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1. Introduction

Let C denotes the complex plane and D be the unit disk of C. Then by § = S(D), we mean the family of all
analytic self-maps of D. Also H (D) denotes the class of all complex valued functions analytic on D. We denote by
H* (D), the space of all bounded analytic functions with the norm

[flloe = sup |£(2)]-
z€D

When dA be the normalized area measure on D, 1 < p < oo and a > —1, the family of all analytic functions f on
D such that the norm

1

la,. = ([ A=)l GIPaAe)”
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be finite, is known as a-weighted Bergman space 4, , (D). In addition, the analytic («, p)-Besov type space B, o (D),
is supposed to be the class of all analytic functions f € H(D), for which

11,0 = LFO1+ ([ =11 GraAR) < .

We can see that f € B, (D) if and only if f* € A, (D) and the defined norm |.| 5, ., (@) makes (a,p)-Besov type
space a Banach space. In special case if we consider a = p — 1, we get the space B, ,—1 which is known as Dirichlet
type space. For more information about a-weighted Bergman spaces, («, p)-Besov types spaces and Dirichlet type
spaces, we refere to [7, 8, 11]. In related studies, an analytic function f € H (D) has been considered to be in the
Zygmund space Z, if ||f]|z := sup,ep(1 — |22)|f”(2)| < oo. Following the above definitions and notations, we
introduce (a, p)-Besov-Zygmund space as the space of all analytic functions f € H (D) such that the following norm
is finite,

112, o = LFOI+ £,
= [FO)] + 17O + /1%

= 17 O)| + 17O + ( / (1= s2)° 1" () PdA(z) )

It’s clear that Besov-Zygmund space is a Banach space under the above norm. Furthermore, f € Z, (D) if and
only if f € B, o(D) or f” € A, o(D). To the best of our knowledge, [20], is the only work to study (c, p)-Besov-
Zygmund spaces in the case that a = p — 1, where the author studied some properties such as boundedness and
compactness of weighted composition operator on the spaces Z, ,_1 (D). For more explanation of such spaces, we
recall the definition of the minimal Mdbius invariant space By , which is the space of all f € H(ID) which can be
represented in the form f(z) = Z;‘;l bjow, (z) for some (by); € I', w; € D and 0,4(z) = £ for z,a € D. In [2]

the authors studied such spaces and showed that there exist positive constant C' > 0, such that for any f € By

1 1" !/ 1
& [1£71AG) 1 = £0) = £ )zl < € [ 177(laAc).

The above inequality clarifies that in fact in the case of p =1 and a = 0, the two spaces By and Z; ¢ equivalent.
For ¢ € S and u € H(D), the weighted composition operator, induced by % and u is defined by

Wy (f) :=u-foip, feHD).

This operator can be considered as a generalization for multiplication operator M, and composition operator Cy,
where M, f =u- f and Cy f = f o). During the past decades, theory of composition operators and related topics,
has been studied on various aspects. For more information see standard references [3, 12, 19] and also [20], where X.
Zhu, studied the boundedness and compactness of operator M, Cy, from (e, p)-Besov-Zygmund spaces into Zygmund
type and Bloch type spaces, in this paper, one of our goals is to investigate the boundedness and compactness of
operator M, Cy between Besov-Zygmund spaces.

The well-known differentiation operator D, which is unbounded on many analytic function spaces, is defined
by Df = f’, for f € H(D). In the literature, any product of the three operators Cy, M, and D, which can be
obtained in following twelve ways, considered as product type operators

M, Cy, CyM,, M,D, DM, CyD, DCy,
M.CyD, CyM,D, M,DCy, CyDM,, D M,Cy, DCyM,.
For more studies about product type operators on different analytic function spaces, we refer to [4, 6, 9] and

references therein.
The so-called Stevi¢-Sharma operator Ty, w, v = Wy, o + W, D, i€,

Tul,u2,¢f=U1'fow‘i‘uz'flol/%

which has been introduced by Stevi¢ and et al. is a generalized important operators for investigation. Since all the
product type operators can be obtained form Stevié¢-Sharma operator by applying proper ui,us. For example we
have that

M,DCy =Touy ps MuCyD =Touyp, DCyMy =Tl op)yp! (uod)d’ s

1
DM,Cy =Tw upp,  CypDMy = Twopuoy,ps  CopMuD = Touop,p- M
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More information about the Stevi¢-Sharma operator on various spaces of analytic functions, can be found in
[1, 10, 13, 14, 15, 16, 17].

