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1. Introduction

Finite mixture models have found important applications in many areas, such as reliability theory, actuarial science,
economics, etc. For example, manufactured engineering items are often heterogeneous due to different reasons such
as the quality of resources and components used in the production process, operational history and human errors;
see Finkelstein [7] and Cha and Finkelstein [5]. In this regard, the finite mixture model can be used for modelling
lifetime data arising from a finite number of heterogeneous subpopulations.

large amount of research on different aspects of mixture models has been published in the past few years.
For example, Finkelstein and Esaulova [8] considered a survival model that generalizes additive hazards models,
proportional hazards models, and accelerated life models, and discussed the asymptotic behavior of the mixture
failure rate. Finkelstein and Esaulova [9] discussed the problem of mixture failure rate ordering for the ordered
mixing distributions. Franco et al. [10] studied the generalized mixture of Weibull components and presented
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some reliability properties. Navarro [15] established sufficient conditions for the hazard rate and likelihood ratio
comparisons of generalized mixtures. Amini-Seresht and Zhang [1] investigated stochastic comparisons for two
classical finite mixture models with different baseline random variables and different mixing proportions in the sense
of some traditional stochastic orders. Barmalzan et al. [4] investigated the usual stochastic ordering and the reversed
hazard rate ordering properties of finite mixture models with components having location-scale distributions. For
more detailed treatment of the properties and applications of finite mixture models, interested readers are referred
to the monographs by Everitt and Hand [6] and Titterington et al. [17].

The finite a-mixture model (with two possibly different underlying distributions) is originally used in Van Erven
and Harremos [18] and Asadi et al. [2] to study different types of divergence problems in the area of information
theory. Asadi et al. [3] presented its definition and then study the failure rate properties of this family and establish
closures under monotone failure rates of the underlying components. It is of interest to note that the a-mixture
model uniquely possesses a mathematical property known in economics as the constant elasticity of substitution,
which provides an important interpretation for a in practice. Constant elasticity of substitution is widely used
for modeling production functions and utility (consumption) functions with multiple inputs. This model includes
the survival mixture model, the failure rate mixture model, models that are stochastically closer to each of these
conventional mixtures, and many other useful models. Moreover, the a-mixture model also provides a flexible tool
for modeling the lifetimes of heterogeneous units.

The finite a-mixture model includes many existing mixture models as special cases, to name a few, the sur-
vival /distribution mixture, the failure rate mixture, and many other mixture models. Among them, the finite
a-mixture of survival functions is defined through the weighted a-th power mean of a finite number of proportional
hazard rates (PHR) models with different baselines. In particular, if we index the baseline survival functions with
some parameters of interest, i.e, the semi-parametric survival functions F (;Bi), for i = 1,...,n, then its explicit
expression can be written as

n e 1/
Folz) = [Zi—l_piF (CU,/Bi)} , a e R\{0}, 0
[Tz, F7 (3 80), a=0,

for z € R, where p; > 0 and >, p; = 1. As pointed out by Asadi et al. [3], the a-mixture model in (1) is a flexible
family of mixture distributions containing the following several models as special cases:

(i) For a =0, we have —log Fy(z) = > i, pi [f log F(; Bz)] This results in the special mixture-type model on
the cumulative hazard rate and hence the ordinary hazard scale model.

(ii) For o = 1, it reduces to the usual mixture distribution.
(ii) For o = —1, it reduces to the harmonic mixture (mean) of the baseline survival functions.
(iv) For n =2 and a = m™!, it reduces to the binomial expansion mixture

Fucw::22(2>pT%ﬁﬁﬂ-@mzﬁoﬁiamﬂg,

k=0

where (73) is the binomial coefficient.

Furthermore, the a-mixture of distribution function can be defined as follows:

[Spres)] " aero)

H?:l FP (1‘7/81)7 a = 07

Fo(z) = (2)

for x € R. It should be mentioned that the a-mixture of densities, the a-mixture of survival functions and the
a-mixture of distribution functions are completely different models unless & = 1. For o < 0 (a > 0), the a-
mixture model has an increasing a decreasing) failure rate (IFR (DFR)) when all components of the mixture are
IFR (DFR). A similar closure property holds in terms of the increasing (decreasing) failure rate average (IFRA
(DFRA)). Interested readers are referred to Asadi et al. [3] for comprehensive discussions on the a-mixture model
and its applications.

Comparison of important lifetime characteristics associated with lifetimes of technical systems is a topic of
great interest in reliability theory. A convenient tool for this purpose is the theory of stochastic orderings; see
the monographs by Miiller and Stoyan [14] and Shaked and Shanthikumar [16]. Suppose we have n different
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subpopulations with an infinite number of components in the i-th subpopulation having common reliability function
F;, fori=1,...,n. Now, let us draw a unit with certain probabilities from each subpopulation, say (p1,---,0n)- The
reliability of the drawn item will naturally be described by the corresponding mixed reliabilities, i.e., the mixture
model (1) with o = 1. Hazra and Finkelstein [11] established some results concerning stochastic comparisons of two
finite mixtures of three semi-parametric survival/distribution functions including the PHR model, the proportional
reversed hazard rates (PRHR) model, and the accelerated lifetime model (i.e., scale model).

