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ABSTRACT: Locating or resolving sets are introduced as a graph-theoretic
model of robot navigation and has different applications in diverse areas
like network discovery, computer science and chemistry. These applications
leads to some graph parameters, like the metric dimension and the adja-
cency dimension. A subset S of the vertices of a graph G is an adjacency
resolving set for G if for each pair of distinct vertices x, y ∈ V (G) \ S,
there exists s ∈ S which is adjacent to exactly one of these two vertices.
An adjacency resolving set with the minimum cardinality is called an ad-
jacency basis and its cardinality is the adjacency dimension of G. Since
the problem of computing the adjacency dimension of a graph is NP-hard,
finding the adjacency dimension of special classes of graphs or obtaining
good bounds on this invariant is valuable. In this paper we determine the
adjacency dimension of some famous star related trees.
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1. Introduction

Throughout this paper, we only consider simple graphs. At first, we collect some standard graph-theoretic termi-
nologies and notations in this section, see [13]. Let N denotes the set of all positive integers. Given a connected
graph G = (V,E) with vertex set V and edge set E, consider the function dG : V × V → N ∪ {0} where dG(x, y) is
the length of a shortest path between two vertices x and y in G. Clearly, (V, dG) is a metric space and the diameter
of a G is understood in this metric. An ordered vertex set S ⊆ V is said to be a metric generator for G if it is a
generator of the metric space (V, dG), i.e. each point of the space is uniquely determined by its distances from the
elements of S. A minimum metric generator is called a metric basis, and its cardinality is the metric dimension of
G, denoted by dim(G). Motivated by the problem of uniquely determining the location of an intruder in a network,
the concept of metric dimension of a graph was introduced by Slater in [23], where the metric generators were
called locating sets. The concept of metric dimension of a graph was also introduced independently by Harary and
Melter in [14], where metric generators were called resolving sets. Applications of this invariant to the navigation of
robots in networks are discussed in [19] and applications to chemistry in [18]. It is straightforward to see that when
n ≥ 2, for the complete graph Kn and the path Pn we have dim(Kn) = n− 1 and dim(Pn) = 1, respectively. In [3],
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it is shown that for the wheel graph we have dim(Wn) = ⌊ 2n+2
5 ⌋. This graph parameter was studied further in a

number of other papers including [4, 6, 21]. Several variations of metric generators including resolving dominating
sets [2], independent resolving sets [7], local resolving sets [20], 1-locating dominating sets [5], and strong resolving
sets [22]. have since been introduced and studied. Now consider the distance function d2 : V × V → N ∪ {0},
where d2(x, y) = min{dG(x, y), 2}. Let S = {s1, s2, . . . , sk} be a non empty ordered subset of V = V (G). For
each v ∈ V (G), the k-tuple ra(v|S) = (d2(v, s1), d2(v, s2), . . . , d2(v, sk)) is called the adjacency representation of v
with respect to S, and S is an adjacency resolving set (or an adjacency generator) for G if for each pair of distinct
vertices v1, v2 ∈ V (G) we have ra(v1|S) ̸= ra(v2|S). An adjacency resolving set with the minimum cardinality is
called an adjacency basis and its cardinality is the adjacency dimension of G which is denoted by adim(G), see [17].
It is easy to show that S is an adjacency resolving set for G if for each pair of different vertices x, y ∈ V (G) \ S we
have N [x]∩S ̸= N [y]∩S, or equivalently there exists si ∈ S which is adjacent to exactly one of these two vertices,
that is |N(si) ∩ {x, y}| = 1, where N(si) and N [si] denote the open neighborhood and the closed neighborhood of
the vertex si in G, respectively. Note that we have ra(v|S) = (2, 2, . . . , 2) just when N [v]∩S = ∅. Specially, S is an
adjacency resolving set for G if and only if it is an adjacency resolving set for its complement G, and consequently
adim(G) = adim(G). Also, note that for each graph G of diameter at most two, we have d2(x, y) = dG(x, y) and
hence, adim(G) = dim(G). Moreover, adim(Kn) = dim(Kn) and adim(Wn) = dim(Wn). This concept has been
studied further by many scientists. Fernau and Rodriguez-Velazquez in [10] and [11] have shown that the metric
dimension of the corona product of a graph of order n and some nontrivial graph H equals n times the adjacency
dimension of H, and they proved that the problem of computing the adjacency dimension is an NP -hard prob-
lem. This suggests finding the adjacency dimension for special classes of graphs or obtaining good bounds on this
invariant. To see more results in this subject or related subjects, the reader is referred to [1, 9, 15, 16].

