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1. Introduction

Let C denotes the complex plane and D be the unit disk of C. Then by S = S(D), we mean the family of all
analytic self-maps of D. Also H(D) denotes the class of all complex valued functions analytic on D. We denote by
H∞(D), the space of all bounded analytic functions with the norm

∥f∥∞ = sup
z∈D

|f(z)|.

When dA be the normalized area measure on D, 1 ≤ p < ∞ and α > −1, the family of all analytic functions f on
D such that the norm

∥f∥Ap,α
:=

(∫
D
(1− |z|2)α|f(z)|pdA(z)

) 1
p
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be finite, is known as α-weighted Bergman space Ap,α(D). In addition, the analytic (α, p)-Besov type space Bp,α(D),
is supposed to be the class of all analytic functions f ∈ H(D), for which

∥f∥Bp,α(D) = |f(0)|+
(∫

D
(1− |z|2)α|f ′(z)|pdA(z)

)p
<∞.

We can see that f ∈ Bp,α(D) if and only if f ′ ∈ Ap,α(D) and the defined norm ∥.∥Bp,α(D) makes (α, p)-Besov type
space a Banach space. In special case if we consider α = p− 1, we get the space Bp,p−1 which is known as Dirichlet
type space. For more information about α-weighted Bergman spaces, (α, p)-Besov types spaces and Dirichlet type
spaces, we refere to [7, 8, 11]. In related studies, an analytic function f ∈ H(D) has been considered to be in the
Zygmund space Z, if ∥f∥Z := supz∈D(1 − |z|2)|f ′′(z)| < ∞. Following the above definitions and notations, we
introduce (α, p)-Besov-Zygmund space as the space of all analytic functions f ∈ H(D) such that the following norm
is finite,

∥f∥pZp,α(D) = |f(0)|+ ∥f ′∥pBp,α

= |f(0)|+ |f ′(0)|+ ∥f ′′∥pAp,α

= |f(0)|+ |f ′(0)|+
(∫

D
(1− |z|2)α|f ′′(z)|pdA(z)

)p
.

It’s clear that Besov-Zygmund space is a Banach space under the above norm. Furthermore, f ∈ Zp,α(D) if and
only if f ′ ∈ Bp,α(D) or f ′′ ∈ Ap,α(D). To the best of our knowledge, [20], is the only work to study (α, p)-Besov-
Zygmund spaces in the case that α = p − 1, where the author studied some properties such as boundedness and
compactness of weighted composition operator on the spaces Zp,p−1(D). For more explanation of such spaces, we
recall the definition of the minimal Möbius invariant space B1 , which is the space of all f ∈ H(D) which can be
represented in the form f(z) =

∑∞
j=1 bjσwj

(z) for some (bw)j ∈ l1, wj ∈ D and σa(z) =
a−z
1−az for z, a ∈ D. In [2]

the authors studied such spaces and showed that there exist positive constant C > 0, such that for any f ∈ B1

1

C

∫
D
|f ′′|dA(z) ≤ ∥f − f(0)− f ′(0)z∥B1 ≤ C

∫
D
|f ′′(z)|dA(z).

The above inequality clarifies that in fact in the case of p = 1 and α = 0, the two spaces B1 and Z1,0 equivalent.
For ψ ∈ S and u ∈ H(D), the weighted composition operator, induced by ψ and u is defined by

Wu,ψ(f) := u · f ◦ ψ, f ∈ H(D).

This operator can be considered as a generalization for multiplication operator Mu and composition operator Cψ,
where Muf = u · f and Cψf = f ◦ ψ. During the past decades, theory of composition operators and related topics,
has been studied on various aspects. For more information see standard references [3, 12, 19] and also [20], where X.
Zhu, studied the boundedness and compactness of operatorMuCψ from (α, p)-Besov-Zygmund spaces into Zygmund
type and Bloch type spaces, in this paper, one of our goals is to investigate the boundedness and compactness of
operator MuCψ between Besov-Zygmund spaces.

The well-known differentiation operator D, which is unbounded on many analytic function spaces, is defined
by Df = f ′, for f ∈ H(D). In the literature, any product of the three operators Cψ, Mu and D, which can be
obtained in following twelve ways, considered as product type operators

MuCψ, CψMu, MuD, DMu, CψD, DCψ,

MuCψD, CψMuD, MuDCψ, CψDMu, D MuCψ, DCψMu.

