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1. Introduction

Throughout this paper, we only consider simple graphs. At first, we collect some standard graph-theoretic termi-
nologies and notations in this section, see [13]. Let N denotes the set of all positive integers. Given a connected
graph G = (V, E) with vertex set V' and edge set E, consider the function dg : V x V. — NU {0} where dg(x,y) is
the length of a shortest path between two vertices « and y in G. Clearly, (V,d¢) is a metric space and the diameter
of a G is understood in this metric. An ordered vertex set S C V is said to be a metric generator for G if it is a
generator of the metric space (V,dq), i.e. each point of the space is uniquely determined by its distances from the
elements of S. A minimum metric generator is called a metric basis, and its cardinality is the metric dimension of
G, denoted by dim(G). Motivated by the problem of uniquely determining the location of an intruder in a network,
the concept of metric dimension of a graph was introduced by Slater in [23], where the metric generators were
called locating sets. The concept of metric dimension of a graph was also introduced independently by Harary and
Melter in [14], where metric generators were called resolving sets. Applications of this invariant to the navigation of
robots in networks are discussed in [19] and applications to chemistry in [18]. It is straightforward to see that when
n > 2, for the complete graph K,, and the path P, we have dim(K,) = n —1 and dim(P,) = 1, respectively. In [3],
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it is shown that for the wheel graph we have dim(W,,) = L2"—;'2J This graph parameter was studied further in a
number of other papers including [4, 6, 21]. Several variations of metric generators including resolving dominating
sets [2], independent resolving sets [7], local resolving sets [20], 1-locating dominating sets [5], and strong resolving
sets [22]. have since been introduced and studied. Now consider the distance function dp : V' x V. — N U {0},
where da(z,y) = min{dg(z,y),2}. Let S = {s1,s2,...,5x} be a non empty ordered subset of V.= V(G). For
each v € V(G), the k-tuple 74 (v]S) = (da(v, 51),d2(v, $2),...,da(v, sx)) is called the adjacency representation of v
with respect to S, and S is an adjacency resolving set (or an adjacency generator) for G if for each pair of distinct
vertices v1,v2 € V(G) we have r,(v1]S) # r4(v2|S). An adjacency resolving set with the minimum cardinality is
called an adjacency basis and its cardinality is the adjacency dimension of G which is denoted by adim(G), see [17].
It is easy to show that S is an adjacency resolving set for G if for each pair of different vertices z,y € V(G) \ S we
have N[z] NS # N[y] NS, or equivalently there exists s; € S which is adjacent to exactly one of these two vertices,
that is |N(s;) N {z,y}| = 1, where N(s;) and N[s;] denote the open neighborhood and the closed neighborhood of
the vertex s; in G, respectively. Note that we have r,(v|S) = (2,2,...,2) just when N[v]NS = 0. Specially, S is an
adjacency resolving set for G if and only if it is an adjacency resolving set for its complement G, and consequently
adim(G) = adim(G). Also, note that for each graph G of diameter at most two, we have da(z,y) = dg(z,y) and
hence, adim(G) = dim(G). Moreover, adim(K,) = dim(K,,) and adim(W,,) = dim(W,,). This concept has been
studied further by many scientists. Fernau and Rodriguez-Velazquez in [10] and [11] have shown that the metric
dimension of the corona product of a graph of order n and some nontrivial graph H equals n times the adjacency
dimension of H, and they proved that the problem of computing the adjacency dimension is an N P-hard prob-
lem. This suggests finding the adjacency dimension for special classes of graphs or obtaining good bounds on this
invariant. To see more results in this subject or related subjects, the reader is referred to [1, 9, 15, 16].

2. Main results

In this section we determine the adjacency dimension of the following star related trees.

Definition 2.1 ([8]). An (n,k)—banana tree denoted by By, 1 is a tree obtained by connecting one leaf of n copies
of an k-star graph with a single root vertex (that is distinct from all stars). For example Bg 5 is shown in Figure 1.

Definition 2.2 ([8]). An (n,k)-firecracker graph is a tree denoted by F,, i, and is obtained by the connection of n
k-stars by linking one leaf of each, see Figure 2.