The important semi-parametric family of distributions offered by the additive hazard (AH) model has found
key applications in reliability theory. A random variable X is said to follow an AH model (denoted by AH(6; F))
if its survival function is expressed as

F(x:0,8) = e % F(z; 8), x>0, 0>0.

It is then easy in this case to see that r(z;6) = 6 + r(x; 3), where r(-;3) is the baseline hazard rate function.
Finkelstein [7] has studied the reliability properties of AH model, and has provided some applications of this model.
See also Finkelstein and Esaulova [8] and Finkelstein and Esaulova [9], in which the heterogeneity of components
(populations) follows AH model.

In this paper, we discuss stochastic comparisons on the finite a-mixture of additive hazard models. Sufficient
conditions on the underlying distribution parameters and the mixing probabilities are established for the compar-
isons of different a-mixtures of survival or distribution functions of these models with respect to the usual stochastic
order and the hazard rate order, respectively.

The rest of this paper is organized as follows. Section 2 recalls some basic concepts that will be used in the
sequel. Section 3 presents stochastic comparisons of finite a-mixtures of survival functions of additive hazard models
with respect to the usual stochastic order and the hazard rate order. Section 4 deals with sufficient conditions for
comparing finite a-mixtures of distribution functions of additive hazard models in the sense of the usual stochastic
order. Some concluding remarks are discussed in Section 5.

2. Preliminaries

In this section, we present some basic definitions and useful lemmas that are essential for subsequent developments.
Let R = (—00,00) and Ry = [0, 00). We use “E to denote that both sides of the equality have the same sign. We
assume that all expectations exist wherever they are given.

Let X and Y be two random variables with density functions fx and fy, distribution functions Fx and Fy,
survival functions Fx and Fy and hazard rate functions rx and 7y, respectively. Then, some key stochastic orders
are as defined below.

Definition 2.1. X is said to be larger than 'Y in the

(i) usual stochastic order (denoted by X >4 Y') if Fx(t) > Fy (t), for allt € R, or equivalently E[¢(X)] > E[p(Y)]
for all increasing functions ¢ : R — R;

(ii) hazard rate order (denoted by X >y, Y) if and only if Fx(t)/Fy(t) is increasing in t € R, or equivalently
ry(t) > rx(t) for allt € R;

(iii) likelihood ratio order (denoted by X >1.Y) if fx(t)/fy(t) is increasing in t € R.
The following implication between the above orders is well known:
X< Y =X<p VY = X <4V

Interested readers may refer to Miiller and Stoyan [14] and Shaked and Shanthikumar [16] for comprehensive
discussions on various stochastic orderings and their relationships.
Majorization is a very helpful tool in establishing various inequalities arising from many research areas.

Definition 2.2. Let a1y < -+ < agy) and by < -+ < by be the increasing arrangements of a = (a1, ...,a,) and
b= (b1,...,b,), respectively. Then,

(i) a 7z'ls said to majorize b, denoted by a g b, if 22:1 agy < 22:1 by fori=1,...,n—1, and Z?:1 agy =
Zj:l biy:
(ii) a is said to weakly supermagjorize b, denoted by a g b, if Zj.:l agy < Zj.:l by fori=1,...,n;

(iii) a is said to weakly submajorize b, denoted by a = b, if Z?:i agy > Z?:t by fori=1,...,n.
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The majorization order implies both weak submajorization and supermajorization orders. Interested readers
may refer to Marshall et al. [13] for comprehensive discussions on their properties and applications.
Definition 2.3. A real-valued function ¢ defined on a set I'" C R™ is said to be Schur-convex (Schur-concave) on
I ifu ; v implies ¢p(u) > (<)g(v) for any u,v € I".
Lemma 2.4 (Marshall et al. [13]). Consider the real-valued continuously differentiable function ¢ on J™, where
J C R is an open interval. Then, ¢ is Schur-convex (Schur-concave) on J™ if and only if ¢ is symmetric on J™, and
for alli # j and all w € J", (u; — u;) () (w) — ¢y (w)) > 0(< 0), where ¢y () to denote the partial derivative
of ¢(x) with respect to its k-th component, fork=1,...,n
Lemma 2.5 (Marshall et al. [13]). A real-valued function ¢ on R™ has the property ¢(x) > &(y) whenever

w
T =y (=)y if and only if ¢ is increasing (decreasing) and Schur-conver on R™.

3. a-mixtures of additive hazard survival functions

In this section, we discuss stochastic comparisons of the a-mixture of additive hazard survival functions in the sense
of the usual stochastic order as well as the hazard rate order. Let us set

Ex ={(z1, 22, .. @) 01 > @2 > @y > 0}
D::{(I17I25---,In)50<£ﬂ1§x2~«~§xn}'
Theorem 3.1. Let
1/« e
V,L(paﬁ sz{e GzF (z; 5;) } and F u(qA,'y) Z%{e N (5 }

be the survival functions of two a-miztures of additive hazard survival functions corresponding to V,,(p,8,3) and
Wo(g, A, 7), respectively.