For more studies about product type operators on different analytic function spaces, we refer to [4, 6, 9] and
references therein.

The so-called Stević-Sharma operator Tu1,u2,ψ =Wu1,ψ +Wu2,ψD, i.e.,

Tu1,u2,ψf = u1 · f ◦ ψ + u2 · f ′ ◦ ψ,

which has been introduced by Stević and et al. is a generalized important operators for investigation. Since all the
product type operators can be obtained form Stević-Sharma operator by applying proper u1, u2. For example we
have that

MuDCψ = T0,uψ′,ψ, MuCψD = T0,u,ψ, DCψMu = T(u′◦ψ)ψ′,(u◦ψ)ψ′,ψ,

DMuCψ = Tu′,uψ′,ψ, CψDMu = Tu′◦ψ,u◦ψ,ψ, CψMuD = T0,u◦ψ,ψ.
(1)
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More information about the Stević-Sharma operator on various spaces of analytic functions, can be found in
[1, 10, 13, 14, 15, 16, 17].

In this paper, we aim to discuss the boundedness and compactness of the product type operator MuCψ between
(α, p)-Besov-Zygmund spaces, in terms of (α, p)-Carlson measures. Then we find some equivalent statements for the
boundedness and compactness of the Stević-Sharma operator Tu1,u2,ψ = Mu1

Cψ +Mu2
Cψ between (α, p)-Besov-

Zygmund spaces. Also as conclusions, according to relation (1), we have characterizations for the boundeness and
compactness of other product type operators between (α, p)-Besov-Zygmund spaces.

We denoted by C, the constants which are positive and not necessary the same as each occurrence. Also by
A ⪯ B, we mean A ≤ CB.

2. Boundedness

For a point ξ in ∂D, the boundary of the unit disk, and h > 0, we define the Carleson set S(ξ, h) := {z ∈ D :
|z− ξ| < h}. Let α > −1 and γ be a positive Borel measure on D. For 0 < p <∞, it is well known (see [18, Section
2.4]) that

the embedding Ap,α(D) ⊂ Lp(dγ) is bounded ⇔ sup
ξ∈∂D

γ(S(ξ, h))

hα+2
<∞, (2)

for h > 0 and

the embedding Ap,α(D) ⊂ Lp(dγ) is compact ⇔ lim
h→0

sup
∂D

γ(S(ξ, h))

hα+2
= 0. (3)

We say that γ is an (α, p)-Carleson measure if either side of relation (2) holds. Also, we say that γ is a compact
(α, p)-Carleson measure if either side of relation (3) holds.

The connection between composition operators and Carleson measures comes from the standard identity (see
[5, P. 163]) ∫

D
(h ◦ ψ)(z)(1− |z|2)αdA(z) =

∫
D
h(z) dγ(z), (4)

valid for ψ ∈ S and Borel functions h ≥ 0 on D. Here, dγ denotes the pullback measure defined by

γ(E) =

∫
ψ−1(E)

(1− |z|2)αdA(z),

for Borel sets E ⊂ D. In particular, one can easily observe from (4) that Cψ : Ap,α → Ap,α is (compact) bounded
if and only if γ is (compact) (α, p)-Carleson measure for Ap,α.

Assume 1 ≤ p <∞ and −1 < α. Let ψ be a self map on D, and u ∈ H(D). Denote by Eψ,w the number of zeros
of ψ(z)− w on D. Then Ep,α,u(ψ,w) on D is defined as follows:

Ep,α,u(ψ,w) =
∑ (1− |z|2)α|u(z)|p

|ψ′2(z)|1−p
,

when repeated by multiplicity, the sum extends over the zeros of ψ − w. In particular, for w /∈ ψ(D), we have that
Ep,α,u(ψ,w) = 0. Also for u = 1, α = 0 and p = 1, we get Eψ,w. Now define the measure γp,α,u on D, by

dγp,α,u(w) = Ep,α,u(ψ,w)dA(w).

Lemma 2.1 ([7]). Let −1 < α, 0 < p and f ∈ H(D). Then f ∈ Ap,α(D) if and only if f ′ ∈ Ap,α+p(D) and
Ap,α(D) ∼= Bp,α+p(D).

Lemma 2.2 ([11]). Suppose that −1 < α <∞ and p > α+ 2. Then for any f ∈ Bp,α(D), there exists a constant
C such that

|f(z)| ≤ C∥f∥Bp,α(D).