Definition 2.3 ([12]). Consider the integers ly,la, ... 1, in whichn > 2 and l; > 2 for eachi € {1,2,...,n}. The
graph obtained from the n stars Ky, Ki4,,...,K1,, by joining the central vertices of K1, and K1, , to a new
vertex w; for j =1,2,3,...,n—1 is denoted by T(K1,, : K14, : -+ : K1), see Figure 3.

Definition 2.4 ([12]). Consider the integers ly,la, ... 1L, in which n > 2 and l; > 3 for each i € {1,2,...,n}.
The graph obtained from the n stars Ky, Ki1,,...,K1,, by joining a leaf of K1, and a leaf of Ky, to a

J+1
new vertex w; by an edge, for each j = 1,2,3,...,n— 1, is denoted by T(K1,4, o K14, 0---0Ky;,). The graph
T(K150Kq50K60K4) is shown in Figure 4.

Definition 2.5 ([12]). Consider the integers ly,la, ... 1, in which n > 2 and l; > 2 for each i € {1,2,...,n}.
The graph obtained by connecting a new vertex vy to the central vertices of stars K11, K1,,,...,K1,, is called the
shrub graph and it is denoted by St(l1,la,...,1,). For example St(4,3,5) is shown in Figure 5.

In the following theorem, we determine the exact value of the adjacency dimension of a banana tree.

Theorem 2.6. Letn,k be two positive integers with k > 4 and n > 2. Then the adjacency dimension of the banana
tree By, 1 is given by adim(B,, 1) = n(k — 2).

Proof. Let the vertex set of By, ;, be

V(Bn7k) - {T} U (U{le, xéa e 733;6}) ’
i=1
and its edge set be 4 - o
E(Bpny) = {rzj : 1 <i<n}U{ziah,alah, ... 2z}, : 1<i<n},
see Figure 1. At first, we show that adim(B,, ;) < n(k — 2). Let

n
_ 1,2 .3 n—1 ) i
WO - {r7$15x17x1a'-'7x1 }U <U{$2,$3,...,$k2}> .
i=1
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Figure 1: The banana tree Bg 5.

Note that for each 1 < i < n, vertices ab,z%, ... 7352—1 are twins. Also, we have
n 1 2 3 n 1 2 3 n
V(B”Jf) \ WO = {'Tl } ) {xk—hxk—hxk—lv s 7'Tk—1} U {xkﬂxkv 'rkv SR 7xk}'

Note that k —2 > 2, 23 € Wy and «7 is the unique vertex adjacent to z%. Thus, z7 is adjacently resolved from all
other vertices. For each 1 <i <n—1, i , is adjacent just to z{ € Wy and z% is adjacent to both z{ € Wy and
r € Wy. The vertex z}_, is the unique vertex with adjacency representation (2,2,...,2), and z} is adjacent just
to r. Therefore, Wy is an adjacency resolving set for By, ;; and hence, adim(B,, 1) < |[Wp| = n(k — 2).

Now let B be an adjacency basis for the banana tree B, ;. We show that adim(B,, ;) > n(k — 2), which will
complete the proof. Note that for each 1 < i < n, vertices {z4, 2%, . .. 75‘72—1} are twins and hence,

|BN{xh,ab, ...zt } > (k—3).

This implies that

‘B N (g{xg,xg, . ,z;;_l}> ' > n(k —3).

Without loss of generality, we can assume that {z%,z%,...,2¢ ,} C B for each 1 < i < n. Now consider the
following two cases.

Case 1. r ¢ B.

In this case, if BN {z%,2i_,,zi} =0 for some i € {1,2,...,n}, then we have

TG(IZ—1|B) = (2a 2, 2) = Ta(lﬂB)’
which is a contradiction. Hence, |B N {z%, 2} |, 2%} > 1 for each i € {1,2,...,n}, and this implies that
|IB| > n(k —3) +n=n(k—2).

