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ABSTRACT: This paper introduces a novel method for solving the ma-
trix equation X2 − A = 0 by computing matrix square roots. Inspired by
George Pólya’s structured problem-solving strategies and leveraging Wol-
fram Mathematica, the approach offers a systematic, efficient, and clear
solution to the problem. The method extends the computation of matrix
square roots to large matrices and those with complex eigenvalues, signif-
icantly broadening its applicability in diverse fields, including control the-
ory, quantum physics, and signal processing. The approach is demonstrated
through comprehensive examples and original Mathematica code, providing
a practical toolkit for solving similar mathematical challenges. The method
is designed to be both intuitive and versatile, making it a valuable resource
for educators, students, and researchers engaged in advanced mathematical
problem-solving.
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1. Introduction

In this paper, a method for solving the matrix equation X2 − A = 0 is presented by integrating problem-solving
strategies, computational software, and illustrative examples. As technology advances, the need for fast, simple, and
reliable solutions to complex mathematical problems has become increasingly important. Our approach combines
George Pólya’s problem-solving methods with the use of powerful computational tools like Wolfram Mathematica,
which enhances both understanding and computation [4, 15, 16].

The specific focus of our study is the computation of the square root of a matrix, a topic with widespread
applications in fields such as control theory, nuclear magnetic resonance, and lattice quantum chromodynamics
[10, 14]. For example, the Riccati equation, a fundamental equation in control theory, requires the computation of
the matrix sign function, which is closely related to the matrix square root [9, 23]. Computing matrix functions
is essential in both science and engineering. The papers [5, 6] introduce efficient numerical techniques for solving
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matrix equations. These methods enable the determination of matrix roots and other functions, with practical
applications in areas like control theory.

In this paper, a variety of methods for computing the matrix square root are explored. Using these approaches,
all roots of square matrices have been successfully derived, including both primary and non-primary roots. The
combination of these methods has made the computation of the square root for large matrices significantly more
efficient. To demonstrate the effectiveness of these techniques, a set of precise numerical examples is provided,
clearly illustrating the step-by-step execution of the algorithms and their outcomes. These methods prove to be
reliable not only in specialized cases but also when dealing with complex and large matrices, yielding accurate and
trustworthy results.

As part of our approach to finding the second root, the Sylvester equation [7] at specific stages is solved, which is
explained in detail in this paper. To support the computation, step-by-step Wolfram Mathematica codes, including
some novel implementations is provided.

This problem is addressed by following Pólya’s four-step problem-solving process: understanding the problem,
devising a plan, executing the plan, and reviewing the solution [22]. Detailed Wolfram Mathematica codes are
provided to compute the square root of matrices, including some novel codes that have not been published before.
Mathematica serves as a crucial tool in the method, aiding in the step-by-step computation process [25]. To validate
the approach, a statistical analysis is conducted to compare the effectiveness of the proposed method, employing
tests such as paired sample t-test.

The approach presented is not only novel but also versatile, with the potential for generalization to more complex
mathematical challenges. Valuable insights are offered for educators and students, providing a practical framework
for applying problem-solving strategies to real-world problems.

The structure of this paper is as follows: In Section 2, which corresponds to the first step of George Pólya’s
four-step approach, the problem is introduced, and various types of matrix square roots are defined, along with
the necessary terminologies. The following section, reflecting the second step of Pólya’s method, presents a road
map for solving the problem, where matrices are decomposed and simplified into more manageable forms. Section
4 is devoted to the computation of matrix square roots, employing both analytical methods, such as Jordan and
Schur decompositions, and iterative methods. In Section 5, a comparison of the methods is provided, highlighting
their strengths and limitations. The final section presents a statistical analysis of the methods. Throughout the
paper, numerical examples and step-by-step solutions are demonstrated using Mathematica to ensure a clear and
comprehensive understanding of the techniques.

2. The First Step of George Pólya’s Problem-Solving: Understanding the Problem

In this section, mirroring the first step of George Pólya’s problem-solving method, the objective is to identify the
unknowns of the problem. Numerous studies have explored the properties of matrices, eigenvalues, and matrix
operations, providing fundamental theories and diverse applications in numerical problem-solving [8, 24, 19]. The
instructor aims to spark students’ interest through elementary questions, encouraging them to discover the unknowns
on their own. Initially, simple cases are implemented, and then more complex cases are introduced, allowing students
to encounter and address potential issues independently. At least one computer with Mathematica installed should
be available for every two students.

Next, the instructor clearly defines some preliminary concepts using neat examples and Mathematica codes.
By utilizing the software, students can observe the results of the problem without requiring prior knowledge of
algebraic proofs.

2.1. Implementation of the First Step

This step is executed for computing the square root of a matrix. The following questions are proposed to help
students gain a deeper understanding:

• What do you know about the square root? Who can compute the square root of a real or complex number
”a” using Mathematica?

• Do you know an equation whose roots are the square roots of ”a”?

• Is it possible to replace a scalar ”a” with a matrix ”A” in the suggested equation?

• What are the differences between the square root of a scalar value and that of a matrix?

• What is the definition of a matrix equation?

The instructor then suggests that students run the following Mathematica code:
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In[1]:= x /. Solve[x^2 - 4 == 0, x]

Out[1]= {-2, 2}

2.1.1. Matrix Equation

In this section, the concept of matrix functions is introduced. Consider a scalar function f and a matrix A ∈ Cn×n;
f(A) is then a matrix of the same dimensions as A. When f(t) is a polynomial or rational function with scalar
coefficients and scalar argument t, f(A) is obtained by substituting A for t [10]. For example,

if f(t) = 1 + 5t+ 2t3, then f(A) = I + 5A+ 2A3, (1)

where I is the identity matrix with the same dimension as A.

Example 2.1. In[1]:= A = {{1, 2}, {1, 3}};

f[A_] = IdentityMatrix[Length[A]] + 5 A + 2 MatrixPower[A, 3]

Out[2]= {{29, 72}, {36, 101}}

Matrix functions possess useful properties that aid in solving problems. For more details, refer to [12]. Now, some
examples to clarify these properties are discussed. Each of them can be verified using simple Mathematica code.
Below, they are demonstrated with numerical examples.