Using the two above Lemmas, we obtain the following key Lemma which is a useful characterization for f ∈
Zp,α(D) and will help us to prove our main results.

Lemma 2.3. Suppose that −1 < α <∞. Then we have the two following statements:

(a) For p > α+ 2 and any f ∈ Zp,α(D) and i ∈ {0, 1, 2}

∥f (i)∥∞ ≤ C∥f∥Zp,α(D).
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(b) For 1 ≤ p <∞, we have that Zp,α(D) ⊂ Bp,α(D).

Proof. (a) Let f ∈ Zp,α(D), then f ′ ∈ Bp,α(D) and according to Lemma 2.2, for p > α+ 2,

|f ′(z)| ≤ C∥f ′∥Bp,α(D). (5)

Hence
∥f ′∥∞ = sup

z∈D
|f ′(z)| ≤ C∥f∥Zp,α .

Also (5) yields that

|f(z)− f(0)| ≤
∫ 1

0

|zf ′(tz)|dt ≤
∫ 1

0

|z∥f ′(tz)|dt ≤ C∥f ′∥Bp,α(D).

Therefore, we have
|f(z)| ≤ C(∥f ′∥Bp,α(D) + |f(0)|),

and thus
∥f∥∞ ≤ C∥f∥Zp,α(D).

Also by applying lemma 2.1, we get that f ′′ ∈ Ap,α(D) ∼= Bp,α+p(D). Then Lemma 2.2 implies

∥f ′′∥∞ ⪯ ∥f ′′∥Bp,α+p(D) ⪯ ∥f ′′∥Ap,α(D) ⪯ ∥f∥Zp,α(D).

(b) Suppose that f ∈ Zp,α(D), then∫
D
|f ′(z)|p(1− |z|2)αdA(z) =

∫
D

∣∣∣∣ ∫ z

0

f ′′(w)dw + f ′(0)

∣∣∣∣p(1− |z|2)αdA(z)

≤ C|f ′(0)|p +
∫
D

∫ 1

0

|zf ′′(tz)dt|p(1− |z|2)αdA(z)

≤ C∥f ′∥Bp,α(D),

which implies ∥f∥Bp,α(D) ≤ C∥f∥Zp,α(D). □

As a result of the previous lemma, one can observe that for p > α+ 2,

Zp,α(D) ⊂ Bp,α(D) ⊂ H∞(D) ⊂ Ap,α(D). (6)

Next, we obtain a characterization for the boundedness of the weighted composition operatorsMuCψ on analytic
function space Zp,α(D) in terms of the Carleson measure.

Theorem 2.4. Assume α > −1 and 2 + α < p < ∞. Let u ∈ H(D) and ψ ∈ S. Then MuCψ : Zp,α(D) → Zp,α(D)
is bounded if and only if u, uψ ∈ Zp,α(D) and γp,α,u is an (α, p)-Carleson measure.

Proof. Assume that MuCψ is bounded on Zp,α(D). For any f ∈ Ap,α(D) such that f(0) = 0 define the function
h(z) :=

∫ z
0
f(w)dw. Then we get h′(z) = f(z) and h(0) = 0. Again set g(z) =

∫ z
0
h(w)dw, we obtain g′′(z) =

f(z) ∈ Ap,α(D), thus g(z) ∈ Zp,α and g(0) = g′(0) = 0. In addition, we have

(ug(ψ(z)))′′ = u′′(z)g(ψ(z)) + 2u′(z)ψ′(z)g′(ψ(z)) + u(z)ψ′′(z)g′(ψ(z)) + u(z)ψ′2(z)g′′(ψ(z)).

For functions f1(z) = 1 and f2(z) = z, applying the boundedness of operator MuCψ on the space Zp,α(D) yields
that

∥u′′∥Ap,α(D) ≤ ∥u∥Zp,α(D) = ∥MuCψ(f1)∥Zp,α(D) <∞, (7)

and

∥MuCψ(f2)∥Zp,α(D) = ∥uψ∥Zp,α(D) = ∥(uψ)′′∥Ap,α(D) + C

= ∥u′′ψ + ψ′′u+ 2ψ′u′∥Ap,α(D) + C

<∞.