Case 2. r € B. o ‘
In this case, if BN {x%,xﬁ,xfc,x{} = () for some i # j, then rq(z}|B) = r4(z7,|B), which is a contradiction. Thus,
for i # j we have |B N {x}, 2}, 2,27} > 1 and this implies that

’B N (U{x@,xﬁ}) ‘ >n—1
i=1
Thus,
Bl >n(k—=3)+1+(n—-1)=n(k—2).
Therefore, in each case we have |B| > n(k — 2) which completes the proof. O

Corollary 2.7. If B is an adjacency basis for the banana tree By, i, then the root vertex is in B.

Proof. By using the same notations applied in the proof of Theorem 2.6, assume on the contrary that there exists
an adjacency basis B for B, j such that r ¢ B. We know that for each 1 < ¢ < n, vertices x},x5,...,x},_, are

twins. Hence, o '
|B N {xévmév cee 7$;c71}‘ > (k - 3)7
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and without loss of generality, we can assume that {z4, 2%, ... ,x};_g} C B. Specially, we see that
n
‘B N (U{xé,xé, e ,x}cl}> ‘ > n(k —3).
i=1
If {z¢, 21 |, 2t} N B =0 for some i, then
Nzt _,JNnB=0= N[z,]NB,
which is a contradiction. Thus, for each 1 <14 < n we have |{z},2} |, zi} N B| > 1. Hence,
n
’B N (U{wﬁ,le,x}c}>‘ >n,
i=1

which implies that |B| > n(k — 3) +n = n(k — 2). Since adim(B,, ;) = n(k —2) by Theorem 2.6, for each 1 <i <n
we must have |{z},zi |, zi}NB|=1.
If {z},2}_, 2t} N B = {z}} for some i, then

N[z} 11N B = {21} = N[z}] n B,

which is a contradiction. This means that for each 1 < i < n we have B N {z%,z} |, 2t} = {2i_,} or BN
{ot, 2} |, 2t} = {2} _,}, and hence rq(z}|B) = (2,2,...,2) or ro(x]_,|B) = (2,2,...,2), respectively. Therefore,
there exists at least n > 2 vertices whose representations with respect to B is (2,2,...,2), a contradiction. Thus,
we must have r € B. (]

The adjacency dimension of firecracker graphs is investigated and determined in the following result.
Theorem 2.8. Let n,k be two positive integers with k > 4 and n > 2. Then the adjacency dimension of the

firecracker graph is given by
n

adim(F, ;) = n(k — 2) + [g] 1
Proof. Let the vertex set of F), ;, be
V(Foi) = U{xzhxé, oo xk),
i=1
and its edge set be as (see Figure 2)
E(Fny) = {zpry™ 1 <i<n—1}U{aizh,2lal, ... 2iz) « 1<i<n}.

Forn=3t+1orn=3t+2,let
n
Wo = {zl,22,23,... 2771} U (U{x%,xé, .. .,m}€2}> U {a:i”l; 0<i<t},
i=1
and for n = 3t, let
n
Wo = {a1,23,23,..., 2?1} U (LJ~{:10127:1U§7 e ,x}€2}> Ufzp*? 0<i<t—1}
i=1
It is easy to check that Wy is an adjacency resolving set for F;, , and hence,

adim(F,, ) < [Wo| = (n — 1) + n(k — 3) + {g] —n(k—2)+ [g] 1

In what follows, we show that adim(F,x) > n(k — 2) 4+ [%] — 1, which will complete the proof. Let B

be an adjacency basis for F, ; and hence, adim(F, ;) = |B|. Note that for each ¢ € {1,2,...,n}, vertices
{ah, 25,...,2p_,} are twins and hence |B N {x},25,...,2;_,}| > k — 3. Without loss of generality, we may
assume that {z%, 2%, ...,z _,} C B. Specially we have

BN O{xg,xg,...,m;,l} > n(k — 3). (1)
#(U )
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Figure 2: The firecracker graph Fg 5.

If {z%, 2} _,,zi} C B for some i, then B\{z}} is an adjacency resolving set for F,,  which contradicts the minimality
of B. Thus, |[BN{z!,xi ,,2t}| <2 foreachi€ {1,2,...,n}. Moreover, if we have {z%, 2} |} C B for some i, then
we can replace B by (B\ {zt}) U {z}}. Hence, we may assume that |[BN{x%, 2% |} <1 foreachie {1,2,...,n}.
If Bn {xﬁ,x};_l,x{7xi_l} = () for some ¢ # j, then we obtain

N[zi_,JNB=0=N[z,_,]NB,
which is a contradiction. Thus, for each i # j we have
|B n {max;lcfhxi’w;@fl}' > 1

Therefore, there exists at most one i € {1,2,...,n} such that |BN{z%, 2% ,}| = 0. Thus, one of the following two
cases may OcCur.