(i) Suppose that F(x; ) is decreasing and log-convex in 8 > 0, for all x € R. Then, for p=yq, 3 g vy, 0 g A,
p,qe&EF, 0.NeDF, B,v €D and a > 0, we have Vy(p, 0,8) >s Wila, X, 7).

(ii) Suppose that F(x;[3) is increasing and log-concave in 3 > 0, for all x € R. Then, for p=yq, B3 g v, 0=\,
p,qe&F, 0N &S, B,y €D and a < 0, we have V,,(p,0,03) <st Wn(q, X, 7).

Proof. (i) Supposep,q € ET,0,A € D}, B,v € D and o > 0. Let FMn(q 0.8 = >r g {e %" F(x; &-)}a]l/a
be the survival function of the a-mixture of additive hazard survival functions corresponding to M,(q, 8, 3).
First, we establish that F, V. (p.0 ,3)( x) > Fyq.0 5)( x), for all z € R. Note that

-1

1
a

5‘FV (z)
n(p761ﬁ) _ l —0la; L:E >
3pi _Oé( Fxﬁz [§ pz{e Fxﬂz}‘| >0,
and
3FV (r) OF, (x) _ _
n(pa07ﬂ) _ V”(p’07ﬂ) sgn —b61x . o _ —0zx . « >
o B P (s ) — (e ) 2 0,

and then

oF, () OF (z)
_ va(p.0.8)\" Va(p.0.8)
(p1 — p2) < o Opa ) > 0.

Then, the desired result follows from Lemma 2.5.

Let F, Un(q.0y) = = [>r, ¢ {e " F(x; %)}a] Y* be the survival function of the a-mixture of additive hazard
survival functions corresponding to Uy,(q, 8,~).
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Now, we prove that F,, M,(q.0 ﬁ)( x) > U,,(q 97,),)( z) for all z € R. Since F(x;f3;) is decreasing in £;, we can
observe that

IF (z38:) é_l

oF,, (@)
1;(‘]70»,6) —ab;x 8Bz —0;x
Further,
— BF(m;ﬁ ) ap(@ﬁ )
BFan(q,Oﬂ)( z) BFM (q, 9,8)( z) B | geate [ 981 } Fo(z; 81) — qoe™® Oz | __9B2 : F(z; B2)
9 02 F(z; f1) 7 F(x; B2) ’
<0

)

which f_ollows from the fact that, for ¢; > q2, B2 > 31 and a > 0, F'¥(z; 81) > F*(x; 52) and 7%[3(11:;61)) >
_3log(F(w;ﬁa)) > 0.

Now, we prove that F, UL(q 0 ’y)( x) > WL(q by ,7)( z) for all z € R. Since F(x;7;) is decreasing in v;, we can
observe that

aFUn(q701’7) (m) 9 xT 9 x %71

— = = —q;x {e F (x; ’yl qu {e F (2574 } <O0.
Further,

oF, (z) OF, (x) _
U, 70, Uy, ,0, sgn B —0

(@.7.7) - @.7.7) = { {6 bt F(x ’72)} —(J1{€ axFUUWl)}a] <0,

891 802
which follows from the fact that, for q; > go, B2 > 81 and a > 0, F*(x; 1) > F*(x;32). Thus, the proof is
finished.

(ii) The proof is similar to that of Part (i) and is therefore omitted here for the sake of brevity. 0O

In light of Theorem 3.1, a lower or upper bound for the survival function of a-mixture of survival functions can
be established as stated in the following corollary.

Corollary 3.2. Set (q1,...,¢n) = (P,...,p) and (1,...,%) = (B,...,B), where p = n™ 13" p; and B =
n~t YT Bi. It is easy to observe that p = q, p=q and B = ~.

(i) Suppose that F(x; ) is increasing and concave in (3 > 0, for all x € R. Then, for (p,B) € U, and a > 1, we
have F,, (p,@)( x) > (np)V/* F(z; B), for all x € R.

(i) Suppose that F’( ; B) is decreasing and convex in 8 > 0, for all z € R. Then, for (p,B) € U, and o < 1, it
follows that F,, PIB)( z) < (np)V« F(x; ), for all x € R.

The following three corollaries can be obtained from Theorem 3.1 directly. The proofs are simple and omitted
here for brevity.

Corollary 3.3. Let F(x;8) = F#(x) and F(x;7) = FY(x), for x € R. Then, for p=yq, 3 g vy, 0 g A\, p,geEET,
0.\ €D, B,y €D} and a > 0, we have V,(p, 0, 8) >s Wa(g, A, 7).

Corollary 3.4. Let F(x;3) = F(Bz) and F(x;7) = F(yz), for € R. Suppose r(t; B) is decreasing in t. Then,
for pryq. B, 0 =X, p.q€ &, O, X Df, B,y € D) and a > 0, we have Vo (p, 6, 8) 25 Walg, A7)

Corollary 3.5. Let F(z;8) =1 — FA(z) and F(z;v) = 1 — F(z), for x € R. Then, for p=yq, B g v, O A,
p,qeEET, 0Nl B,y € DY and a < 0, we have V,,(p, 0, 8) <s Wn(a, N, 7).