(8)

Thus, it follows from relations (7) and (8) that

∥ψ′′u+ 2u′ψ′∥Ap,α(D) <∞.
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In addition, apply the change of variable formula (set ψ(z) = w) and Lemma 2.3 to yield that(∫
D
|f(w)|pdγp,α,u(w)

)1/p

=

(∫
D
|f(w)|pEp,α,u(ψ,w)dA(w)

)1/p

=

(∫
D
|u(z)ψ′2(z)|p|f(ψ(z))|p(1− |z|2)αdA(z)

)1/p

= ∥uψ′2f ◦ ψ∥Ap,α(D) = ∥uψ′2g′′ ◦ ψ∥Ap,α(D)

= ∥(ug ◦ ψ)′′ − (uψ′′ + 2u′ψ′)g′ ◦ ψ − u′′g ◦ ψ∥Ap,α(D)

≤ ∥MuCψ(g)∥Zp,α(D) + ∥g′∥∞∥uψ′′ + 2u′ψ′∥Ap,α(D) + ∥g∥∞∥u′′∥Ap,α(D)

≤ C∥g∥Zp,α
= C∥g′′∥Ap,α(D) = C∥f∥Ap,α(D).

Hence, we get the boundedness of inclusion map I : Ap,α(D) → Lp(γp,α,u) and thus γp,α,u is an (α, p)-Carleson
measure.
Conversely, for any f ∈ Zp,α such that f(0) = 0, we have

∥(uf ◦ ψ)′′∥Ap,α(D) = ∥u′′f ◦ ψ + 2u′ψ′f ′ ◦ ψ + uψ′′f ′ ◦ ψ + uψ′2f ′′ ◦ ψ∥Ap,α(D)

≤ ∥uψ′′f ′ ◦ ψ + 2u′ψ′f ′ ◦ ψ + u′′ψf ′ ◦ ψ − u′′ψf ′ ◦ ψ)∥Ap,α(D) + ∥u′′f ◦ ψ + uψ′2f ′′ ◦ ψ∥Ap,α(D)

≤ ∥(uψ)′′f ′ ◦ ψ∥Ap,α(D) + ∥u′′ψf ′ ◦ ψ∥Ap,α(D) + ∥u′′f ◦ ψ∥Ap,α(D) + ∥uψ′2f ′′ ◦ ψ∥Ap,α(D)

≤ ∥f ′∥∞∥uψ∥Zp,α + ∥f ′∥∞∥ψ∥∞∥u′′∥Ap,α(D) + ∥f∥∞∥u∥Zp,α(D) + ∥uψ′2f ′′ ◦ ψ∥Ap,α(D).

In addition, we have that

|(uf ◦ ψ)′(0)|+ |(uf ◦ ψ)(0)| = |u′(0)f ◦ ψ(0) + u(0)ψ′(0)f ′ ◦ ψ(0)|+ |u(0)f(ψ(0))|
≤ ∥u∥Zp,α(D)∥f∥∞ + C∥uψ∥Zp,α(D)∥f∥∞ + ∥u∥Zp,α(D)∥f∥∞.

Now by applying the assumptions u ∈ Zp,α(D), uψ ∈ Zp,α and Lemma 2.3, we obtain

∥MuCψ(f)∥Zp,α = ∥(uf ◦ ψ)′′∥Ap,α(D) + |(uf ◦ ψ)′(0)|+ |(uf ◦ ψ)(0)|
≤ C∥f∥Zp,α

+ ∥uψ′2f ′′ ◦ ψ∥Ap,α(D)

≤ C∥f∥Zp,α
+

∫
D

|f ′′ ◦ ψ|p|u|p|ψ′2|(1− |z|2)α

|ψ′2|1−p
dA(z)

≤ C∥f∥Zp,α
+

∫
D
|f ′′(w)|pdγp,α,u(w).

Since γp,α,u is an (α, p)-Carleson measure, we get that

∥MuCψ(f)∥Zp,α(D) ≤ C∥f∥Zp,α(D).

So, we arrive at the boundedness of MuCψ on Zp,α(D). □

Lemma 2.5 ([11]). Let −1 < α, α + 2 < p, ψ ∈ S and u ∈ H(D). Then MuCψ : Bp,α(D) 7→ Ap,α(D) is bounded
if and only if u ∈ Ap,α(D).

From the norm definition on Zp,α(D), for any g ∈ Zp,α(D), u ∈ H(D) and ψ ∈ S, we have another equality as
follows

∥MuCψg∥Zp,α(D) = ∥Mu′Cψg +MuDCψg∥Bp,α(D) + C.

Now, by using Theorem 2.4 and Lemma 2.5, we get the following result which gives us another interesting charac-
terization for the boundedness of weighted composition operator MuCψ on analytic function space Zp,α(D).