Case 1. There exists unique 1 < < n such that |[B N {z%,2i_,}| =0.

In this case, we have N[z} ] N B =0 and

BN U (z,2]_Y]|l=n-1 (2)

1<j<n, j#i

Since B is an adjacency basis, we must have N[z}] N B # N[z} _,] N B and hence, |BN N[z}]| > 1. Since z} ¢ B,
|Bﬁ(N[x}c]\{xll})| > 1 1If xl e B for some j # i, then zl_ ¢ B and the inequality N[x{c]ﬁB # N[z} _,]NB implies
that |[BN(N[x7])\{z]})| > 1. Ifz]_, € B for some j # i, then 2] ¢ B and the inequality N[z]]NB # Nzi_,JnB =0
implies that |B N (N[z]]\ {z]})| > 1.

Therefore, for each j € {1,2,...,n} we have |[BN (N[z]]\ {#]})| > 1. Hence, for every 2 < j < n — 1 we must have
|BN{z} ', ], 21"} > 1 which implies that

B {akat..aih = 5] 3)
Now from (1), (2) and (3) we get
Bl = (n—1) +n(k—3)+ 5|,

which completes the proof in this case.
Case 2. Foreach 1 <i<n, |[BN{z},z},_,}|=1.

In this case we see that
n
‘B n (U{levx§€1}> ‘ =n.

i=1
Let Q={i :1<i<mn, 2% € B}. Ifi € Q, then 2i_, ¢ B and the inequality N[z{] N B # N[zi_,] N B implies
that |[B N (Nzp] \ {zi})| > 1.
If there exist ¢ # j such that {i,7} € {1,2,...,n}, {i,5} N2 =0 and

BN ((N[zi]\ {21}) U (Nf] \ {=1})) =0,

then we have N[zi] N B = () = NzJ] N B which is a contradiction. Thus there exists at most one integer
i€{1,2,...,n}\ Q such that BN (N[z%]\ {zi}) = 0. _
Therefore, there exists at most one integer i € {1,2,...,n}, such that BN (N[zi]\ {«}) = 0. This means that

\Bﬂ{x}ﬂ,xi,...,x’;}\ > {%—‘ -1,
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and hence,
1B| > n(k —3) +n+ [g] _1,
as desired. The proof is complete. O
In the following theorem, the adjacency dimension of T(Ky;, :Kq,: --- :K1,,) is determined based on the

number of stars and the number of leaves of each star.
Theorem 2.9. The adjacency dimension of the graph G = T (K1,1,:K1 1,0 -+ :K1,) (see Figure 3) is
adim(G) =n+ X7, (l; — 1).

Proof. Assume that
n
V(GQ) = {wy,wa, ..., Wyp_1} U (U{ri,xi,xé, . ,xf1}> ,
i=1
and
n n—1
EG) = <U{ria:21,rix§, . ,7’@@}) U (U {Wiri,wiri_l,_l}) .
i=1 i=1
Let
Wo = {r1,re,...,rn} U (U{xﬁ,x%, o ,mfi1}> )

i=1

Note that N{w;] N B = {r;,rit1} for each i € {1,2,...,n — 1} and N[xfj] N B = {r;} for each j € {1,2,...,n}.
Thus Wy is an adjacency resolving set for G and hence,

adim(G) < [Wo| =n+ 2, (I; — 1).

Now suppose that B is an adjacency basis for G. Since vertices 2%, 2%, . . ., x} are twins for each ¢ € {1,2,...,n}, we
must have |BN{x}, x5, ..., x] }| > l;—1. Without loss of generality, we can suppose that {z},z5,...,zj _,} C B for
eachi € {1,2,...,n}, and hence |B| > 7" | (I;—1). Since B is an adjacency basis for G and N[z} |NB # N[:c{j] NB
when i # j, we obtain |B N {r;, a:;'i,rj, :c{]}\ > 1. This implies that

|B N {rl,mlll,rg,xi,...,Tn,leH >n—1.