The following counterexample explains that the result in Theorem 3.1 may be not true any more if the conditions
p,q€&F,0,X €D, B,y € D} are removed.
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Proof. (i) Supposep,q €&, 0, € D;f, B,y € D anda > 0. Let F, (.08 = [ qi {e " F(x; Bi)}a]l/a
be the survival function of the a-mixture of additive hazard survwal functlons corresponding to M, (q, 8, 3).

First, we establish that F\, V. (p.0 ,@)( x) > Mn(qﬂ”@)(x), for all z € R. Note that

OF, o) @) 1 at
Vo (P,0,0) _ —0;x E 0;x
Ipi _E( Fla: ) l pite” FJJBZ}] ="
and
OF (r) OF, (x) _ _
Vn(p,e,,@) Vﬂ(pvovﬁ) sgn —01x o —bOox o
_ = (e """ F(x; — (e7 " F(x; >0,

and then

(p1 = p2) 008" 005" >0
1 2 o1 Opo -

Then, the desired result follows from Lemma 2.5.
Let F, Un(@.0.) = = [0, @i {e7 % F(x;7)}"] Y be the survival function of the a-mixture of additive hazard
survival functions corresponding to U, (q7 0,v).

Now, we prove that F M. (q.0,8) (z) > Fy .0 (z) for all z € R. Since F(z; ;) is decreasing in j3;, we can
observe that

— = 1
OF (x) OF (2;8:) a1
Mn(q197ﬁ) —ab;x 0B —0;x
a5 — 4e€ ‘ = Z‘ Bz q; 1€ F -T ﬁz <0.
i F(x; B;) Z { }
Further,
n OF (x:81) OF (x:82)
6FMn(q30’6)( ) OF Mn(q, eﬁ ( ) sgn e 01z _ LR : Fa(x,ﬂl) N q267a921 _ EED : FQ(I.BQ)
b P2 F(x; p1) ’ F(x; B2) 7
S 07
which follows from the fact that, for g1 > go, B2 > 81 and a > 0, F*(x;31) > F(x; B2) and %ﬁgﬂﬁl)) >

0log(F (xif2))
— Hosllwe)) > g,

Now, we prove that F, U (q.0 ’y)( z) = Fy, @A ’Y)( z) for all z € R. Since F(x;7;) is decreasing in v;, we can
observe that

—1

Q=

OFy (q.04)®)
%:—sz{e OIFJ?’)/Z Z(h{e ngx'Yz} SO
Further,
OF, () OF (z) ) )
U,.(q.,0, U.(q,0, son o, o,
(gﬂl T - (392 B = [Q2 {e ’ IF(&“;%)}Q —q {e 0 xF(x;’yl)}a} <0,

which follows from the fact that, for ¢; > go, B2 > 81 and a > 0, F®(x;31) > F*(x;82). Thus, the proof is
finished.

(ii) The proof is similar to that of Part (i) and is therefore omitted here for the sake of brevity.
]

In light of Theorem 3.1, a lower or upper bound for the survival function of a-mixture of survival functions can
be established as stated in the following corollary.

Corollary 3.6. Set (q1,...,¢n) = (D,...,p) and (v1,..., ) = (B,...,B), where p = n= 1Y p; and B =
n1 Z?:l Bi. It is easy to observe that p g q, p=wq and 3 g ~.
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(i) Suppose that F'(

x; B) is increasing and concave in § > 0, for all x € R. Then, for (p,B) € U, and o > 1, we
have Fvn(p 8) (x) >

(np)t® F(x; B), for all x € R.

(i) Suppose thatip(x;ﬁ) is decreasing and convex in B > 0, for all v € R. Then, for (p,B) € U, and o < 1, it
follows that Fyo o ﬁ)(x) < (np)Y* F(x;B), for all x € R.

The following three corollaries can be obtained from Theorem 3.1 directly. The proofs are simple and omitted
here for brevity.

Corollary 3.7. Let F(x;8) = F#(x) and F(x;7) = FY(x), for x € R. Then, for p=yq, 3 g v, 0 g— A\, p,qeEET,
0.\ € Dr, B,y €D} and a > 0, we have V,,(p, 0, 8) >s Walg, A, 7).

Corollary 3.8. Let F(x;3) = F(Bz) and F(x;7) = F(yz), for x € R. Suppose r(t; B) is decreasing in t. Then,
Jor p=wa, B=7, 0= X, p.a € &, 0,A €D}, B,y € Df and a >0, we have Va(p, 0, 8) > Wala, A,).

Corollary 3.9. Let F(z;8) =1 — FP(2) and F(z;v) = 1 — F(z), for x € R. Then, for p=yq, B g v, O WA,
p,qe&F, 0N, B,y €D and a <0, we have Vy,(p, 0, 8) <st Wi(a, X, 7).

The following counterexample explains that the result in Theorem 3.1 may be not true any more if the conditions
p,q€EF 0, X € Df B,v € D are removed.