In this paper, we aim to discuss the boundedness and compactness of the product type operator M, Cy, between
(ar, p)-Besov-Zygmund spaces, in terms of (a, p)-Carlson measures. Then we find some equivalent statements for the
boundedness and compactness of the Stevié-Sharma operator T, u, » = My, Cy + M,,Cy between («, p)-Besov-
Zygmund spaces. Also as conclusions, according to relation (1), we have characterizations for the boundeness and
compactness of other product type operators between (o, p)-Besov-Zygmund spaces.

We denoted by C, the constants which are positive and not necessary the same as each occurrence. Also by
A=< B, wemean A < CB.

2. Boundedness

For a point £ in D, the boundary of the unit disk, and A > 0, we define the Carleson set S(&,h) := {z € D :
|z —&| < h}. Let @ > —1 and + be a positive Borel measure on I. For 0 < p < oo, it is well known (see [18, Section

2.4]) that
the embedding A, (D) C LP(dy) is bounded < sup Y(S(E 7)) < 00, (2)
’ ceop  hot?
for h > 0 and S(é 1
the embedding A, ,(D) C LP(dy) is compact < lim sup (S h)) =0. (3)
’ h—0 sp hot2

We say that v is an (a, p)-Carleson measure if either side of relation (2) holds. Also, we say that ~ is a compact
(c, p)-Carleson measure if either side of relation (3) holds.

The connection between composition operators and Carleson measures comes from the standard identity (see
[5, P. 163])

/D (how)(2)(1 - |22)°dA(z) = / h(z) dr(2), (4)

valid for ¢ € S and Borel functions h > 0 on D. Here, dvy denotes the pullback measure defined by
WB)= [ a-lPraace)
Y= 1(E)

for Borel sets £ C D. In particular, one can easily observe from (4) that Cy : Ap o = Ap. is (compact) bounded
if and only if «y is (compact) («, p)-Carleson measure for A, .

Assume 1 < p < 0o and —1 < a. Let ¢ be a self map on D, and u € H(D). Denote by E ., the number of zeros
of ¥(z) —w on D. Then E, , ,(¢,w) on D is defined as follows:

(L= [z[)[u(2)[?
W2 (z)r

when repeated by multiplicity, the sum extends over the zeros of ¢ — w. In particular, for w ¢ ¥ (D), we have that
Epau(,w)=0. Also for u =1, « =0 and p = 1, we get Ey ,,. Now define the measure 7, 4., on D, by

AVp,a,u(W) = Epau(th, w)dA(w).

By w) = 3

Lemma 2.1 ([7]). Let -1 < o, 0 < p and f € HD). Then f € A, (D) if and only if f' € Apatrp(D) and
Ap,a(]D)) = Bp7a+p(]D)-

Lemma 2.2 ([11]). Suppose that —1 < a < 00 and p > a+ 2. Then for any f € B, (D), there exists a constant
C such that

If ) < ClfllB,.0m):-

Using the two above Lemmas, we obtain the following key Lemma which is a useful characterization for f €
Zp (D) and will help us to prove our main results.

Lemma 2.3. Suppose that —1 < a < oco. Then we have the two following statements:

(a) Forp>a+2 and any f € Z, (D) and i € {0,1,2}

1FPlloo < Clflz, am).
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(b) For1<p < oo, we have that Z, (D) C By o(D).
Proof. (a) Let f € Z, (D), then [’ € B, (D) and according to Lemma 2.2, for p > o + 2,
') < ClLf s, @) (®)

Hence
1£llec = sup |f'(2)| < CIll1z,...

Also (5) yields that

1 1
F(2) = F(0)] < / = f (t2))dt < / 21/ )t < Il s, o o-

Therefore, we have
lf(2)] < CUF I, 0m) + [£O)]),
and thus
[flloe < Cllfll2,,qm)-

Also by applying lemma 2.1, we get that f” € A, (D) = By a4p(D). Then Lemma 2.2 implies
1 oo 2 N8y s 2N Ay 0y 2 1 fllz, .0 m)-

(b) Suppose that f € Z, (D), then

p

[irera-eprae - [ ] / P+ £(0)] (1 - |2)7dA(2)

1
<l P+ [ [ e - )
DJo
< Clf s, .00
which implies || f||5, . ) < C|/fl z,..@®)- 0

As a result of the previous lemma, one can observe that for p > a + 2,
ZpaD) C By o(D) C HX(D) C Ap o(D). (6)

Next, we obtain a characterization for the boundedness of the weighted composition operators M, Cy, on analytic
function space Z, o(ID) in terms of the Carleson measure.