If |BN{wy,ws,...,w,}| > 1, then we obtain

‘B‘Zzn:(li—1)+(n—1)+1=n+zn:(li—1),

i=1

which leads to the identity adim(G) = n + Y. | (l; — 1) and completes the proof. Similarly, if [B N {r’,z} }| > 1
for each i € {1,2,...,n}, then we see that |[B| > >""  (I; — 1) 4+ n. Also, if there exists i € {1,2,...,n} such that
{r,z{ } C B, then we obtain |B| > >_"  (I; — 1) + n which completes the proof.

Hence, hereafter we must assume that B N {wi,wy,...,w,} =0, [BN{r',z] }| # 2 for each i € {1,2,...,n}, and
there exists j € {1,2,...,n} such that BN {r;,z] } = 0. In the following we show that this is impossible. Consider
the following two cases: ’

Case 1. j =1.
If ro ¢ B, then N[w;] N B =0 = N[zj ] N B, a contradiction. Thus, r; € B and hence 27, ¢ B. This implies that
Nlwi] N B) = {ry} = N[z} ] N B, a contradiction.
Case 2. j # 1. 4 _
If rj_y ¢ B, then Njw;_1]NB =0 = N[xfj] N B, a contradiction. Thus, r;_; € B and hence ;vf;ll ¢ B. This
implies that ‘
N[wj1]N B ={r; 1} = N[z{ '] B,
a contradiction. O
For the adjacency dimension of graphs defined in Definition 4 we have the following theorem.

Theorem 2.10. adim(T'(K;4, o Kq1,0---0Kqy,)) = (P ,L) —n.
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w1 wao ws
1 T2 ) T4
vowy o ag v} a3 GG T G B R

Figure 3: T(K13: K12 : K14 : K1 3)
Proof. Let G =T(Ky, 0o K14, 0---0 Ky, ) and assume that (see Figure 4)

n
V(G) = {wi,ws, ..., w1} U{xg,x3, ... x5} U (U{xi,xé,,xfj) ,
i=1

and 1
EG) = (U{xéxﬁ,xézg, . ,xf);z:;l}> U (U {wix;-i,wixil-‘y-l}) '
i=1 i=1
At first, let (see Figure 4)

Wy = {wl,wg,...,wn,l}U{xé,x%,..wajg*l}U{x},x%w..,x}l&}
n—1
U (U{xé,xé,...,xl‘iﬁ) U{af, @, .. al )
i=2

Note that
Wol =2(n— 1)+ (h = 2) + 5755 (1 = 3) + (In — 2) = (ZiL4l) — n.
It is straightforward to see that Wy is an adjacency resolving set for G and hence,
adim(GQ) < |[Wy| = (271L;) — n.

Suppose that B is an adjacency basis for G. In the first star I; — 1 leaves are twins, in the i-th star [; — 2 leaves are
twins for each ¢ € {2,3,...,n — 1}, and in the last star [, — 1 leaves are twins. Thus

|BN{zy,23,...,20}, 1} >l =2, |BN{ab, 2%, ...,a]' })| > 1, — 2,
and

|B N (U?;Ql{wévx§> e 7$§i71)}| Z 2?;21(11 - 3)

Hence, we obtain
1Bl > (1 = 2) + (o — 2) + (S350 (0 — 3)) = (Siy L) — 3n + 2.

Moreover, without loss of generality we can assume that

1 1 1 n n n

{xl"rQW"?xll—Z}gB? {$3,$47...,$ln}gB,

and
i i
{xh,25,...,2;,_ o} C B

for each 2 <i<n—1. Let

.1 .2 _on—1 _.n

Y1 =T15 Y2=Tpyq5-++5 Yn-1 =T _15 Yn = To.