Example 3.1. Let F(x;8) = e 5 and F(x;y) = e, for v € Ry. Take (p1,p2,p3) = (0.59,0.3,0.11),
(CI17(I2,(]3) = (06703701): (61792793) = (27 101739)7 ()‘17)\27)‘3) = (27 1074); (ﬁlaﬁQ?B?)) = (57372)’ (’\/17727'73) -
(6,3,2) and o = 3. It is easy to check that p=wq, B = v and 6 = A, but 6 ¢ D and A & D}. Figure 1 plots
the difference of the survival functions Fy, ., g 3, (x) — Fva@ Ay (x) on x € [0,2], which indicates that the usual
stochastic ordering does not hold between Vs(p, 0, 3) and W3(q, X, 7).

0.035}
0.030]
0.025]
0.020]
0.015]
0010}

0.005 |}

0.2 0.4 0.6 0.8 1.0

Figure 1: Plot of Fw;(p,@,ﬂ)(x) — ng(q7A77>(I) on z € [0,1].

Next, we establish sufficient conditions for comparing a-mixtures of additive hazard survival functions in the
sense of the hazard rate ordering.

Theorem 3.10. Let

2 1/ 2 1/«
Fyypgy(@) = | >_pi {e™ " F(w; :)}" and  Fy,q @) = | D a {7 Flaiy)}"
i=1 3

be the survival functions of two a-miztures of survival functions of additive hazard models corresponding to Va(p, 0)
and Wa(q, \), respectively.

(i) Suppose that F(x;B) is decreasing with respect to 8 > 0, and r(x; 3) is increasing with respect to 3, for all

x € R. Then, for q gp, A g 0, p,qc &5, 02D, B,y €D and a > 0, we have Va(p,0) >, Walq, N).

(ii) Suppose that F(x;B) is increasing with respect to B > 0, and r(x;3) is decreasing with respect to 3, for all

x € R. Then, for q g P, A g 0,p,qc &, 0, XD, B,y €& and a <0, we have Va(p, 0) >, Wa(q, A).
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Proof. (i) Assume that p,q € &, 0,A € D, B, € Df and a > 0. The hazard rate function of Va(p, 8) is

Sty pi (B (s ) {e P i)}
iy pife e F (x; B) b

r(z;p,0) =

Note that

W E po{e” T F (w; B1)}* e T F (5 82) Y (01 + (3 B1)) — (02 + (w5 B2))] -

Then, we have

M?}f’ " ar%;:, 2D (1 o) [0+ 73 51)) — (62 + 73 52).

For 81 < Ba, 61 < 65 and the increasing property of r(x; 8), we conclude that

(o —p2>(87“(”;;’1” 9 xisp ‘”) >0, ®

which implies r(z; p, 0) < r(x;q,0) for all z € R by applying Lemma 2.4.

Let Ms(q,8) be the a-mixture of survival functions of additive hazard models with parameters q and 6. The
hazard rate function of Ms(q,0) is

Z?Zl @i (0; + r(wz; 3;)) {e " F(x; 8;) }* _ Ay (01 +r(x; 81)) + Aa (02 + 7(7; B2))
i qife i F(x: Bi) e Ay + Ay ’

where A; = q1{e """ F(z; 81)}* and Ay = g2{e %" F(z; 32)}*. Observe that

r(z;q,0) =

8r(w;q,9) sgn % . _ . %
70, = Az [(01 + r(2; 1)) — (B2 + 7(z; B2))] + o0, + A1 4.

Now, by using decreasing property of F(z; ) with respect to 3, ¢1 > q2 , 61 < 6o, B1 < B2 and a > 0, we get

0 5 ,0 0 3 ,0 sgn — 0oz a —01x 1 «
r(5:9,6)  Or5i96) s oy (g o020 F(a; B2)}° — qufe s (s 1)) <0,
001 00,

and then

(61— 6) <ar(:§;§1’0) - Mﬁ;?”) >0, (4)

which implies r(x; q,0) < r(x;q,A) for all z € R by applying Lemma 2.4.

(ii) The proof is similar to that of Part (i) and is therefore omitted here for the sake of brevity.
O

The following corollaries are direct results of Part (i) of Theorem 3.10, for which the proofs are simple and thus
omitted here.

= FY(z), for v € R. Then, for q ; p, A g 0, p,q € &,

Corollary 3.11. Let F(z;8) = F%(x) and F(z;7)
) Zhr WQ((L}‘)

0.Xe D}, B,y €D and a > 0, we have Va(p, 0

Corollary 3.12. Let F'(x;8) = F(Bx), for x € R. Further, suppose that r(x) is increasing in x € R. Then, for
q=p. A0, p.qe&l, 0.A€ DY, B,y €D and a >0, we have Va(p,8) > Wa(g. A).

The following corollaries are direct results of Part (ii) of Theorem 3.10, for which the proofs are simple and thus
omitted here.

