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1. Introduction

Throughout this paper, G is a finite group and a® = {a9|g € G} is the conjugacy class of a in G. Observe that the

power of a conjugacy class
(%)™ = {aMrah2 .. aMm

hiy...,hym € G},

is a union of conjugacy classes of G, see [2] for more information.

Some researchers have defined the graphs related to conjugacy classes of finite groups, see [3, 6]. In further
research, various authors tried to find some connections between the algebraic properties of a group and the
associated graph’s properties.

Inspired by the results, in [10], we defined the undirected power graph on the conjugacy classes P¢(G) of a group
G as a simple graph in which the vertices are the conjugacy classes of G and two distinct vertices C' and C’ are
adjacent in P¢(G) if one is a subset of a power of the other. We can easily show that two distinct vertices C' and
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C’ are adjacent in P¢(QG) if either (C) C (C') or (C")y C (C). In other words, this graph illustrates the relationships
among the elements of the partially ordered set containing all subgroups generated by a conjugacy class of G.

On the other hand, we can see that if G is abelian, P¢(G) coincides with the power graph P(G), defined by
Chakrabarty et al. [4]. In [9], the authors discussed the 2-connectivity of power graphs. Motivated by this result,
in this paper, we show that the graph P¢(G) is 2-connected, Pc(G) does not have a cut vertex, if |7(G)| > 1, where
7m(QG) is the set of prime numbers dividing the order of G. Furthermore, we classify finite groups G whose associated
graphs are connected bipartite graphs.

The notations we use are standard. For every element a in G, o(a) is its order. Soc(G) denotes the subgroup
generated by all minimal normal subgroups of G and F(G) is the Fitting subgroup of G.

2. Main Results

We know that if Pe(G) — {e} is connected, then Pc(G) is 2-connected. In what follows, first, we investigate
2-connectivity of Pe(G).

Theorem 2.1. Let G be a finite group and |w(G)| > 1. Then the graph Pc(G) is 2-connected and diam(Pe(G) —
{e}) <4.

Proof. Assume that a® and b are two distinct conjugacy classes of G. If (a®) N (b¥) # {1}, then there exits some
element e such that
(%) € (a®) N (%),
and so d(a®,b%) < 2. Otherwise, (a%) N (b¥) = {1}, consider A = (a%) x (b“) and o(a) < o(b).
First, suppose that o(a) does not divide o(b). As o(ab) = [o(a), 0(b)], we deduce that

bo(a) _ (ab)o(a) c <ab> C ((ab)G>,

and
b e (b) C{(b)F),

which implies that (b°(*))¢ is adjacent to (ab)® and (b)¢. Similarly, we can show that (a®®)¢ is adjacent to (ab)®
and (a)®. The previous arguments guarantee that (a®, (a®®)%, (ab)%, (b°(*))C,b%) is a path in P¢(G) — {e} and
in this case d(a®,b%) < 4.

Now, consider o(a) divide o(b). Since o(ab) = o(b), we can write that o(a) = p®m with (p,m) = 1 and o(b) = pn
where (p,n) = 1, @ < 8, and m|n for some natural numbers m,n,a,and § and p € w(o(a)) N 7(o(b)). We shall
break the proof into two cases.

Case 1. If n # 1, then we observe that
a™ = (a™")" € (@™b") C ((a™b")).

It follows from o(a™") = o(a™) = p® that (a™) = (a™") C ((ambPB)G> and so (™) is adjacent to
(ampr)G and (a)® in P¢(G). Similarity, we can obtain that (bpﬁ)G is adjacent to (ambpﬁ)G and (b)¢.
Therefore,

(@, @™, @), (17")%, 1),
is a path in Pc(G) — {e} and in this case d(a®,b%) < 4.

Case 2. If n = 1, then there exists ¢ € 7(G) — {p}, as |7(G)| > 1. Let = be an element of order ¢ in G. A proof
similar to the previous paragraphs, we conclude that (a%,Cy,x%, Co,b%), where C; is either (az)® or
e C (a%) N (2%), and Cy is either (b))% or f& C ()N (b)), is a path in Pe(G) — {e} and d(a,b%) < 4
in this case also. 0
In the following example, we present a finite group G whose associated graph P¢(G) is not 2-connected.
r>0

——N—
Example 2.1. Let G = (Zo X -++ X Z3) x Dg. We can check that the graph Pc(G) — {e} has 2”1 — 1 connected
components, in which 271 — 2 of the components are isolated vertices and one of the components is a star graph
with 3.2" edges.

Proposition 2.2. Let G be a finite p-group. If Z(G) is cyclic, then Pc(QG) is 2-connected and d(Pc(G) —{e}) < 3.

322



S. Mahmood Robati, AUT J. Math. Comput., 7(8) (2026) 321-824, DOI:10.22060/AJMC.2025.23715.1293

Proof. First, suppose that G is abelian. In this case, the power graph on conjugacy classes P¢(G) coincides with
the power graph P(G). It follows from Theorem 2.1 of [9] that P¢(G) is 2-connected if and only if G is a cyclic
group. Consequently, P¢(G) is a complete graph.