2. Main results

In this section we determine the adjacency dimension of the following star related trees.

Definition 2.1 ([8]). An (n, k)−banana tree denoted by Bn,k is a tree obtained by connecting one leaf of n copies
of an k-star graph with a single root vertex (that is distinct from all stars). For example B6,5 is shown in Figure 1.

Definition 2.2 ([8]). An (n, k)-firecracker graph is a tree denoted by Fn,k and is obtained by the connection of n
k-stars by linking one leaf of each, see Figure 2.

Definition 2.3 ([12]). Consider the integers l1, l2, . . . , ln in which n ≥ 2 and li ≥ 2 for each i ∈ {1, 2, . . . , n}. The
graph obtained from the n stars K1,l1 ,K1,l2 , . . . ,K1,ln by joining the central vertices of K1,lj and K1,lj+1 to a new
vertex wj for j = 1, 2, 3, . . . , n− 1 is denoted by T (K1,l1 : K1,l2 : · · · : K1,ln), see Figure 3.

Definition 2.4 ([12]). Consider the integers l1, l2, . . . , ln in which n ≥ 2 and li ≥ 3 for each i ∈ {1, 2, . . . , n}.
The graph obtained from the n stars K1,l1 ,K1,l2 , . . . ,K1,ln by joining a leaf of K1,lj and a leaf of K1,lj+1 to a
new vertex wj by an edge, for each j = 1, 2, 3, . . . , n − 1, is denoted by T (K1,l1 ◦ K1,l2 ◦ · · · ◦ K1,ln). The graph
T (K1,5 ◦K1,5 ◦K1,6 ◦K1,4) is shown in Figure 4.

Definition 2.5 ([12]). Consider the integers l1, l2, . . . , ln in which n ≥ 2 and li ≥ 2 for each i ∈ {1, 2, . . . , n}.
The graph obtained by connecting a new vertex v0 to the central vertices of stars K1,l1 ,K1,l2 , . . . ,K1,ln is called the
shrub graph and it is denoted by St(l1, l2, . . . , ln). For example St(4, 3, 5) is shown in Figure 5.

In the following theorem, we determine the exact value of the adjacency dimension of a banana tree.

Theorem 2.6. Let n, k be two positive integers with k ≥ 4 and n ≥ 2. Then the adjacency dimension of the banana
tree Bn,k is given by adim(Bn,k) = n(k − 2).

Proof. Let the vertex set of Bn,k be

V (Bn,k) = {r} ∪

(
n⋃

i=1

{xi
1, x

i
2, . . . , x

i
k}

)
,

and its edge set be
E(Bn,k) = {rxi

k : 1 ≤ i ≤ n} ∪
{
xi
1x

i
2, x

i
1x

i
3, . . . , x

i
1x

i
k : 1 ≤ i ≤ n

}
,

see Figure 1. At first, we show that adim(Bn,k) ≤ n(k − 2). Let

W0 = {r, x1
1, x

2
1, x

3
1, . . . , x

n−1
1 } ∪

(
n⋃

i=1

{xi
2, x

i
3, . . . , x

i
k−2}

)
.
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Figure 1: The banana tree B6,5.

Note that for each 1 ≤ i ≤ n, vertices xi
2, x

i
3, . . . , x

i
k−1 are twins. Also, we have

V (Bn,k) \W0 = {xn
1} ∪ {x1

k−1, x
2
k−1, x

3
k−1, . . . , x

n
k−1} ∪ {x1

k, x
2
k, x

3
k, . . . , x

n
k}.

Note that k − 2 ≥ 2, xn
2 ∈ W0 and xn

1 is the unique vertex adjacent to xn
2 . Thus, x

n
1 is adjacently resolved from all

other vertices. For each 1 ≤ i ≤ n − 1, xi
k−1 is adjacent just to xi

1 ∈ W0 and xi
k is adjacent to both xi

1 ∈ W0 and
r ∈ W0. The vertex xn

k−1 is the unique vertex with adjacency representation (2, 2, . . . , 2), and xn
k is adjacent just

to r. Therefore, W0 is an adjacency resolving set for Bn,k and hence, adim(Bn,k) ≤ |W0| = n(k − 2).
Now let B be an adjacency basis for the banana tree Bn,k. We show that adim(Bn,k) ≥ n(k − 2), which will

complete the proof. Note that for each 1 ≤ i ≤ n, vertices {xi
2, x

i
3, . . . , x

i
k−1} are twins and hence,

|B ∩ {xi
2, x

i
3, . . . , x

i
k−1}| ≥ (k − 3).