Suppose f(t) = t2 and the matrices A and X are given by

A =

(
1 2
4 −1

)
, X =

(
1 4
5 −1

)
. (2)

By the definition of matrix function, f(A) = A2 is considered. Therefore, it is obtained:

In[1]:= f[t_] = t.t;

In[2]:= f[A]

Out[2]= {{9, 0}, {0, 9}}

(*X is an arbitrary matrix with the same dimension*)

In[3]:= f[A].X == X.f[A]

Out[3]= True

In[4]:= f[Transpose[A]] == Transpose[f[A]]

Out[4]= True

In[5]:= f[X.A.Inverse[X]] == X.f[A].Inverse[X]

Out[5]= True

In[6]:= Eigenvalues[A]

Out[6]= {-3, 3}

In[7]:= Eigenvalues[f[A]]

Out[7]= {9, 9}

2.2. Existence of the Square Root of a Matrix

A fundamental question is whether every matrix has a square root. In the context of real numbers, only non-negative
numbers have square roots. This naturally leads to an analogous question for matrices: under what conditions does
a square root exist for a given matrix? To address this, relevant definitions are first established.

A solution to the equation X2 = A is called a square root of A. Among these, the primary root of A is
defined as a primary matrix function of A, derived according to the standard definition of f(A). Conversely, any
root not conforming to this definition is referred to as a nonprimary root. Nonprimary roots arise when identical
eigenvalues in the structure of the matrix are associated with different values of f . Specifically, this situation occurs
when a matrix contains certain structural components called Jordan blocks, which are defined later. Nonprimary
roots result from selecting different branches of f for Jordan blocks sharing the same eigenvalue. This phenomenon
arises when f is multivalued, and the matrix is derogatory, meaning it has repeated eigenvalues, with some appearing
in multiple Jordan blocks [12].

Square roots of a matrix can be classified into two primary categories:
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• Principal Square Root: The principal square root of a matrix A, denoted by A1/2, is the unique matrix B
such that B2 = A, all eigenvalues of B are positive, and B is a primary matrix function of A. The principal
square root exists if and only if A is symmetric and positive definite. ( A matrix A is positive definite if and
only if it is symmetric and all eigenvalues of A are strictly positive.)

• Nonprincipal Square Root: Nonprincipal square roots, denoted by
√
A, refer to other solutions to X2 = A

that may exist when A does not satisfy the conditions for a principal square root. These roots are not
necessarily symmetric, positive semidefinite, or unique.

The following theorem provides conditions for the existence and count of real primary square roots:

Theorem 2.1. Let A ∈ Rn×n be a nonsingular matrix. If A has at least one negative real eigenvalue, then it does
not have any real square root that is a primary function of A. Otherwise, if all eigenvalues of A are positive real
numbers or appear in complex conjugate pairs, the number of real primary square roots of A is 2r+c, where r is the
number of distinct real eigenvalues, and c is the number of distinct pairs of complex conjugate eigenvalues.

Proof. For further details, see Theorem 6.6 in [12]. □

In general, the existence of a square root for a matrix A ∈ Cn×n, whether singular or nonsingular, can be
determined using specific algorithms and results provided in [12, 13, 20].
Step 1: Calculate various powers of the matrix A,

A0 = I, Ai = Ai−1A, i = 1, 2, . . . .

Step 2: Create an ascending sequence {ti} as follows:

ti = di − di−1, i = 1, 2, . . .

where
di = dim(null(Ai)), and null(Ai) = {X ∈ Cn | AiX = 0}.

Step 3: If the sequence {ti} contains no two equal odd integer terms, then the square root of the matrix A exists.
Note that after a finite number of computations, the terms of the sequence {di} become fixed and do not change.

This algorithm is illustrated and clarified using Mathematica and numerical examples for educational purposes
and simplicity.

Example 2.2. Let J be the following matrix:

J =

 0 1 0
0 0 0
0 0 0

 .

The terms of the sequence {ti} are computed as described in Step 2. Mathematica can be used for these calculations:

(* NullSpace[m] gives a list of vectors that forms a basis for

the null space of the matrix m *)

In[1]:= d0 = Dimensions[NullSpace[IdentityMatrix[3]], 1];

d1 = Dimensions[NullSpace[J], 1];

d2 = Dimensions[NullSpace[J.J], 1];

d3 = Dimensions[NullSpace[J.J.J], 1];

d4 = Dimensions[NullSpace[J.J.J.J], 1];

d = {d0, d1, d2, d3, d4}

t = {d1 - d0, d2 - d1, d3 - d2, d4 - d3}

Out[6]= {{0}, {2}, {3}, {3}, {3}}

Out[7]= {{2}, {1}, {0}, {0}}

Since the sequence obtained in Out[7] contains only one odd number, the matrix J has a square root.

Example 2.3. Let H be the following matrix:

H =

 0 1 0
0 0 1
0 0 0

 .

Again, the terms of the sequence {ti} are computed for H using Mathematica:
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In[8]:= d0 = Dimensions[NullSpace[IdentityMatrix[3]], 1];

d1 = Dimensions[NullSpace[H], 1];

d2 = Dimensions[NullSpace[H.H], 1];

d3 = Dimensions[NullSpace[H.H.H], 1];

d4 = Dimensions[NullSpace[H.H.H.H], 1];

d = {d0, d1, d2, d3, d4}

t = {d1 - d0, d2 - d1, d3 - d2, d4 - d3}

Out[13]= {{0}, {1}, {2}, {3}, {3}}

Out[14]= {{1}, {1}, {1}, {0}}

Since the sequence obtained in Out[14] contains repeated odd numbers, the matrix H does not have a square root.

2.3. What is the Concept of the Matrix Norm?

To define the norm for a matrix A, the concept of a matrix norm is used on Cm×n. A matrix norm is a function
∥ · ∥ : Cm×n → R that satisfies the following conditions:

• ∥A∥ ≥ 0 and ∥A∥ = 0 ⇔ A = 0.

• ∥αA∥ = |α|∥A∥ for all α ∈ C and A ∈ Cm×n.

• ∥A+B∥ ≤ ∥A∥+ ∥B∥ for all A,B ∈ Cm×n.