Theorem 2.6. Let −1 < α and 2 + α < p < ∞, u ∈ H(D) and ψ ∈ S such that ψ′ ∈ H∞(D). Then operator
MuCψ : Zp,α(D) 7−→ Zp,α(D) is bounded if and only if both the two following operators are bounded

Mu′Cψ : Zp,α(D) 7−→ Bp,α(D),
MuDCψ : Zp,α(D) 7−→ Bp,α(D).
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Proof. Suppose thatMuCψ : Zp,α(D) 7−→ Zp,α+p(D) is bounded, then by applying Theorem 2.4, u, u.ψ ∈ Zp,α(D).
Then u′′, (u.ψ)′′ ∈ Ap,α(D) and u′ ∈ Bp,α(D) ⊂ Ap,α(D), so the boundedness of ψ,ψ′ on D give us

∥(uψ′)′∥Ap,α(D) ≤ ∥(u.ψ)′′∥Ap,α(D) + ∥((u′ψ)′∥Ap,α(D)

≤ ∥(u.ψ)′′∥Ap,α(D) + ∥u′′ψ + u′ψ′∥Ap,α(D)

<∞.

Now by applying theorem 2.5, we obtain the boundedness of operator M(uψ′)′Cψ : Bp,α(D) 7−→ Ap,α(D), which is
equivalent to the boundedness of operator

M(uψ′)′CψD : Zp,α(D) 7−→ Ap,α(D). (9)

On the other hand, by applying our hypothesis and Theorem 2.4, γp,α,u is an (α, p)-Carleson measure. So we can
easily check that Muψ′2Cψ : Ap,α(D) 7−→ Ap,α(D) is bounded. Hence, we get the boundedness of operator

Muψ′2CψD
2 : Zp,α(D) 7−→ Ap,α(D). (10)

Also the point evaluation maps on the Banach space Zp,α(D) are linear bounded functionals. Therefore, by applying
relations (9) and (10), we get

∥MuDCψf∥Bp,α(D) = ∥M(uψ′)′CψDf∥Ap,α(D) + ∥Muψ′2CψD
2f∥Ap,α(D) + |Muψ′CψDf(0)| ⪯ ∥f∥Zp,α(D), (11)

for any f ∈ Zp,α(D). Moreover, the triangle inequality, our assumption and (11) give us

∥Mu′Cψf∥Bp,α(D) ≤ ∥Mu′Cψf +MuDCψf −MuDCψf∥Bp,α(D)

≤ ∥MuCψf∥Zp,α(D) + ∥MuDCψf∥Bp,α(D)

≤ ∥f∥Zp,α(D).

(12)

Relations (11) and (12) complete the proof.
The converse part is obvious by using the triangle inequality, the boundedness of the point evaluation maps on
Zp,α(D) and the fact that

∥MuCψf∥Zp,α(D) = ∥Mu′Cψf +MuDCψf∥Bp,α(D) + |MuCψf(0)|. □

In the following theorem, we are giving some equivalent statements to characterize the boundedness of the
Stević-Sharma operator Tu1,u2,ψ on analytic function spaces Zp,α(D). The statements of Theorem 2.4 and Lemma
2.3, will be used here to receive our desired results.

Theorem 2.7. Assume −1 < α and 2 + α < p < ∞. Let u1, u2 ∈ H(D) and ψ ∈ S, such that ψ, u2 ∈ Zp,α(D).
Then the following statements are equivalent:

(b) Tu1,u2,ψ : Zp,α(D) → Zp,α(D) is bounded.

(b) The both following operators are bounded

Mu1
Cψ : Zp,α(D) 7−→ Zp,α(D), Mu2

CψD : Zp,α(D) 7−→ Zp,α(D).

(c) u1, u1ψ, u2ψ ∈ Zp,α(D), γp,α,u1
is a measure of (α, p)-Carleson and γp,α+p,u2

is a measure of (α + p, p)-
Carleson.