This implies that ∣∣∣∣B ∩

(
n⋃

i=1

{xi
2, x

i
3, . . . , x

i
k−1}

)∣∣∣∣ ≥ n(k − 3).

Without loss of generality, we can assume that {xi
2, x

i
3, . . . , x

i
k−2} ⊆ B for each 1 ≤ i ≤ n. Now consider the

following two cases.

Case 1. r /∈ B.
In this case, if B ∩ {xi

1, x
i
k−1, x

i
k} = ∅ for some i ∈ {1, 2, . . . , n}, then we have

ra(x
i
k−1|B) = (2, 2, . . . , 2) = ra(x

i
k|B),

which is a contradiction. Hence, |B ∩ {xi
1, x

i
k−1, x

i
k}| ≥ 1 for each i ∈ {1, 2, . . . , n}, and this implies that

|B| ≥ n(k − 3) + n = n(k − 2).

Case 2. r ∈ B.
In this case, if B ∩ {xi

k, x
i
1, x

j
k, x

j
1} = ∅ for some i ̸= j, then ra(x

i
k|B) = ra(x

j
k|B), which is a contradiction. Thus,

for i ̸= j we have |B ∩ {xi
k, x

i
1, x

j
k, x

j
1}| ≥ 1 and this implies that∣∣∣∣B ∩

(
n⋃

i=1

{xi
k, x

i
1}

)∣∣∣∣ ≥ n− 1.

Thus,
|B| ≥ n(k − 3) + 1 + (n− 1) = n(k − 2).

Therefore, in each case we have |B| ≥ n(k − 2) which completes the proof. □

Corollary 2.7. If B is an adjacency basis for the banana tree Bn,k, then the root vertex is in B.

Proof. By using the same notations applied in the proof of Theorem 2.6, assume on the contrary that there exists
an adjacency basis B for Bn,k such that r /∈ B. We know that for each 1 ≤ i ≤ n, vertices xi

2, x
i
3, . . . , x

i
k−1 are

twins. Hence,
|B ∩ {xi

2, x
i
3, . . . , x

i
k−1}| ≥ (k − 3),
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and without loss of generality, we can assume that {xi
2, x

i
3, . . . , x

i
k−2} ⊆ B. Specially, we see that∣∣∣∣B ∩

(
n⋃

i=1

{xi
2, x

i
3, . . . , x

i
k−1}

)∣∣∣∣ ≥ n(k − 3).

If {xi
1, x

i
k−1, x

i
k} ∩B = ∅ for some i, then

N [xi
k−1] ∩B = ∅ = N [xi

k] ∩B,

which is a contradiction. Thus, for each 1 ≤ i ≤ n we have |{xi
1, x

i
k−1, x

i
k} ∩B| ≥ 1. Hence,∣∣∣∣B ∩

(
n⋃

i=1

{xi
1, x

i
k−1, x

i
k}

)∣∣∣∣ ≥ n,

which implies that |B| ≥ n(k− 3)+n = n(k− 2). Since adim(Bn,k) = n(k− 2) by Theorem 2.6, for each 1 ≤ i ≤ n
we must have |{xi

1, x
i
k−1, x

i
k} ∩B| = 1.

If {xi
1, x

i
k−1, x

i
k} ∩B = {xi

1} for some i, then

N [xi
k−1] ∩B = {xi

1} = N [xi
k] ∩B,

which is a contradiction. This means that for each 1 ≤ i ≤ n we have B ∩ {xi
1, x

i
k−1, x

i
k} = {xi

k−1} or B ∩
{xi

1, x
i
k−1, x

i
k} = {xi

k−1}, and hence ra(x
j
k|B) = (2, 2, . . . , 2) or ra(x

j
k−1|B) = (2, 2, . . . , 2), respectively. Therefore,

there exists at least n ≥ 2 vertices whose representations with respect to B is (2, 2, . . . , 2), a contradiction. Thus,
we must have r ∈ B. □

The adjacency dimension of firecracker graphs is investigated and determined in the following result.