Theorem 2.4. Assume a > —1 and 2+ a <p < oo. Let w € H(D) and p € S. Then M,Cy : Z, (D) = Z, (D)
is bounded if and only if u,up € Z, (D) and Vp o s an (o, p)-Carleson measure.

Proof. Assume that M, Cy is bounded on Z, (D). For any f € A, (D) such that f(0) = 0 define the function
h(z) = foz f(w)dw. Then we get h'(z) = f(z) and h(0) = 0. Again set g(z) = foz h(w)dw, we obtain ¢”(z) =
f(z) € Ap.o(D), thus g(z) € Z, o and g(0) = ¢’(0) = 0. In addition, we have

(ug(1(2)))" = u"(2)g(¥(2)) + 2u' ()¢ (2)g' (¥(2)) + u(2)9" (2)g' ($(2)) + u(2)"™(2)g" (1(2))-

For functions f1(z) = 1 and f2(z) = z, applying the boundedness of operator M, Cy, on the space Z, o(D) yields
that

0ty = ]2, 0 = IMuCol 1) ]2, 00 < o0 "
and
IMuCy(f2)llz,..m) = lullz, .o = (W) |4, .0 +C
_ IIU"¢ + d/lu + 2¢/u,||A,,,a(D) +C (8)

< 00.
Thus, it follows from relations (7) and (8) that

9" w4 20" || 4, () < 0.
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In addition, apply the change of variable formula (set ¥)(z) = w) and Lemma 2.3 to yield that

</f NP dyp,au(w ) (/|f P By (00, w)dA(w )>1/p
— (/D|u(2)1//2(z)|p|f(¢(z))|p(1 _ Z|2)adA(z))l/p

= |ug?fop|la, .oy = llu*g" o ¥l|a, . o)
= |[(ug o )" = (up"” + 2u'y)")g ot —u"goiplla, )
< [MuCy(9)llz, am) + 19 oo ludd” + 209" || a, . ) + lgllocllu”]] 4,0 m)
<Clglz,. =Cllg"la,..m) = Cllflla,.0)-
Hence, we get the boundedness of inclusion map I : Ay (D) — LP(Vp.,u) and thus v, . is an (a, p)-Carleson

measure.
Conversely, for any f € Z, , such that f(0) =0, we have

[(wf o) lla, .oy =llu'f o+ 2u'y)f o +ud” f op +uf" 0|l a, . (m)
< lug” f onp 4+ 20"y frop +u"f op — " f o p)||a, oy + U f o+ ul [ o4, oy
<N (up)"f o lla, oy + 1" f 0 plla, o)+ 1" folla, o)+ lu? " ola, .o
<N Nlsollubllz, . 4+ 1 oo ¥ ool 4, o) + I fllscllull 2, o) + llut f7 0 9|4, . m)-

In addition, we have that
[(uf o) (0)| + [(wf o) (0)] = [u'(0) f 0 (0) +u(0)'(0) f" © 4(0)| + |u(0) f(1(0))]
< ullz, .ol fllc + Clludl z, .oy 1 flloo + lullz, @)1 flloo-
Now by applying the assumptions u € Z, (D), uwip € Z, , and Lemma 2.3, we obtain

IMuCy ()2, = I(wf o) l|a, ) +(wf o) (0)] + [(uf o) (0)]
< Cllfllz,.. + w0 plla, . o)

"5 Pla,|Pla)y/2 2\
<0Hf|| pa / |f w| |u/(|b/|;|b1 |1S | | ) dA(Z)

<Clflz,. + / " () Py ().

Since Yp,a,u is an (e, p)-Carleson measure, we get that

IMuCy ()2, .m0 < Clifllz, .m0
So, we arrive at the boundedness of M,Cy on Z, ,(D). O

Lemma 2.5 ([11]). Let -1 < o, a+2 <p, ¢ € S and v € H(D). Then M,Cy : By (D) — Ay o(D) is bounded
if and only if u € Ap o (D).

From the norm definition on Z, (D), for any g € Z, (D), u € H(D) and ¢ € S, we have another equality as
follows

1MuCygllz, o) = [MwCypg + MuDCyg|s, . o) + C.

Now, by using Theorem 2.4 and Lemma 2.5, we get the following result which gives us another interesting charac-
terization for the boundedness of weighted composition operator M, Cy, on analytic function space Z, o (D).