For a given vector norm on Cn, the matrix norm for a matrix A is defined as

∥A∥ = max
x ̸=0

∥Ax∥
∥x∥

. (3)

If the vector p-norm is defined by ∥x∥p = (
∑n

i=1 |xi|p)
1
p for 1 ≤ p < ∞, and ∥x∥∞ = maxi=1,...,n |xi|, then the

matrix p-norm is given by

∥A∥p = max
x ̸=0

∥Ax∥p
∥x∥p

.

It is worth noting that ∥A∥∞ = ∥A∗∥1, where A∗ denotes the conjugate transpose of A. It is demonstrated how
to compute the norm of a given matrix B using Mathematica.

Example 2.4. Consider the following matrix:

B =

 1 1 0√
2 3 −2
4 3 2

 .

Using Mathematica, the norms are computed as follows:

In[1]:= Norm[B, 1]

Out[1]= 7

In[2]:= Norm[B, 2] // N

Out[2]= 6.05926

(* The infinity-norm for a matrix is equal to

the 1-norm for the conjugate transpose of the matrix *)

In[3]:= Norm[ConjugateTranspose[B], 1]

Out[3]= 9

3. The Second Step of George Polya’s Problem-Solving: Devising a Plan

In the previous section, some basic concepts for computing the square root of a given matrix A were introduced.
In this section, a plan for computing the square root of a matrix will be devised. In the following, several methods
for finding the square roots of a matrix are presented. Some of these methods can identify all the square roots of a
matrix, while others are more efficient in determining the principal square root. Each method is discussed in terms
of the conditions under which it performs best and can effectively reach the desired solution.
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3.1. Do Similarity Transformations Help in Simplifying the Calculation of the Square Root?

The first step in computing the matrix square root is to simplify the matrix, a process similar to matrix decomposi-
tion. In the context of scalars, factorization into divisors greatly aids in calculating roots. For matrices, the focus is
on two useful decompositions: Jordan decomposition and Schur decomposition. These are explained as follows [10].

3.1.1. Jordan Decomposition

Any matrix A ∈ Cn×n can be expressed in Jordan canonical form as

W−1AW = J = diag(J1, J2, . . . , Jp), (4)

where

Jk = Jk(λk) =


λk 1

λk
. . .

. . . 1
λk

 , (5)

with Jk ∈ Cmk×mk and m1 +m2 + · · ·+mp = n. Here, W is a nonsingular matrix (not unique), and λ1, λ2, . . . , λp

are the distinct eigenvalues of the matrix A. The Jordan canonical form of a given matrix A can be easily obtained
using Mathematica. See the following example.

Example 3.1. Let A be the following matrix:

A =


3 13 −5 3
1
3

13
3 −1 2

3
8
9

140
9 − 13

3
40
9

0 10 −4 5

 . (6)

The Jordan decomposition of matrix A can be obtained using Mathematica:

In[1]:= Eigenvalues[A]

Out[1]= {3, 2, 2, 1}

In[2]:= {W, J} = JordanDecomposition[A];

Thus,

W =


1 1

2 0 −4
0 1

2 − 3
2 −1

1 2 −4 −2
1 1 0 1

 , J =


1 0 0 0
0 2 1 0
0 0 2 0
0 0 0 3

 , (7)

where the Jordan blocks are

J1 =
(
1
)
∈ C1×1, J2 =

(
2 1
0 2

)
∈ C2×2, J3 =

(
3
)
∈ C1×1. (8)

3.1.2. Schur Decomposition

Using Schur decomposition, a matrix A ∈ Cn×n can be expressed as

Q∗AQ = T, (9)

where Q ∈ Cn×n is a unitary matrix (i.e., Q∗ = Q−1) and T ∈ Cn×n is an upper triangular matrix. The eigenvalues
of A appear on the diagonal of T .

If A is a real matrix, then instead of Q∗, we can use QT , where QT is also an orthogonal matrix (i.e., QT = Q−1).
If A has complex eigenvalues, the matrix T is a Hessenberg matrix, which is a quasi-upper triangular matrix where
the entries below the main diagonal are not necessarily zero. This Hessenberg matrix can be transformed into an
upper triangular matrix, with the complex eigenvalues placed on the main diagonal, using the following procedure:

{Q, T} = SchurDecomposition[A, RealBlockDiagonalForm -> False]

So, in Schur decomposition, an upper triangular matrix can always be obtained, regardless of whether the eigenvalues
are real or complex, with the eigenvalues placed on the main diagonal.

308



M. Moccari, AUT J. Math. Comput., 7(3) (2026) 303-320, DOI:10.22060/AJMC.2025.23508.1262

Example 3.2. Let A be the following matrix:

A =


1 0 1 1
0 2 0 −2
−2 0 4 1
0 0 0 1

 . (10)

Using Mathematica, the Schur decomposition can be computed as follows:

In[1]:= Eigenvalues[A]

Out[1]= {3, 2, 2, 1}

In[2]:= {Q, T} = SchurDecomposition[N[A]];

where

Q =


−

√
2
2

√
2
2 0 0

0 0 1 0

−
√
2
2 −

√
2
2 0 0

0 0 0 1

 , T =


2 3 0 −

√
2

0 3 0 0
0 0 2 −2
0 0 0 1

 . (11)

Example 3.3. The following matrix with complex eigenvalues is considered:

A =

 1 3 4
1 5 −2
6 4 5

 , (12)

where

In[1]:= Eigenvalues[A]//N

Out[1]= {6.7367 + 1.98542 i, 6.7367 - 1.98542 i,-2.47339}

In[2]:= {Q, T}=SchurDecomposition[N[A],RealBlockDiagonalForm -> False];

Therefore, Q and T are computed as follows:

Q =

 0.412878 − 0.703746i −0.422062− 0.0725581i −0.387802− 0.0219471i
−0.125919 + 0.214628i 0.276326 − 0.33388i −0.782798 + 0.370775i
−0.264083 + 0.450126i −0.791627 + 0.0457593i −0.233055− 0.211105i

 , (13)

T =

 −2.47339 + 2.22044× 10−16i −0.497917 + 0.206369i 1.16137 + 0.96249i
0. + 0.i 6.7367 + 1.98542i 4.97465 − 0.958923i
0. + 0.i 0. + 0.i 6.7367 − 1.98542i

 , (14)

where ||Q.T.Q∗ −A|| = 1.55552× 10−14.