Corollary 3.13. Let F(x;3) = 1 — FP(x) and F(x;8) = 1 — F(z), for x € R. Further, suppose that r(z)

is increasing in x € R. Then, for q g P, A g 0, pq € &, 0N € DF, B,y € D} and a > 0, we have
V2(p7 0) Zhr WQ((L)‘)
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Proof. It is easy to observe that F(z;3) = 1 — F”(z) is decreasing in 3. Note that r(z; 8) = 3 F”(z)/(1 — F(x)).
Then, we obtain
(@3 8) E 14 BInF(x) - FP(z) = A(B),  say,

It can be readily seen that A’(3) = (1 — F#(x))In F(x) is non-positive. Then, for 8 > 0, we have A(8) < A(0) = 0,
which shows that r(z; 8) is decreasing in . O

The following counterexample shows that the result of Theorem 3.10 cannot be extended for n > 3.

Example 3.2. Let us consider the exponential distribution with survival function F(z; ) = e~ P*. Take (p1,p2,p3) =
(0597 O3a 011)) (Q17 q2, Q3) = (06’ 037 01)) (ela 627 03) = (27 47 10)7 ()‘17 )‘27 >‘3) = (25 397 101)7 (/Bla /827 /83) = (57 37 2)

and (v1,7v2,73) = (6,3,2). It is easy to observe that q g p, A g 0, p.qe &, 0,Ae DI, B,y € Df. The hazard
rates functions of V3(p,0) and Ws(q,A) are given by

S i (0; + By) e CitBi)e d (g A) = S @i (N ) e itz
3 —a (0;+8:)z an " 4q, o 3 —a (Ni+vi)z ’

21:1 bi€ (O:+5: Zi:1 gi € v
Now, for a = 0.1, we have r(10;p,0) ~ 7.0041 < 7.3448 =~ r(10;q, ), but for a = 0.4, we have r(10;p,0) =~

7.0000 > 6.9263 =~ r(10; g, \), which means that V3(p,3) and W3(q,~) cannot be compared in terms of the hazard
rate order for n > 3.

r(z;p,0) = z> 0.

The following counterexample proves that the result of Theorem 3.10 cannot be extended to the likelihood ratio
ordering for n = 2.

Let us consider the standard exponential as a baseline distribution for the a-mixture model. Take (p1,p2) =
(056,044), (ql,QQ) = (06,04), (01,92) == (7, 13), ()\1,)\2) == (5,15), (51,[32) = (3,6), (")/1,’)/2) == (4,8), and o = 5.
It is easy to observe that

q ;p, A g 0,p,qc &, 0, DS and B,v € DJ, we have Vi(p, 0) >1, Wa(g, N).

The ratio of the density functions of Va(p, ) and Wa(q, A) is given by

Frop.0)(@)  (5.6e707 1 8.36¢957) (0.56¢50% 4 0.44¢~95)

sz(q,A)(m) - (5.46—4514_9.26—115.%) (0.66_45£+0.46_115z)_0'8 ’

$€R+.

12
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Figure 2: The ratio of density functions of the Va(p, 8) and Wa(q, A)
As plotted in Figure 2, it can be seen that the ratio function is not monotone for € R, which means that
‘/2(p70) er WQ(qy A) and ‘/2(p70) ﬁlr WQ(q7 A)
Theorem 3.14. Let
1/

2 2 1/a
Frypo.8)@) = | 2_pife " Fx: )} and Py, g amp (@) = |2 ai{e  Flaiy)}
i=1 i=1

)

be the survival functions of two a-miztures of survival functions of additive hazard models corresponding to Va(p, 0, B)
and Wa(q, A, ~), respectively. Suppose that F(x; ) is decreasing and log-convex in 5 and r(x; 8) is increasing and

concave in B, for all x € R. Then, for q g p, B g v, p,q €E,0,X€DJ, B,y €D and a > 0, we have
Va(p, B) <ur Wa(g,7).
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Proof. Assume that p,q € &, 0,A € DS, B,v € Dy and a > 0. The hazard rate function of Va(p, 3) is

S0ty pi (B (s ) {e O F(w: 5i)}*
iy pi{e T F (x; 8;) )

r(z;p, B) =

Note that

67”(.1'; D, ,6) sgn

o pa{e™ " F (a; 51)} {2 F (a3 B2)}* [(01 + 7 (23 B1)) — (02 + r(x3 B2))] -

Then, we have

8r(:§}a]f’ﬂ)‘ar(g})f’m B —(pr = p2) (01 +r(: 1)) — (02 + (s 52)]

For 81 > B2, 61 > 6 and from the increasing property of r(x; 3), we conclude that

(7 —pz)<ar(g;’f’ﬂ) - 87"(2;5’ ﬁ)) <0, (5)

which implies r(z; p, 8) > r(x; q,8) for all z € R by applying Lemma 2.4.
Let Ms(q,3) be the a-mixture of survival functions of additive hazard models with parameters g and 3. The
hazard rate function of Mas(q, 3) is

Zle i (0; + r(w; 3;)) {e " F(x; 8;) }* _ A1(01 +r(x; B1)) + Ao (02 + 7(7; B2))
S aide % F(w; B)}e AL+ A

r(z;q,8) =

)

where A; = q1{e """ F(z; 81)}* and Ay = g2{e %" F(z; 52)}*.
‘We also observe that