Proof. (a) =⇒ (b). Let Tu1,u2,ψ : Zp,α(D) → Zp,α(D) is bounded. Then for any f ∈ Zp,α(D), ∥u1f ◦ ψ + u2f
′ ◦

ψ∥Zp,α(D) <∞. So by assuming f = 1, we have that

u1 ∈ Zp,α(D). (13)

Also by choosing f = z we get that

∥u1ψ + u2∥Zp,α(D) <∞. (14)

But we have assumed that u2 ∈ Zp,α(D) then by the triangle inequality,

∥u1ψ∥Zp,α(D) ≤ ∥u1ψ + u2∥Zp,α(D) + ∥u2∥Zp,α(D) <∞.
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On the other hand, relations (13), (14) and u2 ∈ Zp,α(D), give us

∥(u1ψ + u2)
′′∥Ap,α(D) = ∥u′1ψ′ + (u1ψ

′)′∥Ap,α(D <∞. (15)

Again by putting f = z2, we obtain

∥(u1ψ2 + 2u2ψ)
′′∥Ap,α(D) = ∥u′′1ψ2 + 2ψ

(
u′1ψ

′ + (u1ψ
′)′
)
+ 2(u1ψ

′2) + (2u2ψ)
′′∥Ap,α(D) <∞. (16)

Also, by applying Lemma 2.3 and u2 ∈ Zp,α(D), boundedness of ψ on D, the assumption ψ ∈ Zp,α(D) and relation
(6), we have that

∥(u2ψ)′′∥Ap,α
≤ ∥u′′2∥Ap,α

∥ψ∥∞ + ∥2u′2∥∞∥ψ′∥Ap,α
+ ∥u2∥∞∥ψ′′∥Ap,α

≤ ∥u2∥Zp,α
∥ψ∥∞ + 2∥u2∥Zp,α

∥ψ′∥Ap,α
+ ∥u2∥Zp,α

∥ψ′′∥Ap,α
<∞.

(17)

Therefore, by relations (13), (14), (15), (16) and (17), we get that

2u1ψ
′2 ∈ Ap,α(D). (18)

Then by applying the boundedness of Tu1,u2,ψ on Zp,α(D) and the triangle inequality, for any f ∈ Zp,α(D), we have
that

∥Mu1Cψf∥Zp,α = ∥
(
u1f ◦ ψ

)′′∥Ap,α + |
(
u1f ◦ ψ

)
(0)|+ |

(
u1f ◦ ψ

)′
(0)|︸ ︷︷ ︸

L

= ∥u′′1f ◦ ψ + u′1ψ
′f ′ ◦ ψ +

(
u1ψ

′)′f ′ ◦ ψ + u1ψ
′2f ′′ ◦ ψ∥Ap,α + L

≤ ∥u′′1∥Ap,α
∥f∥∞ + ∥u′1ψ′ +

(
u1ψ

′)′∥Ap,α
∥f ′∥∞ + ∥u1ψ′2∥Ap,α

∥f ′′∥∞ + L.

Now by applying lemma 2.3, relations (13), (15), (18) and since evaluations at ψ(0) are bounded linear operators
on Zp,α and Bp,α, we obtain

∥Mu1Cψf∥Zp,α(D ⪯ ∥f∥Zp,α(D).

Hence, Mu1Cψ : Zp,α(D) 7−→ Zp,α(D) is bounded.
Now the boundedness of Tu1,u2,ψ on Zp,α(D) and the triangle inequality, give us

∥Mu2
CψDf∥Zp,α

≤ ∥Tu1,u2,ψ(f)∥Zp,α
+ ∥Mu1

Cψf∥Zp,α
⪯ ∥f∥Zp,α

,

which completes the proof.
(b) ⇐⇒ (c). As an application of Lemma 2.1, we have that Mu2

CψD : Zp,α(D) → Zp,α(D) is bounded if

and only if MuCψ : Zp,α+p(D) → Zp,α(D) is bounded and according to Theorem 2.4, this happens if and only if
u2, u2ψ ∈ Zp,α(D) and γp,α+p,u2

be a measure of (α+p, p)-Carleson. Now using Theorem 2.4 about the boundedness
of Mu1

Cψ on Zp,α(D) completes the proof.
(b) =⇒ (a). It is clear by using the triangle inequality. □

3. Compactness

In this section, we provide characterization for the compactness of product type operator MuCψ between (α, p)-
Besov-Zygmund spaces. Also we aim to consider the compactness of the Stević-Sharma operator, then as results we
have the necessary and sufficient conditions for the compactness of other product type operators between Besov-
Zygmund spaces.

By applying the similar method as in [3, Proposition 3.11], we get the following characterization for the com-
pactness of the bounded linear operators between Besov-Zygmund spaces.