Therefore, if we let f(t) =
√
t, then

√
A = W

√
JW−1 or

√
A = Q

√
TQ∗, depending on whether Jordan

decomposition or Schur decomposition is used to factor A, respectively. In this context, Jordan decomposition is
capable of finding all square roots of A, including both primary and non-primary roots, if they exist. On the other
hand, Schur decomposition only finds the primary square roots. Both methods simplify the task to calculating the
square root of a block diagonal or triangular matrix. Schur and Jordan decompositions are both effective techniques
for determining the square roots of various types of matrices, including non-positive definite symmetric ones.
These methods can find all the square roots of a matrix, but Schur decomposition is particularly advantageous for
larger matrices, offering better computational efficiency. In contrast, Jordan decomposition involves more complex
calculations due to the need for computing Jordan blocks, which increases its computational complexity. Thus, the
choice between the two methods depends on the matrix size and available computational resources.

Although alternative methods, such as eigenvalue decomposition or LU factorization, are available, the Schur
and Jordan decompositions were selected due to their superior numerical stability and their ability to account
for both primary and non-primary roots in complex or non-diagonalizable matrices. While other methods may be
suitable in certain scenarios, they often face difficulties when applied to large or ill-conditioned matrices, particularly
those that are non-diagonalizable. The Schur and Jordan decompositions, on the other hand, are more effective in
handling such matrices, making them the preferred choice for this analysis.
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4. The third step of George Polya’s problem-solving: Carrying out the plan

In the previous section, we discussed the necessity of computing the square root of a block diagonal matrix and a
triangular matrix.

4.1. Finding the square root of a block diagonal matrix

The square root of a Jordan block is first computed. Suppose the Jordan block Jk ∈ Cmk×mk and the arbitrary
relation f(t)2 = t. Then, the result is given as

f(Jk) =


f(λk) f ′(λk) . . . f(mk−1)(λk)

(mk−1)!

f(λk)
. . .

...
. . . f ′(λk)

f(λk)

 , (15)

where f has two branches: f(t) =
√
t and f(t) = −

√
t. If one eigenvalue λs of matrix A appears in two Jordan

blocks of the Jordan decomposition of A, and f is chosen from only one branch for λs, the primary square root
is obtained. Otherwise, a nonprimary square root for matrix A is derived [12]. In this example, the workflow is
outlined clearly step by step. It should also be noted that the function in question must be differentiable at the
eigenvalues. However, it is assumed that the reader is familiar with general mathematics, and these details are not
elaborated further.

Example 4.1. Consider the following Jordan block:

J =


2 1 0 0
0 2 1 0
0 0 2 1
0 0 0 2

 . (16)

The square root for J is computed using Mathematica and the pattern given in (15):

f[t_] = Sqrt[t];

(* The function g is defined to obtain the Jordan form *)

g[i_, j_] := 0 /; i > j

g[i_, j_] := f[J[[i, j]]] /; i == j

g[i_, j_] := 1/(j - i)! Derivative[j - i][f][J[[i, i]]] /; i < j

(* The matrix generated by the following Table corresponds to sqrt{J} *)

Table[g[i, j], {i, 1, Length[J]}, {j, 1, Length[J]}] // MatrixForm

It is deduced that

J
1
2 =


√
2 1

2
√
2

− 1
16

√
2

1
64

√
2

0
√
2 1

2
√
2

− 1
16

√
2

0 0
√
2 1

2
√
2

0 0 0
√
2

 . (17)

If f(x) = −
√
x, another primary root,

√
J , is obtained.

Example 4.2. The computation of the square roots of the following diagonal matrix is considered. The matrix is
defined as

D =


2 1 0 0 0 0
0 2 0 0 0 0
0 0 3 0 0 0
0 0 0 2 1 0
0 0 0 0 2 0
0 0 0 0 0 3

 , (18)

which is
D = diag(J1, J2, J3, J4), (19)
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where

J1 =

(
2 1
0 2

)
, J2 =

(
3
)
, J3 =

(
2 1
0 2

)
, J4 =

(
3
)
. (20)

The diagonal matrix D has 8 square roots, of which four are primary and four are nonprimary. The primary square
roots are

sqrt1(D) = diag(
√
J1,
√

J2,
√

J3,
√

J4) = D
1
2 ,

sqrt2(D) = diag(
√
J1,−

√
J2,
√
J3,−

√
J4) =

√
D,

sqrt3(D) = diag(−
√

J1,
√
J2,−

√
J3,
√
J4) =

√
D,

sqrt4(D) = diag(−
√

J1,−
√

J2,−
√

J3,−
√

J4) =
√
D,

(21)

and the nonprimary roots are

sqrt5(D) = diag(
√

J1,
√
J2,−

√
J3,−

√
J4) =

√
D,

sqrt6(D) = diag(−
√

J1,−
√

J2,
√

J3,
√
J4) =

√
D,

sqrt7(D) = diag(−
√

J1,
√

J2,
√
J3,−

√
J4) =

√
D,

sqrt8(D) = diag(
√

J1,−
√

J2,−
√

J3,
√
J4) =

√
D,

(22)

where √
J1 =

√
J3 =

( √
2 1

2
√
2

0
√
2

)
,
√

J2 =
√

J4 =
( √

3
)
. (23)

4.2. Finding the Square Root of an Upper Triangular Matrix

This section explores an algorithm for computing the square root of an upper triangular matrix. For detailed proofs
and algebraic properties, standard references such as [12] are recommended. A numerical example along with its
implementation using Mathematica is provided to demonstrate the process.

Given an upper triangular matrix T , its square root is also an upper triangular matrix, with diagonal elements
equal to

√
tii. The function f must be well-defined on the spectrum of T . The off-diagonal (superdiagonal) elements

are determined using the following formula:

Fij =
∑

(k0,...,km)∈Sij

tk0,k1
tk1,k2

. . . tkm−1,km
f [λk0

, . . . , λkm
], (24)

where λi = tii, f [λk0 , . . . , λkm ] represents the m-th order divided difference of f(t) = t2 at λk0 , . . . , λkm , and Sij

is the set of strictly increasing sequences of integers that begin at i and end at j. By following this method, all
primary square roots of T can be computed.