Theorem 2.6. Let —1 < a and 2+ a <p < oo, u € HD) and ¢ € S such that ' € H*(D). Then operator
M,Cy : Zp o(D) — 2, o (D) is bounded if and only if both the two following operators are bounded

My Cy i 2, o(D) — By o(D),
M,DCy : Z, (D) — By o(D).
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Proof. Suppose that M,Cy, : Z), (D) — 2, o4p(D) is bounded, then by applying Theorem 2.4, u, u.v) € Z, o(D).
Then u”, (u.1))” € Ay o(D) and v’ € By, (D) C A, o(D), so the boundedness of 1,1’ on D give us

1) 4,0 0) < 1w-t0)" 14,0 + (W) ] 4,0
< W), 0 @) + 0" + W'Y 4, 0 0)

< 00.

Now by applying theorem 2.5, we obtain the boundedness of operator M,y Cy : By o(D) — A, o (D), which is
equivalent to the boundedness of operator

M(uw/)/CwD : Zp)a(]D)) — Ap)a(]D)). (9)

On the other hand, by applying our hypothesis and Theorem 2.4, v, o, is an («, p)-Carleson measure. So we can
easily check that M, ,2Cy : A, o (D) — A}, o(D) is bounded. Hence, we get the boundedness of operator

Myuy2CyD? i 2, o (D) — Ap o(D). (10)

Also the point evaluation maps on the Banach space Z, , (D) are linear bounded functionals. Therefore, by applying
relations (9) and (10), we get

My DCy fl8, o) = [Muypy CoDflla, o @) + |Muy2CypD? flla, @) + [Mugp Co DF0)] 2 | fll2, o) (11)
for any f € Z, (D). Moreover, the triangle inequality, our assumption and (11) give us
[Mw Cy fliB,.0m) < [MwCypf + MyDCy f — MyDCy fl|5, . (0)

< |MuCyfllz, .oy + [MuDCy f5, . () (12)
< | fllz,.. -

Relations (11) and (12) complete the proof.
The converse part is obvious by using the triangle inequality, the boundedness of the point evaluation maps on
Z,0(D) and the fact that

M. Cyfllz, .o = IMwCyf+ MDCyfllB, .oy + [MuCy f(0)]. O

In the following theorem, we are giving some equivalent statements to characterize the boundedness of the
Stevié-Sharma operator Ty, 4, on analytic function spaces Z), (D). The statements of Theorem 2.4 and Lemma
2.3, will be used here to receive our desired results.

Theorem 2.7. Assume —1 < a and 2+ o < p < 00. Let u1,us € HD) and ¢ € S, such that ¢, us € Z, (D).
Then the following statements are equivalent:

() Ty st Zpa(D) = 2, o (D) is bounded.
(b) The both following operators are bounded

My, Cy : 2, (D) — Z, o (D), My,CyD : Z, (D) — Z, (D).

(c) ur,urp,us®) € Zp0(D), Ypaw, s a measure of (a,p)-Carleson and Yp atpu, 15 @ measure of (a + p,p)-
Carleson.

Proof. (a) = (b). Let Ty, uy.¢ : Zp.a(D) = Z, (D) is bounded. Then for any f € Z, o(D), [[u1f ot +uaf o
Yllz, () < oo. So by assuming f = 1, we have that

u1 € Zpa(D). (13)
Also by choosing f = z we get that
ure + vzl 2, . () < oo (14)
But we have assumed that us € Z, (D) then by the triangle inequality,
luiYllz, o) < llw +uzl z, ) + lluzllz, . o) < oo
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On the other hand, relations (13), (14) and uz € Z, (D), give us
(w1t + u2)"ll 4, ) = 049" + (uat)']| 4, .0 < o0 (15)
Again by putting f = 22, we obtain
1(urt® + 2u2) || 4, o ) = U %? + 20 (11" + (i)) + 2(wr9)®) + (2u2)" | 4, . (3) < 00 (16)

Also, by applying Lemma 2.3 and ug € 2, (D), boundedness of 1) on D, the assumption ¢ € Z, (D) and relation
(6), we have that

H(u2)" a4, 0 < Nuglla, o l¥llco + 1205 ]loc ¥l 4, o + luzllecll$”]l 4,

(17)
< lluzllz, o [¥lloo + 2lluzllz, L 19 |4, 0 + lu2llz, 19714, < oo
Therefore, by relations (13), (14), (15), (16) and (17), we get that
2u1Y"? € Ay (D). (18)

Then by applying the boundedness of Ty, u,,p 00 Zp (D) and the triangle inequality, for any f € Z, (D), we have
that

1M, Cfllz, o = Il (uaf 0 ) [la,.. + [(ua f o) ()] + [ (ur f o %) (0)]
L
= uff o +uld/ f o+ (wd!) f o+t f" o a, , + L
< lapallFloo + it + (") lLa, o1 lloo + w19l a, 0 1 £ lloo + L.