Theorem 2.8. Let n,k be two positive integers with k ≥ 4 and n ≥ 2. Then the adjacency dimension of the
firecracker graph is given by

adim(Fn,k) = n(k − 2) +
⌈n
3

⌉
− 1.

Proof. Let the vertex set of Fn,k be

V (Fn,k) =

n⋃
i=1

{xi
1, x

i
2, . . . , x

i
k},

and its edge set be as (see Figure 2)

E(Fn,k) = {xi
kx

i+1
k : 1 ≤ i ≤ n− 1} ∪

{
xi
1x

i
2, x

i
1x

i
3, . . . , x

i
1x

i
k : 1 ≤ i ≤ n

}
.

For n = 3t+ 1 or n = 3t+ 2, let

W0 = {x1
1, x

2
1, x

3
1, . . . , x

n−1
1 } ∪

(
n⋃

i=1

{xi
2, x

i
3, . . . , x

i
k−2}

)
∪ {x3i+1

k ; 0 ≤ i ≤ t},

and for n = 3t, let

W0 = {x1
1, x

2
1, x

3
1, . . . , x

n−1
1 } ∪

(
n⋃

i=1

{xi
2, x

i
3, . . . , x

i
k−2}

)
∪ {x3i+2

k ; 0 ≤ i ≤ t− 1}.

It is easy to check that W0 is an adjacency resolving set for Fn,k and hence,

adim(Fn,k) ≤ |W0| = (n− 1) + n(k − 3) +
⌈n
3

⌉
= n(k − 2) +

⌈n
3

⌉
− 1.

In what follows, we show that adim(Fn,k) ≥ n(k − 2) +
⌈
n
3

⌉
− 1, which will complete the proof. Let B

be an adjacency basis for Fn,k and hence, adim(Fn,k) = |B|. Note that for each i ∈ {1, 2, . . . , n}, vertices
{xi

2, x
i
3, . . . , x

i
k−1} are twins and hence |B ∩ {xi

2, x
i
3, . . . , x

i
k−1}| ≥ k − 3. Without loss of generality, we may

assume that {xi
2, x

i
3, . . . , x

i
k−2} ⊆ B. Specially we have∣∣∣∣B ∩

(
n⋃

i=1

{xi
2, x

i
3, . . . , x

i
k−1}

)∣∣∣∣ ≥ n(k − 3). (1)
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Figure 2: The firecracker graph F6,5.

If {xi
1, x

i
k−1, x

i
k} ⊆ B for some i, then B\{xi

1} is an adjacency resolving set for Fn,k which contradicts the minimality
of B. Thus, |B∩{xi

1, x
i
k−1, x

i
k}| ≤ 2 for each i ∈ {1, 2, . . . , n}. Moreover, if we have {xi

1, x
i
k−1} ⊆ B for some i, then

we can replace B by (B \ {xi
1}) ∪ {xi

k}. Hence, we may assume that |B ∩ {xi
1, x

i
k−1}| ≤ 1 for each i ∈ {1, 2, . . . , n}.

If B ∩ {xi
1, x

i
k−1, x

j
1, x

j
k−1} = ∅ for some i ̸= j, then we obtain

N [xi
k−1] ∩B = ∅ = N [xj

k−1] ∩B,

which is a contradiction. Thus, for each i ̸= j we have

|B ∩ {xi
1, x

i
k−1, x

j
1, x

j
k−1}| ≥ 1.

Therefore, there exists at most one i ∈ {1, 2, . . . , n} such that |B ∩ {xi
1, x

i
k−1}| = 0. Thus, one of the following two

cases may occur.
Case 1. There exists unique 1 ≤ i ≤ n such that |B ∩ {xi

1, x
i
k−1}| = 0.

In this case, we have N [xi
k−1] ∩B = ∅ and

∣∣∣∣B ∩

 ⋃
1≤j≤n, j ̸=i

{xj
1, x

j
k−1}

∣∣∣∣ = n− 1. (2)

Since B is an adjacency basis, we must have N [xi
k] ∩B ̸= N [xi

k−1] ∩B and hence, |B ∩N [xi
k]| ≥ 1. Since xi

1 /∈ B,

|B∩(N [xi
k]\{xi

1})| ≥ 1. If xj
1 ∈ B for some j ̸= i, then xj

k−1 /∈ B and the inequality N [xj
k]∩B ̸= N [xj

k−1]∩B implies

that |B∩(N [xj
k]\{x

j
1})| ≥ 1. If xj

k−1 ∈ B for some j ̸= i, then xj
1 /∈ B and the inequalityN [xj

k]∩B ̸= N [xi
k−1]∩B = ∅

implies that |B ∩ (N [xj
k] \ {x

j
1})| ≥ 1.