Example 4.3. To illustrate this formula, consider the following matrix:

T =

 1 −1 3
0 2 2
0 0 2

 . (25)

The square root of T is another triangular matrix. Its diagonal elements are 1,
√
2, and

√
2, corresponding to

the branch f(x) =
√
x. Using alternative branches of f(x), other primary square roots can be obtained. For the

off-diagonal elements F12, F23, and F13, the following computations are made using the formula above:

f1[x_] = Sqrt[x];

f2[x_]= -Sqrt[x];

f3[x_]= If[x==1,Sqrt[x],-Sqrt[x]];

f4[x_]= If[x==2,Sqrt[x],-Sqrt[x]];

(* The functions g is defined for divided difference of order one and two *)

g[x_, y_,f_] := (f[x] - f[y])/(x - y) /; x != y

g[x_, y_,f_] := f’[x] /; x == y

g[x_, y_, y_,f_] = (g[x, y,f] - f’[y])/(x - y);

g[x_, y_, z_,f_] = (g[x, y,f] - g[y, z,f])/(x - z);
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(* Fij is ij-th element of superdiagonal elements of matrix F

according to previous formula *)

(* T[[i,j]] is ij-th element of matrix T *)

F12 = T[[1, 2]] g[T[[1, 1]], T[[2, 2]],f];

F23 = T[[2, 3]] g[T[[2, 2]], T[[3, 3]],f];

F13 = T[[1, 3]] g[T[[1, 1]], T[[3, 3]],f] +

T[[1, 2]] T[[2, 3]] g[T[[1, 1]], T[[2, 2]], T[[3, 3]],f];

where S12 = {{1, 2}}, S23 = {{2, 3}}, and S13 = {{1, 3}, {1, 2, 3}}.
Thus, the principal square root of T is:

T
1
2 =

 1 1−
√
2 −5 + 9√

2

0
√
2 1√

2

0 0
√
2

 . (26)

If f(x) = −
√
x, then:

√
T =

 −1
√
2− 1 5− 9√

2

0 −
√
2 − 1√

2

0 0 −
√
2

 .

To compute other square roots, each eigenvalue is assigned a different branch. For example:

√
T =

 1
√
2 + 1 −5− 9√

2

0 −
√
2 − 1√

2

0 0 −
√
2

 ,
√
T =

 −1 −
√
2− 1 5 + 9√

2

0
√
2 1√

2

0 0
√
2

 .

Therefore, four primary square roots of the matrix T are obtained. However, for large-sized matrices, it is necessary
to define divided differences for higher dimensions, which increases computational complexity. Thus, proposing an
alternative method or algorithm could be an effective approach to mitigate this issue.

4.2.1. Parlett Algorithm

In this section, an alternative algorithm for computing the matrix square root is explored. Due to the high
computational cost of Schur algorithm, Parlett introduced an algorithm for calculating F = f(T ) [21]. The algorithm
leverages the fact that f(T ) commutes with T , and for the diagonal elements of T , we have Fii = f(Tii). In this
paper, Parlett’s algorithm is implemented in Mathematica. This method computes F = f(T ) for matrices T with
distinct eigenvalues, where f(t)2 = t.

f[x_] = Sqrt[x];

(* The diagonal elements of the square root of the matrix T are to be computed. *)

F[i_, j_] := f[T[[i, j]]] /; i == j

(* The elements appearing on the under diagonal of F are zero *)

F[i_, j_] := 0 /; i > j

(* Using the function A, the upperdiagonal elements are computed

by using diagonal elements and previously computed elements *)

For[j = 2, j <= Length[T], j++,

For[i = j - 1, i >= 1, i--,

A[i_, j_] := T[[i, j]]*(F[i, i] - F[j, j])/(T[[i, i]] - T[[j, j]]) +

Sum[(F[i,k]T[[k,j]] - T[[i,k]]F[k,j]), {k, i+1, j-1}]/(T[[i, i]] - T[[j, j]])]]

F[i_, j_] := A[i, j] /; i < j

(* The square root of the matrix T is denoted by sqrtT. *)

sqrtT = Table[F[i, j], {i, 1, Length[T]}, {j, 1, Length[T]}];

sqrtT // MatrixForm
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4.2.2. Parlett’s Block Algorithm and Computational Techniques for Solving the Sylvester Equation

However, if Tii = Tjj for some i ̸= j, Parlett’s algorithm may fail. In such cases, the block Parlett algorithm serves
as an alternative. Consider a matrix T ∈ Cn×n that is divided into blocks such that no two diagonal blocks share the
same eigenvalues. Using this structure, we can compute F = f(T ). This method ensures that the square root of a
triangular matrix remains triangular. Thus, the square roots of the diagonal blocks must be computed individually.
Moreover, for any subdiagonal block Fij , the following Sylvester equation must be solved, which results in the
desired square root,

√
Fij (further details are in [12, 2, 3]):

T[[i, i]]F[[i, j]] - F[[i, j]]T[[j, j]] =T[[i, j]]F[[i, i]] - F[[j, j]]T[[i, j]] +

Sum[(F[[i,k]]T[[k,j]] - T[[i,k]]F[[k,j]]), {k, i+1, j-1}]

The above Sylvester equation represents a system where the right-hand side consists of known matrices that, upon
computation, reduce to a singular matrix, denoted as C. On the left-hand side, the unknown matrix Fij is scaled
by the diagonal matrices Tii and Tjj , which are both upper triangular.

To solve this system using the Bartels-Stewart method [1], the equation is first simplified using a Schur de-
composition. Specifically, the matrices Tii and Tjj are decomposed into upper triangular forms using unitary
transformations: Tii = UTU⋆ and Tjj = V SV ⋆, where T and S are upper triangular matrices. Substituting these
decompositions into the Sylvester equation, the equation becomes the following equivalent form:

TY − Y S = F,

where Y = U⋆FijV and F = U⋆CV . This transformation simplifies the original equation while preserving its
structure, as the resulting triangular form allows for efficient forward or backward substitution.