Lemma 3.1. Suppose that 0 < α <∞ and T be a bounded linear operator from Zp,α(D) into Zp,α(D). Then T is
compact if and only if for any bounded sequence {hn}∞0 in Zp,α(D), which converges to 0 uniformly on any compact
subset of D, we have that

lim
n→∞

∥T (hn)∥Zp,α
= 0.

Now by using Lemma 3.1 and the key Theorem 2.4, we arrive at the following theorem which states an interesting
characterization for compactness of the weighted composition operator MuCψ between Besov-Zygmund spaces, in
terms of the Carleson measure.
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Theorem 3.2. Assume −1 < α and 2 + α < p <∞. Let ψ ∈ S and u ∈ H(D). Then MuCψ : Zp,α(D) → Zp,α(D)
is compact if and only if ψ, u.ψ ∈ Zp,α(D) and γp,α,ψ is a compact (α, p)-Carleson measure.

Proof. Suppose that MuCψ : Zp,α(D) → Zp,α(D) be compact and the bounded sequence {Fn}∞n=0 ⊂ Ap,α(D)
converges uniformly to 0 on compact subsets of D. Let hn(z) =

∫ z
0
Fn(w)dw, then we get that h′n ∈ Ap,α(D) and

hn(0) = 0. Now by taking gn(z) =
∫ z
0
hn(ξ)dξ, we have that gn(0) = g′n(0) = 0 and g′′n(z) ∈ Ap,α(D). Thus

{gn}∞n=0 is a sequence in Zp,α(D) that converges to 0 uniformly on compact subsets of D. Since MuCψ is compact
on Zp,α(D), ∥MuCψgn∥Zp,α

→ 0, as n → ∞. On the other hand, MuCψ is bounded on Zp,α(D) then by Theorem
2.4,

∥u∥Zp,α(D) <∞, ∥u.ψ∥Zp,α(D) <∞. (19)

Also similar to relation (8), we have that

∥2u′ψ′ + uψ′′∥Ap,α(D) ≤ ∥(u.ψ)′′∥Ap,α(D) + ∥u′′ψ∥Ap,α(D) <∞. (20)

So, by using relations (19) and (20) we obtain

∥Fn∥pLp(γp,α,u)
=

(∫
D
|Fn(w)|pdγp,α,u(w)

)1/p

=

(∫
D
|uψ′2(z)|p|Fn(ψ(z)|p(1− |z|2)αdA(z)

)1/p

= ∥Muψ′2Cψ(Fn)∥Ap,α
(21)

≤ ∥u′′g′n ◦ ψ∥Ap,α(D) + ∥(ugn ◦ ψ)′′∥Ap,α
+ ∥(uψ′′ + 2u′ψ′)gn ◦ ψ∥Ap,α

≤ C∥gn∥Zp,α
= C∥Fn∥Ap,α

.

Thus ∥Fn∥Lp(γp,α,u) → 0 as n → ∞. It follows that the embedding Ap,α(D) ⊂ Lp(γp,α,u) is compact. Therefore,
according to relation (3), γp,α,u is a compact (α, p)-Carleson measure.

Conversely, Let ψ, u.ψ ∈ Zp,α and γp,α,u be a compact (α, p)-Carleson measure. Then according to Theorem 2.4,
we have the boundedness of operator MuCψ on Zp,α(D). Also, similar to relation (20), ∥2u′ψ′ + uψ′′∥Ap,α(D) <∞.
Now for an arbitrary sequence {fn}∞n=0 ⊂ Zp,α(D) such that fn converges to zero uniformly on compact subsets
of D, we have the bounded sequence {f ′′n}∞n=0 ⊂ Ap,α(D), such that f ′′n converges to zero uniformly on compact
subsets of D and so

∫
D |f ′′n |pdγp,α,u = ∥f ′′n∥

p
Lp(γp,α,u)

→ 0, as n→ ∞. On the other hand, by using the assumptions,

relation (21) and Lemma 2.3, we obtain

∥MuCψ(fn)∥Zp,α(D) = ∥(u.fn ◦ ψ)′′∥Ap,α(D) + |(u.fn ◦ ψ)′(0)|+ |u.fn ◦ ψ(0)|
≤ ∥uψ′2f ′′n ◦ ψ∥Ap,α(D) + ∥u′′fn ◦ ψ∥Ap,α(D)

+ ∥(2u′ψ′ + uψ′′)f ′n ◦ ψ∥Ap,α(D) + |(fn ◦ ψ)′(0)|+ |fn ◦ ψ(0)|

≤
∫
D
|f ′′n (w)|pdγp,α,u(w) + ∥u′′∥Ap,α∥f ′n∥∞ + ∥2u′ψ′ + uψ′′∥Ap,α∥f ′∥∞ + C∥f ′n∥∞ + ∥fn∥∞

≤ ∥f ′′n∥
p
Lp(γp,α,u)

+ C∥u∥Zp,α(D)∥f ′n∥∞ + C∥f ′n∥∞ + ∥fn∥∞
≤ ∥f ′′n∥

p
Lp(γp,α,u)

+ C∥f∥Zp,α(D).