Therefore, for each j ∈ {1, 2, . . . , n} we have |B ∩ (N [xj
k] \ {x

j
1})| ≥ 1. Hence, for every 2 ≤ j ≤ n− 1 we must have

|B ∩ {xj−1
k , xj

k, x
j+1
k }| ≥ 1 which implies that

|B ∩ {x1
k, x

2
k, . . . , x

n
k}| ≥

⌈n
3

⌉
. (3)

Now from (1), (2) and (3) we get

|B| ≥ (n− 1) + n(k − 3) +
⌈n
3

⌉
,

which completes the proof in this case.
Case 2. For each 1 ≤ i ≤ n, |B ∩ {xi

1, x
i
k−1}| = 1.

In this case we see that ∣∣∣∣B ∩

(
n⋃

i=1

{xi
1, x

i
k−1}

)∣∣∣∣ = n.

Let Ω = {i : 1 ≤ i ≤ n, xi
1 ∈ B}. If i ∈ Ω, then xi

k−1 /∈ B and the inequality N [xi
k] ∩ B ̸= N [xi

k−1] ∩ B implies
that |B ∩ (N [xi

k] \ {xi
1})| ≥ 1.

If there exist i ̸= j such that {i, j} ⊆ {1, 2, . . . , n}, {i, j} ∩ Ω = ∅ and

B ∩
(
(N [xi

k] \ {xi
1}) ∪ (N [xj

k] \ {x
j
1})
)
= ∅,

then we have N [xi
k] ∩ B = ∅ = N [xj

k] ∩ B which is a contradiction. Thus there exists at most one integer
i ∈ {1, 2, . . . , n} \ Ω such that B ∩ (N [xi

k] \ {xi
1}) = ∅.

Therefore, there exists at most one integer i ∈ {1, 2, . . . , n}, such that B ∩ (N [xi
k] \ {xi

1}) = ∅. This means that

|B ∩ {x1
k, x

2
k, . . . , x

n
k}| ≥

⌈n
3

⌉
− 1,
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and hence,

|B| ≥ n(k − 3) + n+
⌈n
3

⌉
− 1,

as desired. The proof is complete. □

In the following theorem, the adjacency dimension of T (K1,l1 :K1,l2 : · · · :K1,ln) is determined based on the
number of stars and the number of leaves of each star.

Theorem 2.9. The adjacency dimension of the graph G = T (K1,l1:K1,l2: · · · :K1,ln) (see Figure 3) is

adim(G) = n+Σn
i=1(li − 1).

Proof. Assume that

V (G) = {w1, w2, . . . , wn−1} ∪

(
n⋃

i=1

{ri, xi
1, x

i
2, . . . , x

i
li}

)
,

and

E(G) =

(
n⋃

i=1

{rixi
1, rix

i
2, . . . , rix

i
li}

)
∪

(
n−1⋃
i=1

{wiri, wiri+1}

)
.

Let

W0 = {r1, r2, . . . , rn} ∪

(
n⋃

i=1

{xi
1, x

i
2, . . . , x

i
li−1}

)
.

Note that N [wi] ∩ B = {ri, ri+1} for each i ∈ {1, 2, . . . , n − 1} and N [xj
lj
] ∩ B = {rj} for each j ∈ {1, 2, . . . , n}.

Thus W0 is an adjacency resolving set for G and hence,

adim(G) ≤ |W0| = n+Σn
i=1(li − 1).

Now suppose that B is an adjacency basis for G. Since vertices xi
1, x

i
2, . . . , x

i
li
are twins for each i ∈ {1, 2, . . . , n}, we

must have |B∩{xi
1, x

i
2, . . . , x

i
li
}| ≥ li−1. Without loss of generality, we can suppose that {xi

1, x
i
2, . . . , x

i
li−1} ⊆ B for

each i ∈ {1, 2, . . . , n}, and hence |B| ≥
∑n

i=1(li−1). Since B is an adjacency basis for G and N [xi
li
]∩B ̸= N [xj

lj
]∩B

when i ̸= j, we obtain |B ∩ {ri, xi
li
, rj , x

j
lj
}| ≥ 1. This implies that

|B ∩ {r1, x1
l1 , r2, x

2
l2 , . . . , rn, x

n
ln}| ≥ n− 1.