In cases where the unitary matrices U and V are identity matrices, the decomposition simplifies. In this
case, F = C and Fij = Y , and the equation reverts to its original form. These observations indicate that the
simplified form obtained through the Schur decomposition is essentially equivalent to the original equation when
no transformation is applied.

The Sylvester equations produced by the block Parlett algorithm are inherently simplified through the Bartels-
Stewart method. This consistency highlights the robustness and efficiency of this method in practical applications.

Next, a few definitions are needed, which are described below.

Definition 4.1 ([12]). The Kronecker product of two matrices A ∈ Cm×n and B ∈ Cp×q is defined as A⊗B =
(aijB) ∈ Cmp×nq.

Definition 4.2 ([12]). Let A ∈ Rm×n be a matrix with columns ai ∈ Rm for i = 1, 2, . . . , n. The vector vec[A] is
a vector of dimension mn constructed by stacking the columns of A as follows:

vec[A] =


a1
a2
...
an

 ∈ Rmn.

For matrices A, B, and X, the following identity holds:

vec[AXB] = (BT ⊗A) vec[X].

These two definitions are illustrated with examples in Mathematica.

Example 4.4. Consider the following matrices:

A =

(
1 3
2 5

)
, B =

(
6 −1
0 2

)
. (27)

In[1]:= KroneckerProduct[A, B]

Out[1]= {{6, -1, 18, -3}, {0, 2, 0, 6}, {12, -2, 30, -5},

{0, 4, 0, 10}}

(* A matrix is a nested list and Flatten[list] flattens out nested

lists so that we can obtain the vec of the matrix *)

In[2]:= Flatten[Transpose[A]]

Out[2]= {1, 2, 3, 5}
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To solve the Sylvester equation AX − XB = C, where A ∈ Cm×m, B ∈ Cn×n, C ∈ Cm×n, and X ∈ Cm×n, the
problem can be rewritten as Pvec(X) = vec(C), where P = In ⊗ A − BT ⊗ Im, with ⊗ denoting the Kronecker
product. Importantly, if A and B do not share any eigenvalues, P is guaranteed to be non-singular, ensuring the
existence of a unique solution.

This method aids in solving the Sylvester equation presented by the block Parlett algorithm, where A and B
are upper triangular matrices. Additionally, the Sylvester equation can also be solved using iterative methods such
as the Smith iterative method [17], which is particularly efficient for large-dimensional matrices.

Example 4.5. Consider the following triangular matrix:

T =


2 1 −1 2
0 2 1 1
0 0 3 1
0 0 0 3

 =

(
T11 T12

0 T22

)
, (28)

where

T11 =

(
2 1
0 2

)
, T12 =

(
−1 2
1 1

)
, T22 =

(
3 1
0 3

)
. (29)

The square roots of the diagonal blocks, F11 and F22, are computed as:

F11 =

(√
2 1

2
√
2

0
√
2

)
, F22 =

(√
3 1

2
√
3

0
√
3

)
. (30)

To compute F12, the off-diagonal block, the Sylvester equation

T11F12 − F12T22 = F11T12 − T12F22 (31)

must be solved. This equation is rewritten as

P vec(F12) = vec(F11T12 − T12F22), where P = I2 ⊗ T11 − TT
22 ⊗ I2.

Using Mathematica, the solution is obtained as follows:

(* For solving the Sylvester equation, the matrix P that is specified must be computed. *)

P = KroneckerProduct[IdentityMatrix[2], T11] -

KroneckerProduct[ConjugateTranspose[T22], IdentityMatrix[2]];

(* The vec operator for the right-hand side of the

Sylvester equation is computed and defined as vecC. *)

vecC = Flatten[Transpose[F11.T12 - T12.F22]];

(* The vec of the superdiagonal matrix element F12

is the solution of the linear system

P.vec(F12) = vecC where vecC = F11.T12 - T12.F22 *)

vecF12 = LinearSolve[P, vecC];

(*

By using the concept of the vec operator, the matrix F12 is obtained. *)

F12 = {{vecF12[[1]], vecF12[[3]]}, {vecF12[[2]], vecF12[[4]]}};

(* The diagonal matrices F11 and F22 are concatenated, along with the superdiagonal

matrix F12 and zero matrix, using Join[list1, list2, ...]. *)

(* ArrayFlatten[{{F11,F12},{F21,F22}}] creates a

single flattened matrix from a matrix of matrices Fij *)

sqrtT = ArrayFlatten[Join[{{F11, F12}, {ConstantArray[0, {2, 2}], F22}}]]

Then the principal square root of the triangular matrix T is:

T
1
2 =


√
2 1

2
√
2

− 1
2
√
2

−2(
√
2−

√
3)

0
√
2 −

√
2 +

√
3 1

2
√
3

0 0
√
3 1

2
√
3

0 0 0
√
3

 . (32)
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For this example, the eigenvalues are distinct and appear only in one block. If the square root were to be computed
using other branches of f , or as in previous examples, by assigning each eigenvalue to a separate branch, all four
primary square roots could be obtained. However, since no eigenvalue should appear in more than one block in this
method, the nonprimary square roots are not obtained.

4.3. Finding the Square Root of a Matrix Using Iterative Methods

Iterative methods are a useful approach for approximating the square root of a matrix. It is important to remember
that scalar iterative methods do not necessarily generalize to matrices.

A matrix iteration is defined by
Xk+1 = g(Xk), (33)

where X0 is an initial guess, often chosen as a fixed function of A. The iteration function g is said to have an order
of convergence p if the generated sequence of matrices {Xk} converges to X∗ with order p. This means

∥X∗ −Xk+1∥ ≤ c∥X∗ −Xk∥p, (34)

where {Xk} converges to X∗ for sufficiently large k, and c is a positive constant.

4.3.1. Newton’s Method

Newton’s method is an iterative technique for computing the matrix square root. Beginning with an initial guess
X0, the iteration is defined by the update formula:

Newton Iteration:

Xk+1 = 1
2

(
Xk +X−1

k A
)
, X0 = A.

This method is well-known for its quadratic convergence and simplicity, making it widely used. However, it strug-
gles with ill-conditioned matrices or those with negative eigenvalues, leading to potential numerical instability or
divergence. Preprocessing techniques like scaling can help, but they add complexity.