Now by applying lemma 2.3, relations (13), (15), (18) and since evaluations at 1(0) are bounded linear operators
on Z,, and B, o, we obtain

|Mu,Cyfllz, .0 = 1fllz,.m0)-

Hence, M,,,Cy : Zp o (D) — Z, o(D) is bounded.
Now the boundedness of T, v, on Z, (D) and the triangle inequality, give us

1Mo, Cp Dfll 2, 0 < N Tusun, (Nl 2,0 + 1Mo Cy fll 2,0 2 Ml 2,0

which completes the proof.
(b) <= (c). As an application of Lemma 2.1, we have that M,,CyD : Z,,(D) = Z,,(D) is bounded if

and only if M,Cy : Zp atp(D) = 2, (D) is bounded and according to Theorem 2.4, this happens if and only if
U, U2 € Zp (D) and vp a4p,u, be a measure of (a+p, p)-Carleson. Now using Theorem 2.4 about the boundedness
of M,,Cy on Z, ,(D) completes the proof.

(b) = (a). It is clear by using the triangle inequality. O

3. Compactness

In this section, we provide characterization for the compactness of product type operator M,Cy, between (a, p)-
Besov-Zygmund spaces. Also we aim to consider the compactness of the Stevié-Sharma operator, then as results we
have the necessary and sufficient conditions for the compactness of other product type operators between Besov-
Zygmund spaces.

By applying the similar method as in [3, Proposition 3.11], we get the following characterization for the com-
pactness of the bounded linear operators between Besov-Zygmund spaces.

Lemma 3.1. Suppose that 0 < o < 0o and T be a bounded linear operator from Z, (D) into Z, (D). Then T is
compact if and only if for any bounded sequence {hy,}§° in Z, (D), which converges to 0 uniformly on any compact
subset of D, we have that

lim ||T'(hy)|z,. = 0.

n— oo

Now by using Lemma 3.1 and the key Theorem 2.4, we arrive at the following theorem which states an interesting
characterization for compactness of the weighted composition operator M, Cy, between Besov-Zygmund spaces, in
terms of the Carleson measure.
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Theorem 3.2. Assume —1 < a and2+a <p <oo. Letp € S and v € H(D). Then M,Cy : Z, (D) = Z, (D)
is compact if and only if Y, u.p € Z, o (D) and vp a4 15 a compact (a, p)-Carleson measure.

Proof. Suppose that M,Cy : Z,4,(D) = Z,,(D) be compact and the bounded sequence {F,}52, C A, (D)
converges uniformly to 0 on compact subsetb of D. Let hy,( fo n(w)dw, then we get that hl, € A, (D) and
hn(0) = 0. Now by taking gn(z) = [ hn(&)dé, we have that gn(0) = gn(O) = 0 and ¢)/(z) € A, (D). Thus
{9n}22, is a sequence in Z, ,(D) that converges to 0 uniformly on compact subsets of D. Since M, Cy is compact
on Z, (D), [|MyCygnlz,. — 0, as n — co. On the other hand, M, Cy is bounded on Z, (D) then by Theorem
2.4,

Do

lullz, . (o) < oo, w2, . @) < oo. (19)

Also similar to relation (8), we have that

209" + uh"|| 4, ) < (W) || 4, o) + WP 4, . 0) < 0. (20)

So, by using relations (19) and (20) we obtain

1l = (] |Fn<w>|Pdvp7a,u<w>)l/p = [lwrerimwera - |z|2>adA<z>)1/p

= [[Myy2Cy(Fy)| 4, (21)
< |Nu"gp 0 Plla, o) + 1(ugn 0 ) || 4, + [(w)” + 204 ) gn 0 Yl 4, .
< CHgn”Zp,cy = CHFnHAp,a'

Thus ||Fullze(y,.a..) — 0 as n — oo. It follows that the embedding Ay o (D) C LP(7pa.u) is compact. Therefore,
according to relation (3), Vp,q,« is & compact (¢, p)-Carleson measure.