OLB) S0 Aa [0+ i 61)) = (8o rlas )] + 52 41 (s + 4a)

and then for @ > 0, ¢1 > qo, 61 < 0a, 51 < Ba, F(x; ) is decreasing and log-convex in § and r(z; 8) is increasing
and concave in 3, we have

or(z;q,8) 0r(z;q,B8) <810gF(=T;51) 8logF(x;62)> ( —(O1402)T B( . 3\ e “«
B — qian _ e Fa; 1) F (w5 52))
I B2

0B 082
x [(01 + (x5 81)) — (02 + (x5 B2))] + <(11{€791wp($§ BY* + g2 {e™ " F(x; 52)}a)

or(x; B1)

X {ql {e—elwﬁ(x;/jl)}a %ﬂ’lﬁl) - {e—ezmp(x;ﬂz)}a 87‘5;5,252)}
>0,
and then
or(z; .
(Bl _ﬁQ) ( T(gbq;ﬂ) _ ar(g:ﬁz;ﬁ)) S 07
which completes the proof of theorem. O

The following corollaries are direct results of Theorem 3.10, for which the proofs are simple and thus omitted
here.

Corollary 3.15. Let F(z;5) = F8(x) and F(x;v) = FY(x), for x € R. Then, for q ; p, B g Y, p,q € EF,
0,\ €D, B,y €D} and a > 0, we have Va(p, B) <pr Wa(q,~)-

4. a-mixtures of additive hazard distribution functions

This section discusses stochastic comparisons of a-mixtures of additive hazard distribution functions with respect
to the usual stochastic order.
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Theorem 4.1. Let
1/ 1/«
F.pop sz{l—e MR B} and Fy g aqy(@ Z%{l—e SACERI

be the distribution functions of two a-miztures of distribution functions of additive hazard models corresponding to
Vau(p,0,3) and W, (q, A, ~), respectively. Suppose that F(x; ) is decreasing and log-convex with respect to 5 > 0,

for all z € R. Then, for p g q, B g v, 6 g A pge&l,0XeDr, B,y e DS and 0 < a < 1, we have
Vn(paevﬁ) Zst Wn(Q»)\v7)
Proof. Assume that p,q € &7, 0,A € D}, 3,4 € D;} and 0 < o < 1. Note that

-1

(1—e % F(x; 8:))" Zpl {1—e % F(x;8,)}" >0,

=1

Q=

Oy po.s(®)

1
Op; «

and then

aFVn(p,O,ﬁ)( ) 8Fv (p,@ ﬁ)( ) sgn (1 _

—012 (. @ o —bx . [
apl 8p2 € F(‘%‘,Bl)) (1 € F(.’L‘,ﬁg)) <0.

Then, F|, Vi (D, ﬂ)( x) > Fy (q,,@')(x) for all x € R by applying Lemma 2.5.
Now, we prove that F, (. ﬁ)( r) > Fy,(q~y)(z) for all x € R. Observe that

Q-
|
—

OFy (q.5) (@) dlog F(z; 8)\  _p.» o )
Vglﬂi@:_qi<‘w> 0 (s ;) {1— e~ F(a; Bi)) lZpZ{l—e 02 (2 ;) }°

>0

)

and

OFy q8)®)  IFy q8)(®) sn  (0log F(z;82)\ _gs s
96, - 95, = 2<352 ) F(z;82) {1 —e ""F(x; 52)}

3 <(’9log}_7(x;ﬁ1)
a1 7861

since q1 > g2, B2 > P, 02 > 01, 0 < a < 1 and F(x; 3) is decreasing and log-convex with respect to 3. and then

) e T (2 ) {1- e B (x; 61)}a_1 >0,

OFy qp(@) Iy, qp) (@)
(81 — B2)( 95, — 95 ) <0,

Now, we prove that FM,,L(q,H,ﬁ) (z) > W”(q 0. ( ) for all x € R. Observe that
1
OF (2) _ :
% = ¢;x e—QiEF(l‘; Bi) {1 — e—inF( BZ ZPZ 1 _ b JCF(.Z‘ /81)} >0,
' =1
and

OF T OF b _ = a—
va(g,8) %) _ vaa.B) ") g e " F(; 81) {1 — e " F(a; 81)} '
891 892

= = a—1
— e PTF(x;8) {1 —e " F(2;82)} >0,

since q1 > qo, 2 > P, 02 > 01, 0 < a < 1 and F(z; ) is decreasing with respect to 3. and then

oF, () OF (x)
N (@B TTVag.B)
(91 92) ( 20, 90, <0

Thus, the proof is finished by using Lemma 2.5. g
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With the help of Theorem 4.1, the following three corollaries can be obtained immediately.

Corollary 4.2. Let F(z;8) = F#(z) and F(x;v) = F(x), for v € R. Then, for p g q, B g ~, 0 g A p,geEET,
O.XeD!, B,ye DS and 0 < a < 1, we have Vy,(p,0,8) > Wila, X\, 7).

Corollary 4.3. Let F(x;3) = F(Bx) and F(z;7) = F(yx), for x € R. Further, suppose r(t) is decreasing in t.