If |B ∩ {w1, w2, . . . , wn}| ≥ 1, then we obtain

|B| ≥
n∑

i=1

(li − 1) + (n− 1) + 1 = n+

n∑
i=1

(li − 1),

which leads to the identity adim(G) = n +
∑n

i=1(li − 1) and completes the proof. Similarly, if |B ∩ {ri, xi
li
}| ≥ 1

for each i ∈ {1, 2, . . . , n}, then we see that |B| ≥
∑n

i=1(li − 1) + n. Also, if there exists i ∈ {1, 2, . . . , n} such that
{ri, xi

li
} ⊆ B, then we obtain |B| ≥

∑n
i=1(li − 1) + n which completes the proof.

Hence, hereafter we must assume that B ∩ {w1, w2, . . . , wn} = ∅, |B ∩ {ri, xi
li
}| ̸= 2 for each i ∈ {1, 2, . . . , n}, and

there exists j ∈ {1, 2, . . . , n} such that B ∩{rj , xj
lj
} = ∅. In the following we show that this is impossible. Consider

the following two cases:

Case 1. j = 1.
If r2 /∈ B, then N [w1] ∩ B = ∅ = N [x1

l1
] ∩ B, a contradiction. Thus, r2 ∈ B and hence x2

l2
/∈ B. This implies that

N [w1] ∩B) = {r2} = N [x2
l2
] ∩B, a contradiction.

Case 2. j ̸= 1.
If rj−1 /∈ B, then N [wj−1] ∩ B = ∅ = N [xj

lj
] ∩ B, a contradiction. Thus, rj−1 ∈ B and hence xj−1

lj−1
/∈ B. This

implies that
N [wj−1] ∩B = {rj−1} = N [xj−1

lj−1
] ∩B,

a contradiction. □

For the adjacency dimension of graphs defined in Definition 4 we have the following theorem.

Theorem 2.10. adim(T (K1,l1 ◦K1,l2 ◦ · · · ◦K1,ln)) = (Σn
i=1li)− n.
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4 x4
1 x4

2 x4
3

Figure 3: T (K1,3 : K1,2 : K1,4 : K1,3)

Proof. Let G = T (K1,l1 ◦K1,l2 ◦ · · · ◦K1,ln) and assume that (see Figure 4)

V (G) = {w1, w2, . . . , wn−1} ∪ {x1
0, x

2
0, . . . , x

n
0} ∪

(
n⋃

i=1

{xi
1, x

i
2, . . . , x

i
li}

)
,

and

E(G) =

(
n⋃

i=1

{xi
0x

i
1, x

i
0x

i
2, . . . , x

i
0x

i
li}

)
∪

(
n−1⋃
i=1

{wix
i
li , wix

i+1
1 }

)
.

At first, let (see Figure 4)

W0 = {w1, w2, . . . , wn−1} ∪ {x1
0, x

2
0, . . . , x

n−1
0 } ∪ {x1

1, x
1
2, . . . , x

1
l1−2}

∪

(
n−1⋃
i=2

{xi
2, x

i
3, . . . , x

i
li−2}

)
∪ {xn

3 , x
n
4 , . . . , x

n
ln}.

Note that

|W0| = 2(n− 1) + (l1 − 2) + Σn−1
i=2 (li − 3) + (ln − 2) = (Σn

i=1li)− n.

It is straightforward to see that W0 is an adjacency resolving set for G and hence,

adim(G) ≤ |W0| = (Σn
i=1li)− n.

Suppose that B is an adjacency basis for G. In the first star l1 − 1 leaves are twins, in the i-th star li − 2 leaves are
twins for each i ∈ {2, 3, . . . , n− 1}, and in the last star ln − 1 leaves are twins. Thus

|B ∩ {x1
1, x

1
2, . . . , x

1
l1−1}| ≥ l1 − 2, |B ∩ {xn

2 , x
n
3 , . . . , x

n
ln})| ≥ ln − 2,

and

|B ∩ (∪n−1
i=2 {x

i
2, x

i
3, . . . , x

i
li−1)}| ≥ Σn−1

i=2 (li − 3).