Thus, we get that ∥MuCψ(fn)∥Zp,α(D) → 0, as n→ 0 and this completes the proof. □

Theorem 3.3. Let −1 < α and 2 + α < p < ∞, u ∈ H(D) and ψ ∈ S such that ψ′ ∈ H∞(D). Then operator
MuCψ : Zp,α(D) −→ Zp,α(D) is compact if and only if both the two following operators are compact

Mu′Cψ : Zp,α(D) −→ Bp,α(D), MuDCψ : Zp,α(D) −→ Bp,α(D).

Proof. By applying Theorem 2.6, relation (11) and using Lemma 3.1, the proof is straightforward. □

In the next theorem, we are interested to provide equivalent statements to characterize the compactness of the
Stević-Sharma operator Tu1,u2,ψ =Mu1Cψ +Mu2CψD between the Besov-Zygmund spaces. To achieve this result
we will get help from Theorem 3.2, Lemma 3.1 and Lemma 2.3.

Theorem 3.4. Assume −1 < α and 2 + α < p < ∞. Let u1, u2 ∈ H(D) and ψ ∈ S such that u2, ψ ∈ Zp,α(D).
Then the following statements are equivalent:

(a) Tu1,u2,ψ : Zp,α(D) −→ Zp,α(D) is compact.
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(b) The both following operators are compact

Mu1Cψ : Zp,α(D) −→ Zp,α(D), Mu2CψD : Zp,α(D) −→ Zp,α(D).

(c) u1, u1ψ, u2ψ ∈ Zp,α(D), γp,α,u1
is a compact (α, p)-Carleson measure and γp,α+p,u2

is a compact (α + p, p)-
Carleson measure.

Proof. (a) ⇒ (b). Suppose that Tu1,u2,ψ : Zp,α(D) → Zp,α(D) is compact, then Tu1,u2,ψ : Zp,α(D) → Zp,α(D)
is bounded. So, for any bounded sequence fn ∈ Ap,α(D) such that f(0) = 0 and fn converges to zero uniformly
on compact subsets of D, let hn(z) =

∫ z
0
fn(w)dw and gn(z) =

∫ z
0
hn(w)dw, then g′′n(z) = fn(z) ∈ Ap,α(D) and

g(0) = g′(0) = 0. Hence gn is a bounded sequence in Zp,α(D) which converges to zero uniformly on compact subsets
of D. Then by applying Lemma 2.3 and relation (18), we get that(∫

D
|fn(w)|pdγp,α,u1

(w)

)1/p

=

(∫
D
|u1ψ′2(z)|p|fn(ψ(z)|p(1− |z|2)αdA(z)

)1/p

= ∥u1ψ′2g′′n ◦ ψ(z)∥Ap,α

≤ ∥u1ψ′2∥Ap,α
∥g′′n∥∞ ⪯ ∥u1ψ′2∥Ap,α

∥gn∥Zp,α
→ 0.

Therefore, relation (2) and Theorem 3.2 give us the compactness of operator Mu1
Cψ on Zp,α(D). Now by the

compactness of Tu1,u2,ψ, for any bounded sequence gn ∈ Zp,α(D) such that gn converges to zero uniformly on
compact subsets of D, we get that

∥Mu2
CψDgn∥Zp,α

≤ ∥Tu1,u2,ψgn∥Zp,α
+ ∥Mu1

Cψgn∥Zp,α
→ 0,

which gives us the compactness of Mu2
CψD on Zp,α(D).

(b) ⇔ (c). By applying Lemma 2.3 and the same method as in Theorem 3.2 and Theorem 2.4, we see that

Mu2CψD : Zp,α(D) −→ Zp,α(D) is compact if and only if Mu2Cψ : Zp,α+p(D) −→ Zp,α(D) is compact. Now using
Theorem 3.2, the proof is complete.
(b) ⇒ (a). It is clear by using the triangle inequality. □
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