) | C3(92) M3(g2) C3(g15) M3(g15)
012(91) Mlz(gl) 012(92) Mlz(gz) : 012(915)M12(915)

Figure 9: Structure of Trr(G)

The character table of G obtained in this manner is a 143 x 143-complex valued square matrix with the irreducible
characters partitioned into blocks A;, for ¢ € {1,2,3,...,12}, such that A1 = {x;|1 < i < 15}, Ay = {x;]16 < i < 25},
Az = {xi|26 < i < 35}, Ay = {x:]36 < i <49}, As = {xi|50 < i <63}, Ag = {x:]64 < i <75}, Ar = {x:|76 < i < 90},
As = {XZ‘QO S 7 S 99}, Ag = {Xi\IOO S 7 S 114}, AIO = {Xi|115 S 7 S 125}, All = {Xi|126 S 7 S 136} and
Ar2 = {x;|137 < i < 143} where x; € Irr(G). The fusion of the classes of the character table obtained into the parent group
is obtained with the aid of GAP and captured in Table 2.

A GAP routine in [15] was implemented for checking the consistency and accuracy of the character table of G. Since the
character table of this group is dominated by complex entries, the short GAP routine below was written to diagnose areas of
concern whenever the error message ”irreducible characters inconsistent with the centralizer orders” arose during its testing
in GAP. The routine computes the sizes of the centralizers of the character table being tested, which are then compared with
the centralizer sizes in Table 2.

gap> mat:=Irr(ct);;

gap> tmat:=TransposedMat (mat);;
gap> CO:=[];;mult:=[1;;

gap> for i in [1..Size(tmat)] do
> t:=tmat[i];

for g in [1..Size(t)] do

s:=t [g] *ComplexConjugate (t[g]);
Add (mult,s);

od; od;

gap> L:=List([0..Size(tmat)-1] ,n->mult{[Size(tmat)*n+1..Size(tmat)*(n+1)11});;
gap> for 1 in L do

> s2:=Sum(1);

> Add(C0,s2);

> od;

gap> CO;

vV V VvV VvV

Readers are referred to the links below for a PDF document containing the full character table of G and also a latex file
containing the class orders, centralizer orders and the irreducible characters of G for self testing in GAP.

https://drive.google.com/file/d/1KVRWyImmXVcLTqIcnvcQszUVsC5Z0BOA/view?usp=share_link

https://drive.google.com/file/d/1dq0vcm09hZKIPCLibIaCgQKFHW4X2G1m/view?usp=share_link
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