Hence, we obtain
|B| ≥ (l1 − 2) + (ln − 2) + (Σn−1

i=2 (li − 3)) = (Σn
i=1li)− 3n+ 2.

Moreover, without loss of generality we can assume that

{x1
1, x

1
2, . . . , x

1
l1−2} ⊆ B, {xn

3 , x
n
4 , . . . , x

n
ln} ⊆ B,

and
{xi

2, x
i
3, . . . , x

i
li−2} ⊆ B

for each 2 ≤ i ≤ n− 1. Let

y1 = x1
l1−1, y2 = x2

l2−1, . . . , yn−1 = xn−1
ln−1−1, yn = xn

2 .

If B ∩ {xi
0, yi, x

j
0, yj} = ∅ for some i ̸= j, then N [yi] ∩B = ∅ = N [yj ] ∩B, which is a contradiction. Thus, for each

i ̸= j we must have |B ∩ {xi
0, yi, x

j
0, yj}| ≥ 1 and hence,∣∣∣∣B ∩

(
n⋃

i=1

{xi
0, yi, x

j
0, yj}

)∣∣∣∣ ≥ n− 1.
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If B ∩ {xi
li
, wi, x

i+1
1 } = ∅ for some i, then N [wi] ∩ B = ∅. Since B is an adjacency basis for G, for each i ̸= j we

must have |B ∩ {xi
li
, wi, x

i+1
1 }| ≥ 1 or |B ∩ {xj

lj
, wj , x

j+1
1 }| ≥ 1. Hence,

∣∣∣∣B ∩

(
n−1⋃
i=1

{xi
li , wi, x

i+1
1 }

)∣∣∣∣ ≥ n− 2.

These facts imply that

|B| ≥
(
(Σn

i=1li)− 3n+ 2
)
+ (n− 1) + (n− 2) = (Σn

i=1li)− n− 1.

But, since B ∩{xi
li
, wi, x

i+1
1 } = ∅ and B ∩{xj

0, yj} = ∅, where i ∈ {1, 2, . . . , n− 1} and j ∈ {1, 2, . . . , n}, lead to the
contradction N [wi] ∩B = ∅ = N [yj ] ∩B, actually one more vertex must be in B and hence,

|B| ≥ (Σn
i=1li)− n,

which completes the proof. □

x1
1 x1

2 x1
3 x1

4

x1
0

x1
5

w1

x2
1

x2
0

x2
2 x2

3 x2
4

x2
5

w2

x3
1

x3
0

x3
2 x3

3 x3
4 x3

5

x3
6

w3

x4
1

x4
0

x4
2 x4

3 x4
4

Figure 4: T (K1,5 ◦K1,5 ◦K1,6 ◦K1,4)

Finally, in what follows we determine adim(G) when G is a shrub graph.

Theorem 2.11. The adjacency dimension of the shrub graph is given by

adim
(
St(l1, l2, . . . , ln)

)
=

{
(
∑n

i=1 li)− 1 n ≥ 3
l1 + l2 n = 2.

Proof. Let G = St(l1, l2, . . . , ln). Assume that V (G) = {v0} ∪
(
∪n
i=1 {xi

0, x
i
1, . . . , x

i
li
}
)
and (see Figure 5)

E(G) =
(
∪n
i=1 {v0xi

0}
)
∪
(
∪n
i=1 {xi

0x
i
1, x

i
0x

i
2, . . . , x

i
0x

i
li}
)
.

If n ≥ 3, then let
W0 = {x1

0, x
2
0, . . . , x

n−1
0 } ∪

(
∪n
i=1 {xi

1, x
i
2, . . . , x

i
li−1}

)
.

In this case, it is easy to check that W0 is an adjacency resolving set for St(l1, l2, . . . , ln) and hence,

adim(St(l1, l2, . . . , lr)) ≤ |W0| = (n− 1) +

n∑
i=1

(li − 1) =
( n∑
i=1

li
)
− 1.

If n = 2, then let
W0 = {x1

0, x
2
0} ∪ {x1

1, x
1
2, . . . , x

1
l1−1} ∪ {x2

1, x
2
2, . . . , x

2
l2−1}.

Again, W0 is an adjacency resolving set for St(l1, l2) and hence,

adim(St(l1, l2)) ≤ |W0| = l1 + l2.