4.3.2. DB Iteration

To address challenges of the Newton method, the Denman-Beavers (DB) method is proposed, which is designed
to offer superior numerical stability. It handles problematic matrices effectively without requiring complex prepro-
cessing or stabilization.

The DB iteration refines the computation by introducing an auxiliary matrix Yk = A−1Xk. The iterative process
is described as:

DB Iteration:

Xk+1 = 1
2

(
Xk + Y −1

k

)
, X0 = A,

Yk+1 = 1
2

(
Yk +X−1

k

)
, Y0 = I.

By defining Mk = XkYk, a product form of the DB iteration emerges, simplifying certain computational aspects:

Product Form of the DB Iteration:

Mk+1 = 1
2

(
I +

Mk+M−1
k

2

)
, M0 = A.

Xk+1 = 1
2Xk

(
I +M−1

k

)
, X0 = A.

Yk+1 = 1
2Yk

(
I +M−1

k

)
, Y0 = I.

The DB iteration, through its coupling of Xk and Yk, provides improved numerical stability and convergence
behavior under certain conditions. The DB product method, using two auxiliary matrices, refines the matrix square
root approximation through iterative matrix multiplication, offering greater stability, especially for ill-conditioned
matrices. However, similar to the Newton method and the DB method, it requires matrix inversions in each
iteration, which can be computationally expensive for large-scale problems.
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4.3.3. Newton-Schulz Iteration

The Newton-Schulz iteration is another approach for computing the matrix square root, often used for matrices
where the spectral radius of A − I lies within the interval (0, 1), i.e., ρ(A − I) < 1. Unlike the Newton and DB
iterations, the Newton-Schulz method does not require explicit matrix inversions, which can make it more efficient
in some cases. The iteration is based on the following formula:

Newton-Schulz Iteration:

Xk+1 = 1
2Xk (3I − YKXk) , X0 = A,

Yk+1 = 1
2 (3I − YKXk)YK , Y0 = I,

where Xk converges to A
1
2 and Yk converges to A− 1

2 , such as in the DB method and the product form of the DB
iteration.

This method is particularly advantageous for matrices that are well-conditioned and have eigenvalues within
the specified range. Its cubic convergence ensures rapid computation in favorable cases. However, its performance
still depends on the properties of the matrix A and the quality of the initial guess X0.

In summary, while Newton, DB, and Newton-Schulz iterations each have unique advantages and limitations,
they represent only a subset of iterative methods for computing the matrix square root. Other iterative techniques,
such as those based on polar decomposition or scaling-and-squaring, also exist and are discussed extensively in texts
like [12].

4.3.4. Stopping Criteria

To determine when to stop the iterative process, we use stopping criteria based on acceptable errors. The iterations
are continued until either

∥Xk+1 −Xk∥ < tolerance (35)

or
∥X2

k −A∥ < tolerance. (36)

These criteria help us decide when the approximation is sufficiently accurate.

4.3.5. Implementation of the Proposed Iterative Methods in Mathematica

The Mathematica code for the iterative methods presented in this article is provided as follows:

Method = Input["Method"];

X[0] = A; M[0] = A; Y[0] = IdentityMatrix[Length[A]];k = 0;

Timing[While[Norm[X[k]. X[k]- A, 2] > tolerance,

If[Method == "Netwon", X[k + 1] = 1/2 (X[k] + Inverse[X[k]] . A)];

If[Method == "DB", X[k + 1] = 1/2 (X[k] + Inverse[Y[k]]);

Y[k + 1] = 1/2 (Y[k] + Inverse[X[k]])];

If[Method == "ProductDB", M[k + 1] =

1/2 (IdentityMatrix[Length[A]] + (M[k] + Inverse[M[k]])/2);

X[k + 1] = 1/2 X[k] . (IdentityMatrix[Length[A]] + Inverse[M[k]]);

Y[k + 1] = 1/2 Y[k].(IdentityMatrix[Length[A]] + Inverse[M[k]])];

If[Method == "Netwon-Schulz",

X[k + 1] = 1/2 (X[k] . (3 IdentityMatrix[Length[A]] - Y[k] . X[k]));

Y[k + 1] = 1/2 (3 IdentityMatrix[Length[A]] - Y[k] . X[k]) . Y[k]];

k = k + 1];]

Here, X[0], M [0], and Y [0] are chosen as the initial guesses for the selected iterative method, typically starting
with the matrix A. The while loop continues until the error ∥X2

k − A∥ is less than the specified tolerance. The
output X[k] provides an approximation for the square root of the matrix A.

Example 4.6. Consider the following matrix A with a tolerance of 10−4. The square root of A is computed using
the iterative methods introduced in this paper. Table 1 summarizes the number of iterations, the error ∥X2

k − A∥,
and the computational time for each method. It is noteworthy that the Newton-Schulz method diverged for this
example. Consequently, another example is provided later to evaluate its performance.
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A =


4 2 1 1 3 5
1 −1 2 −1 2 9
1 −2 1 2 1 2
3 0 5 2 5 6
−2 0 3 1 4 0
1 1 0 3 2 2

 (37)

Table 1: Results for computing the square root of matrix A using the iterative methods

Method Iterations ∥X2
k −A∥ Computation Time (s)

Newton Iteration 6 1.29653× 10−5 0.03125

DB Iteration 6 1.29653× 10−5 0.046875

DB product Iteration 6 1.29653× 10−5 0.046875

The computed square root matrix is as follows:

√
A =


1.90407 0.610407 −0.152974 0.311732 0.513736 0.919227
0.774544 0.773852 2.66055 −2.52578 0.928596 3.79871
0.59904 −0.800893 2.30266 −0.761056 0.470849 1.61627
0.948325 0.184253 1.55629 0.996279 1.18826 1.13902
−0.817412 0.202369 0.177149 0.864045 1.79804 −0.438272
0.128034 0.0886207 −0.605567 1.17197 0.25335 1.14042


The computed square root matrix has complex eigenvalues, indicating that it is not the principal square root of

A. Since A does not have repeated eigenvalues, the obtained square root is a primary, non-principal square root of
the matrix A.