Then, for p g q, B3 g ~, 0 g A pge&l, 0Xe D, B,y eDf and 0 < a <1, we have Vi (p, 0, 8) >g
Wo(g, A, 7).

5. Concluding Remarks

We have discussed some comparisons concerning finite a-mixture models, which may have important applications
in many research areas. Some natural generalizations of this paper should be considered in future work. First, it is
interesting to relax the assumption of Theorem 3.1 by means of the p-larger order [12]. Another possible extension
is to consider the results of Theorem 3.10 and Theorem 3.14 to the case when the size of underlying distributions
is arbitrary and greater than 2. Moreover, the extension of the finite a-mixture model to the case of the infinite
a-mixture model and its related model properties and comparisons also remain as an interesting problem. We leave
these ideas as open problems for further investigation.

References

[1] E. AMINI-SERESHT AND Y. ZHANG, Stochastic comparisons on two finite mizture models, Oper. Res. Lett.,
45 (2017), pp. 475-480.

[2] M. Asap1i, N. EBRAHIMI, O. KHARAZMI, AND E. S. SOOFI, Mixture models, Bayes Fisher information, and
divergence measures, IEEE Trans. Inform. Theory, 65 (2019), pp. 2316-2321.

[3] M. Asapi, N. EBRAHIMI, AND E. S. SOOF1, The a-mizture of survival functions, J. Appl. Probab., 56 (2019),
pp. 1151-1167.

[4] G. BARMALZAN, S. KOSARI, AND N. BALAKRISHNAN, Orderings of finite mizture models with location-scale
distributed components, Probab. Engrg. Inform. Sci., 36 (2022), pp. 461-481.

[5] J. H. CHA AND M. FINKELSTEIN, The failure rate dynamics in heterogeneous populations, Reliab. Eng. Syst.
Saf., 112 (2013), pp. 120-128.

[6] B. S. EVERITT AND D. J. HAND, Finite mixture distributions, Monographs on Applied Probability and
Statistics, Chapman & Hall, London-New York, 1981.

[7] M. FINKELSTEIN, Failure Rate Modelling for Reliability and Risk, Springer Series in Reliability Engineering,
Springer London, 1981.

[8] M. FINKELSTEIN AND V. ESAULOVA, Asymptotic behavior of a general class of mixture failure rates, Adv.
Appl. Prob., 38 (2006), pp. 244-262.

[9] ——, On mixture failure rates ordering, Comm. Statist. Theory Methods, 35 (2006), pp. 1943-1955.

[10] M. FrRANCO, N. BALAKRISHNAN, D. KUNDU, AND J.-M. V1Ivo, Generalized miztures of Weibull components,
TEST, 23 (2014), pp. 515-535.

[11] N. K. HAZRA AND M. FINKELSTEIN, On stochastic comparisons of finite miztures for some semiparametric
families of distributions, TEST, 27 (2018), pp. 988-1006.

[12] B.-E. KHALEDI AND S. KOCHAR, Dispersive ordering among linear combinations of uniform random variables,
J. Statist. Plann. Inference, 100 (2002), pp. 13-21.

[13] A. W. MARSHALL, I. OLKIN, AND B. C. ARNOLD, Inequalities: theory of majorization and its applications,
Springer Series in Statistics, Springer, New York, second ed., 2011.

[14] A. MULLER AND D. STOYAN, Comparison methods for stochastic models and risks, Wiley Series in Probability
and Statistics, John Wiley & Sons, Ltd., Chichester, 2002.

358



A. L. Razzagh et al., AUT J. Math. Comput., 7(8) (2026) 347-359, DOI:10.22060/AJMC.2025.23236.1244

[15] J. NAVARRO, Stochastic comparisons of generalized mixtures and coherent systems, TEST, 25 (2016), pp. 150—
169.

[16] M. SHAKED AND J. G. SHANTHIKUMAR, Stochastic orders, Springer Series in Statistics, Springer, New York,
2007.

[17] D. M. TITTERINGTON, A. F. M. SMITH, AND U. E. MAKOV, Statistical analysis of finite mixture distributions,
Wiley Series in Probability and Mathematical Statistics: Applied Probability and Statistics, John Wiley &
Sons, Ltd., Chichester, 1985.

[18] T. vAN ERVEN AND P. HARREMOES, Rényi divergence and Kullback-Leibler divergence, IEEE Trans. Inform.
Theory, 60 (2014), pp. 3797-3820.

Ageel Lazam Razzaq, Isaac Almasi, Ghobad Saadat Kia (Barmalzan), On stochastic com-
parisons of finite a-mixture of additive hazard rate models, AUT J. Math. Comput., 7(3)| g™
(2026) 347-359

https: //doi.org/10.22060/AJMC.2025.23236.1244

Please cite this article using;: E
I [ ]

yrki[e]
-

4

359



http://dx.doi.org/10.22060/AJMC.2025.23236.1244
https://ajmc.aut.ac.ir/article_5660.html

	Introduction
	Preliminaries
	-mixtures of additive hazard survival functions
	-mixtures of additive hazard distribution functions
	Concluding Remarks