Thus, in both cases the upper bounds for adim(G) are obtained.
Now let B be an adjacency basis for St(l1, l2, . . . , ln). For each 1 ≤ i ≤ r, the vertices {xi

1, x
i
2, . . . , x

i
li
} are

twins. Thus, |B ∩ {xi
1, x

i
2, . . . , x

i
li
}| ≥ li − 1 for each 1 ≤ i ≤ n. Without loss of generality, we can assume that

{xi
1, . . . , x

i
li−1} ⊆ B. Therefore,

n⋃
i=1

{xi
1, x

i
3, . . . , x

i
li−1} ⊆ B, |B| ≥

n∑
i=1

(li − 1).
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Figure 5: st(4, 3, 5)

If we have B ∩ {xi
0, x

i
li
, xj

0, x
j
lj
} = ∅ for some i ̸= j, then we obtain N [xi

li
] ∩ B = ∅ = N [xj

lj
] ∩ B, which is a

contradiction. Thus, for each i ̸= j, |B ∩ {xi, xi
li
, xj , xj

lj
}| ≥ 1. This implies that∣∣∣∣B ∩ {

n⋃
i=1

{xi
0, x

i
li}}

∣∣∣∣ ≥ n− 1.

Therefore,

|B| ≥
n∑

i=1

(li − 1) + (n− 1) =
( n∑
i=1

li
)
− 1.

For the case n ≥ 3 the lower bound is also obtained and the proof is complete.
Now assume that n = 2. If |B| = (l1 + l2)− 1, then we have

|B ∩ {x1
0, x

1
l1 , x

2
0, x

2
l2}| = 1.

If B ∩ {x1
0, x

1
l1
, x2

0, x
2
l2
} = {x1

0}, then N [v0] ∩B = {x1
0} = N [x1

l1
] ∩B, a contradiction.

If B ∩ {x1
0, x

1
l1
, x2

0, x
2
l2
} = {x1

l1
}, then N [v0] ∩B = ∅ = N [x2

l2
] ∩B, a contradiction.

If B ∩ {x1
0, x

1
l1
, x2

0, x
2
l2
} = {x2

0}, then N [v0] ∩B = {x2
0} = N [x2

l2
] ∩B, a contradiction.

If B ∩ {x1
0, x

1
l1
, x2

0, x
2
l2
} = {x2

l2
}, then N [v0] ∩B = ∅ = N [x1

l1
] ∩B, a contradiction.

These contradictions show that |B ∩ {x1
0, x

1
l1
, x2

0, x
2
l2
}| ≥ 2 and hence, |B| = (l1 + l2) as desired. □
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[11] H. Fernau and J. A. Rodŕıguez-Velázquez, On the (adjacency) metric dimension of corona and strong
product graphs and their local variants: combinatorial and computational results, Discrete Appl. Math., 236
(2018), pp. 183–202.

[12] J. A. Gallian, A dynamic survey of graph labeling, Electron. J. Combin., 5 (1998), pp. Dynamic Survey 6,
43.

[13] F. Harary, Graph theory, Addison-Wesley Publishing Co., Reading, Mass.-Menlo Park, Calif.-London, 1969.

[14] F. Harary and R. A. Melter, On the metric dimension of a graph, Ars Combin., 2 (1976), pp. 191–195.

[15] S. Heidarkhani Gilani, R. Mirzaie, and E. Vatandoost, A remark on the metric dimension in Rieman-
nian manifolds of constant curvature, AUT J. Math. Comput., 6 (2025), pp. 171–176.

[16] M. Jannesari, Graphs with constant adjacency dimension, Discrete Math. Algorithms Appl., 14 (2022),
pp. Paper No. 2150134, 9.

[17] M. Jannesari and B. Omoomi, The metric dimension of the lexicographic product of graphs, Discrete Math.,
312 (2012), pp. 3349–3356.

[18] M. Johnson, Structure-activity maps for visualizing the graph variables arising in drug design, J Biopharm
Stat., 3 (1993), pp. 203–236.

[19] S. Khuller, B. Raghavachari, and A. Rosenfeld, Landmarks in graphs, Discrete Appl. Math., 70 (1996),
pp. 217–229.

[20] F. Okamoto, B. Phinezy, and P. Zhang, The local metric dimension of a graph, Math. Bohem., 135
(2010), pp. 239–255.

[21] V. Saenpholphat and P. Zhang, Conditional resolvability in graphs: a survey, Int. J. Math. Math. Sci.,
(2004), pp. 1997–2017.
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