Conversely, Let ¢, u.¢p € Z, o and 7, o, be a compact (o, p)-Carleson measure. Then according to Theorem 2.4,
we have the boundedness of operator M, Cy, on Z, (D). Also, similar to relation (20), [|2u'Y)" +uy)”|| 4, (@) < oo
Now for an arbitrary sequence {f,}>2, C Z, (D) such that f,, converges to zero unlformly on compact bubbets
of D, we have the bounded sequence {f}°2, C A, (D), such that f// converges to zero uniformly on compact
subsets of D and so [} | f7/[PdVp.au = Hf”||Lp(7 y = 0, as n — co. On the other hand, by using the assumptions,

relation (21) and Lemma 2.3, we obtain

IMuCy(fa)llz, o) = (u-fr 09) |4, @) + |(ufr 09) (0)] + |1 fr 0 (0)]
< luyfl oYlla, ) + I frn oYl a, .o
+ 1wy + ud”) fr, 0|, . ) + [(fn 0 9) (0)] + | fr 0 1(0)]
< / | fr (W) Pdryp,anu(w) + [[u” || 4, 0 |1 lloo + 120" + 1) || 4, N1 f oo + Cll fillos + 1 frlloo
D
< ||f"||pp(%,a’u) + Cllullz, .l fallso + Cllfrlloo 4 [l frlloo
< Il (vo.aw) TCUIf N2, @)

Thus, we get that ||M,Cy(fn)l z, .o — 0, as n — 0 and this completes the proof. O

Theorem 3.3. Let —1 < a and 2+ a < p < oo, u € H(D) and ¢ € S such that ¢’ € H>*(D). Then operator
M,Cy : Z, o(D) — Z, o (D) is compact if and only if both the two following operators are compact

My Cy : Zp0(D) — B, (D), M,DCy : Z, (D) — B, o(D).
Proof. By applying Theorem 2.6, relation (11) and using Lemma 3.1, the proof is straightforward. g

In the next theorem, we are interested to provide equivalent statements to characterize the compactness of the
Stevi¢-Sharma operator Ty, v, = My, Cy + My, CyD between the Besov-Zygmund spaces. To achieve this result
we will get help from Theorem 3.2, Lemma 3.1 and Lemma 2.3.

Theorem 3.4. Assume —1 < o and 2+ o < p < 0o. Let uy,us € H(D) and ¢ € S such that uz, ¥ € Z, (D).
Then the following statements are equivalent:

(a) Tuy un: Zpa(D) — Z, (D) is compact.
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(b) The both following operators are compact

My, Cy : 2, (D) — Z, (D), M,,CyD : Z, (D) — Z, (D).

(c) ur,urh,u2®p € Z, o(D), Vp.a,u, 5 a compact (e, p)-Carleson measure and Yp a+tpu, 5 @ compact (o + p,p)-
Carleson measure.

Proof. (a) = (b). Suppose that Ty, uy.p : Zpa(D) = Z54(D) is compact, then Ty, y,.p @ Zpa(D) = 2, (D)
is bounded. So, for any bounded sequence fn € Ay (D) buch that f ( ) =0 and fn converges to zero uniformly
on compact subsets of D, let h,(2) = [ fu(w)dw and gn(z) = [ hy(w)dw, then g/l(z) = fu(z) € Apo(D) and
g(0) = ¢’(0) = 0. Hence g, is a bounded sequence in Z, o (D) Wthh converges to zero uniformly on compact subsets
of D. Then by applying Lemma 2.3 and relation (18), we get that

(/'f” st >1/p (/'u ROIRFAC (Z)p(l—IZQ)“dA(z)>1/p

= [lury)?gy; 0 ¥(2)] 4, .,

< Nurt[|a, o lgnlle = urv®|la,, . llgnllz,.. — 0.

Therefore, relation (2) and Theorem 3.2 give us the compactness of operator M, Cy on Z, (D). Now by the
compactness of T, u, ¢, for any bounded sequence g, € Z, (D) such that g, converges to zero uniformly on
compact subsets of D, we get that

[Mu,CyDgnllz, . < Tususpnllz, o + 1M, Cpgnllz, . =0,

which gives us the compactness of M,,,CyD on Z, (D).
(b) & (c). By applying Lemma 2.3 and the same method as in Theorem 3.2 and Theorem 2.4, we see that

M,,CyD : Z, (D) — Z, (D) is compact if and only if M,,,Cy : Zp atp(D) — Z, o (D) is compact. Now using
Theorem 3.2, the proof is complete.
(b) = (a). It is clear by using the triangle inequality. O
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