If BN {x}, yi,z),y;} = 0 for some i # j, then N[y;] N B = = N[y,] N B, which is a contradiction. Thus, for each
i # j we must have |B N {z},vi, z),y;}| > 1 and hence,

‘B N (U{w&yi,wé,yj}) ’ >n—1.

i=1
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If BN {xfﬂwhxlﬁl} = () for some i, then N[w;] N B = 0. Since B is an adjacency basis for G, for each i # j we
must have [B N {z] ,w;, 27"} > 1or [BN {:Egj,wj,leﬂﬂ > 1. Hence,

n—1
‘B N (U {Q:fi,wi,xlﬁ'l}) ‘ >n—2.
i=1
These facts imply that
IB| > ((Zyl;) —=3n+2)+ (n—1)+ (n—2) = () —n— 1.

But, since BN {xfi,wi,x’fﬂ} =0 and BN {x),y;} =0, where i € {1,2,...,n—1} and j € {1,2,...,n}, lead to the
contradction N[w;] N B =0 = N[y;] N B, actually one more vertex must be in B and hence,

|B| > (XiLili) —n,

which completes the proof. (I
1 2 3 4
Lo wy Lo w2 Lo w3 T
O—@—0
1 2 2 3 3 4
xE x3 xE x3 xg x]
ri x} 2l x} 23 2% 23 x3 2§ o3 a3 Ty x4 2}

Figure 4: T(K1 50 Kis50Ki60 K114)

Finally, in what follows we determine adim(G) when G is a shrub graph.
Theorem 2.11. The adjacency dimension of the shrub graph is given by
adlm(st(ll7l27...7l7z)) - { ll ":l2 n=2.
Proof. Let G = St(ly,la,...,1,). Assume that V(G) = {vo} U (U, {af,z},..., 2] }) and (see Figure 5)
E(G) = (UL, {voxé}) U (UL, {abah abal, ... 733695%})

If n > 3, then let

Wo = {zg, 23, ..., 2§ U (UL {z], 25, ...,2] _1}).
In this case, it is easy to check that Wy is an adjacency resolving set for St(ly,la,...,1,) and hence,
adim(St(ly, la, ..., 1)) < [Wol = (n = 1)+ > (Li—1) = (D L) - L
i=1 i=1
If n = 2, then let
Wo = {z}, 23} U {a}, 23, ... 73311171} U{x?, z3,... ,xlzrl}.

Again, W is an adjacency resolving set for St(l1,l3) and hence,
adim(St(ll,lg)) < ‘Wol =11 + Is.

Thus, in both cases the upper bounds for adim(G) are obtained.

Now let B be an adjacency basis for St(ly,ls,...,l,). For each 1 < i < r, the vertices {a%, a5, ... 7:10}'1_} are
twins. Thus, [B N {«l,z},..., 2] }| > I; = 1 for each 1 < i < n. Without loss of generality, we can assume that
{xi, ... ,x?ﬁl} C B. Therefore,

n

U{xllaxghvx;l,l}gB, |B| ZZ(lz_l)
=1

i=1
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Figure 5: st(4,3,5)

If we have BN {xé,xfi,xg,xgj} = () for some i # j, then we obtain N[zj]NB = = N[x{j] N B, which is a
contradiction. Thus, for each i # j, |B N {x?, xfi,xj, x{j }| > 1. This implies that

n
‘Bﬁ {U{x%,x}b}}’ >n—1.
i=1

Therefore,

B> (ti-1)+mn-1)=(>1)-1
i=1

i=1
For the case n > 3 the lower bound is also obtained and the proof is complete.
Now assume that n = 2. If |B| = (I; + l2) — 1, then we have

|B N {xéaxlllax(%vxlzrzﬂ =1

If BN {zy, ] x5, 27} = {x4}, then N{vo] N B = {5} = N[z} | N B, a contradiction.

If BN {xy,z/ 25,27} = {z{,}, then N[vg] N B = = N[z} ] N B, a contradiction.

If BN {xg,z x5, 27} = {x5}, then N[vg] N B = {z§} = N2} | N B, a contradiction.

If BN {xy, ], 2, xi} = {«7 }, then N[vg] N B =0 = N[z} | N B, a contradiction.

These contradictions show that |B N {zy,z} , x5, z7, }| > 2 and hence, |[B| = (I; + I2) as desired. O
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