Now, assume that G is non-abelian and Z(G) = (z). Let a,b € G. As the subgroups generated by a® and b
are normal subgroups of the p-group G, both have non-trivial intersection with Z(G). Therefore, there exists some
positive integers ¢ and j such that

{e} # 2" € (a®) N Z(G) and {e} # 2/ € (a®) NZ(G).
Hence, (a%, 2%, 27,b%) is a path in Pc(G) — {e} and d(a%,b%) < 3. O

In the next example, we present a finite p-group G whose associated graph P¢(G) is 2-connected, however, the
center Z(@G) is not cyclic.

Example 2.2. Consider the G = SmallGroup(64,59), that is isomorphic to Zy x (Z4 X Z4). Using GAP [1], we
can see that Z(G) = Z4 X Zg X Zg is not cyclic but Pc(G) — {e} is connected with diam(Pc(G) — {e}) = 5. This
argument verifies that the upper bound for diam(Pe(G) — {e}) mentioned in Theorem 2.1 may not remain true for
some p-groups.

For a finite group G, in Theorem 2.3 of [10], the authors considered the case where diam(Pe(G) — {e}) =1
and prove that such a group has a unique chief series each of whose members is a normal subgroup generated by
a conjugacy class of G. Assume that diam(P¢(G) — {e}) = 2. As a complete bipartite graph is an example of a
graph with diameter two, it seems logical to discuss the case where Pe(G) — {e} is a complete bipartite graph.

Theorem 2.3. Let G be a finite group. The graph Pc(G) — {e} is a connected bipartite graph if and only if
Pc(G) — {e} is a complete bipartite graph. This case holds if and only if one of the following situation occurs:

1. G is a 2-group, where G' = Z(G) = Soc(G) and G/Z(G) are both elementary abelian group. Moreover,
bG = bZ(G) for each b € G — Z(Q).

2. G is a Frobenius group with a cyclic complement of order 2 and an elementary abelian 3-group as kernel.

Proof. Assume that P¢(G) — {e} is a connected bipartite graph with bi- partition (A|B), where A = {C4,...,Cy}
and B = {C],...,C/ } for some positive integers m and n. Without loss of generality, assume that there exists a
vertex Cy € A such that (Cy) C (C}) for some I € {1,...,m}. One can observe that the structure of Pc(G) — {e}
forces (C;) = 1UCy, for each i € {1,...,n}. On the other hand, for each j € {1,...,m}, let

I = {re{l,...,n}[{C.) C(C))}.

Henceforth,
(C) = (LU C)) Uer, Ci.

for 1 < j < m. We can check that (C;) is an elementary abelian p;-subgroup for some p; € 7(G) and (C;) C G,
by Corollary 1.7 of [11]. It follows that the order of each element of <C;> is either prime or the square of a prime
number. Hence, we conclude that

Soc(G) = (C) x -+ x (C).

is an elementary abelian p-group for some p € 7(G). Set N = Soc(G). Since
(BN)G/NY = 1U (bN)E/N,

for each b € G— N, we obtain from Theorem 2.1 of [8] that G/N is an elementary abelian ¢g-group for some ¢ € 7(G).
Therefore, G is solvable.

On the other hand, we know that (a®) = ((a®)%) for positive number s with (s,0(a)) = 1. We yields form our
assumption that a® must be conjugate to a, for every a € G. Thus, G is rational.

As G is a solvable group all of whose elements have prime power order, Theorem 1 of [7] guarantees that one of
the following cases occurs:

Case 1. G is a p-group.
Since G is rational, we deduce that p = 2, G’ = Z(G) = Soc(G), and cl(b) = bZ(G) for each b € G — Z(Q).
In this case, Pc(G) — {e} is a complete bipartite graph.
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Case 2. G is a Frobenius group with kernel P, and complement P,, in which P, is a Sylow r-subgroup of G.
We deduce that P, is an elementary abelian p-group and P, is cyclic of order ¢q. As G is rational, it can
be derived from Main Theorem of [5] that ¢ = 2 and G = P3 x Za, where P; is an elementary abelian
3-group. Consequently, it can be seen that Pc(G) — {e} = Ky (|p,|—1)/2 is a star graph.

Case 3. 7(G/F(G)) = {p, q} and each Sylow subgroup of G/F(G) is cyclic.
Since G/Soc(@G) is an elementary abelian g-group for some ¢ € w(G), we get that G = F(G) x H is a
Frobenius group, in which |H| = ¢. It is similar to the previous paragraph and the proof is complete. ]

The next Corollary is a straightforward result from the previous theorem.

Corollary 2.4. Let G be a finite group. The graph Pc(G) —{e} is a tree if and only if Pc(G) —{e} is a star graph
if and only if G is a group satisfying Theorem 2.3 with |Z(G)| < 2.

In the following example, we provide a finite group satisfying Theorem 2.3.

Example 2.3. Consider G = SmallGroup(64,245), that is a central extension of Z(G) = Za X Zgo by Zo X Zg X
Zo X Zy. We can check that Pe(G) —{e} = K315 is a complete bipartite graph whose vertices can be partitioned into
two sets Z(G) — {1} and 15 conjugacy classes contained in G —Z(G). Moreover, b¢ = bZ(G) for each b € G —7Z(G).
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