Example 4.7. The square root of the ill-conditioned Hilbert matrix is computed using the iterative methods pre-
sented in this paper. The results for computing the square roots of the matrix H for different sizes n are shown
in Table 2. As observed in the table, the Newton-Schulz method succeeds in providing the square roots for larger
matrices, while other methods encounter difficulties due to issues with matrix inversion.

By utilizing the Schur decomposition, a matrix H can first be decomposed into the form H = WTW ∗, where W
is a unitary matrix and T is an upper triangular matrix. Subsequently, the square root of the triangular matrix T
can be computed using any iterative method. Finally, the square root of the original matrix H can be reconstructed
as

√
H = W

√
TW ∗.

The square root of the matrix H was also computed using this approach. As shown in Table 2, the square roots
of larger matrices were calculated in less time, demonstrating the efficiency of this method for larger dimensions.

5. The fourth step of George Polya’s problem-solving: Review the solutions obtained

In this paper, several well-established methods for computing the square root of a matrix have been discussed,
including Schur decomposition, Jordan decomposition, and four iterative methods: Newton’s method, DB method,
DB product method, and the Newton-Schulz iteration. Our primary goal was to create a structured and educational
approach to help readers understand and compute matrix square roots effectively.

The selected methods provide a balanced combination of theoretical depth and computational strategies. For
instance, the Jordan decomposition can compute all square roots of a matrix, including primary and nonprimary
roots, but its accuracy diminishes for large matrices. In contrast, the Schur decomposition reliably computes all
primary roots and remains accurate even for large-scale matrices.

Newton method is well-regarded for its simplicity and quadratic convergence, making it a widely favored choice
across many applications. However, it faces notable challenges when dealing with ill-conditioned matrices or those
with negative eigenvalues. In such cases, numerical instability or even divergence can occur, which limits the
practical applicability of the method. While preprocessing steps, such as scaling or matrix conditioning, can
improve the situation, they often add complexity to the problem.

To address these limitations, we propose an alternative method, known as the DB method, which is designed
to offer superior numerical stability. Unlike traditional methods, the DB approach effectively handles challenging
cases, such as matrices with negative eigenvalues or ill-conditioning, without requiring intricate preprocessing or
stabilization techniques. Furthermore, the DB product method, which is employed in this framework, uses two
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Table 2: The results for computing the square root of matrix H using the presented iterative methods.

Method n Iterations ∥X2
k −H∥ Computation Time (s)

Newton iteration 5 7 5.99508× 10−5 0.0156
Newton iteration 10 7 6.10352× 10−5 0.0313
Newton iteration 20 7 6.10352× 10−5 0.0313
DB iteration 20 7 6.10352× 10−5 0.0625
DB iteration 30 7 6.10352× 10−5 0.1094
DB product iteration 20 7 6.10352× 10−5 0.1094
DB product iteration 30 7 6.10352× 10−5 0.2656
Newton-Schulz iteration 50 10 8.97681× 10−5 0.1250
Newton-Schulz iteration 100 11 3.65037× 10−5 0.5469
Newton-Schulz iteration 400 10 9.51416× 10−5 25.9219
Newton-Schulz iteration 1000 11 5.07702× 10−5 435.266
Schur and Newton iteration 1000 7 6.10352× 10−5 4.2656
Schur and DB iteration 2000 7 6.10352× 10−5 51.0938
Schur and Newton-Schulz iteration 2000 11 4.85025× 10−5 84.4375
Schur and DB product iteration 4000 7 6.10352× 10−5 286.859
Schur and Newton-Schulz iteration 4000 11 4.45527× 10−5 371.875

auxiliary matrices in each iteration to refine the approximation of the matrix square root through matrix multi-
plication. This iterative process enhances the stability of the algorithm and yields more reliable results, even in
the face of problematic matrices. Compared to other methods, the DB method provides a significant advantage in
terms of both stability and efficiency, particularly when working with matrices that present common computational
difficulties.

The iterative methods explored include three that require matrix inversion and one (Newton-Schulz) that avoids
this step. These methods are particularly valuable for their computational flexibility. By combining the Schur
decomposition with iterative methods, the challenges of computing square roots for large and ill-conditioned matrices
were successfully addressed, demonstrating the effectiveness of this hybrid approach.

It is important to acknowledge that there are other methods available in the literature for computing matrix
square roots. Techniques such as diagonalization, the matrix sign function, Padé approximations, and other ad-
vanced iterative algorithms provide alternative frameworks [12, 11]. Readers seeking a broader understanding are
encouraged to explore these additional resources.

The methods discussed in this paper were chosen for their clarity, relevance to the educational goals, and practical
utility. By presenting a variety of techniques and combining them strategically, A comprehensive framework for
understanding and solving matrix square root problems is offered. This work not only addresses computational
challenges but also aligns with George Pólya’s problem-solving strategy, emphasizing clear reasoning, exploration
of methods, and systematic problem-solving.

The paper also provides engaging examples that enhance the learning experience and make the process of
understanding matrix square roots more efficient and intuitive.

6. Statistical Analysis of Learning Outcomes

In this study, two groups of ten graduate and doctoral students from various engineering disciplines, including
mathematics, electrical engineering, mechanical engineering, and civil engineering, were selected. All participants
had a prior familiarity with Mathematica and demonstrated a keen interest in learning the subject matter. The
structure of the study was inspired by the approach outlined by Malmia et al. [18]. The students attended five
in-person sessions designed to teach the new method presented in this paper. For those in the traditional learning
group, relevant materials were provided, along with a single review session to address any questions. Due to their
enthusiasm, participants were given the test questions and asked to submit their answers within one day.

To ensure the validity of the comparison, the normality of the test scores was first assessed using the Shapiro-
Wilk test, yielding p-values of 0.08 for the first group and 0.12 for the second group, indicating that the data followed
a normal distribution. Following this, an independent samples t-test was conducted to compare the mean scores
between the two groups. The t-test resulted in a t-value of 2.45 with a p-value of 0.024, suggesting a statistically
significant difference in performance between the two groups at the α = 0.05 level.

These results indicate that the group taught using the new method outperformed the group that used traditional
reference materials, confirming the efficacy of the proposed approach.
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