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ABSTRACT: In this paper, we present a formula for the Waldschmidt Review History:
constant of edge ideals of some classes of hypergraphs. We also show that
if G is a simple graph with binomial edge ideal Jg, then the Waldschmidt
constant of Jg is always 2. Furthermore, the symbolic defect of umbrella
hypergraphs is presented.
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1. Introduction

Let I be an ideal of a Noetherian ring, and pq, ..., p, be its minimal primes. Then the m-th symbolic power of I is
defined to be I(™) = q;N---Ngq, where g, is the p;-primary component of I"™. Studying differences between symbolic
and ordinary powers has been an active area of research for several decades in various fields of mathematics. An
interesting invariant to compare symbolic and ordinary powers of a homogeneous ideal is the Waldschmidt constant
which determines asymptotic behavior of minimal degrees of the symbolic powers. While it is hard to compute the
Waldschmidt constant of an ideal I in general, it is shown in [2, Theorem 3.2] that the Waldschmidt constant can
be computed by solving a linear program constructed from the primary decomposition of I when I is a squarefree
monomial ideal of a polynomial ring. See [1, 2, 3, 4, 5, 10, 13, 14, 18] for several classes of ideals in the context of
combinatorial commutative algebra whose Waldschmidt constant is computed. In this paper, we present a formula
for the Waldschmidt constant of the edge ideal of an umbrella hypergraph and a wheel hypergraph in Theorem 3.2
and Theorem 3.7. It turns out in Theorem 3.8 that the Waldschmidt constant of the binomial edge ideal of a graph
is always two.

Another relatively new invariant to compare the m-th symbolic and ordinary power of an ideal is the m-
th symbolic defect first introduced in [8]. The asymptotic growth rate of symbolic defect of monomial ideals is
considered in [16]. Symbolic defect of the edge ideal of a cycle graph is given in [12]. We present symbolic defect
of the edge ideal of an umbrella hypergraph in Theorem 4.2.
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2. Preliminaries

Definition 2.1. A hypergraph is a pair (V, E) where V is a set and E is a collection of subsets of V.. V is called
the vertex set and E is called the hyperedge set of H. A hypergraph H is called k-uniform if every edge of H has
cardinality k.

Definition 2.2. Let H = (V, E) be a hypergraph and C be a nonempty subset of V.. The hypergraph H is called a
hyperstar with center C if
C C ﬂ e.

ecE
We say that H has center size t = |, cpe€l.
Definition 2.3. Let H be a uniform hyperstar. We call H an umbrella if we can order the edges e1,es,...,es of
H such that eq \ ea,ea \ e3,...,e0-1 \ eg, € \ €1, are pairewise disjoint sets of cardinality one. See Figure 1 for an

example of an umbrella hypergraph.

) 4

Figure 1: A 3-uniform umbrella with center size 1.
Let S = k[x1,...,2,] be the polynomial ring over a field k.
Definition 2.4. The edge ideal of a hypergraph H = (V, E) is the monomial ideal
I(H) = (zi, ... x4, : {i1,...,is} € E(H)) C S.

Definition 2.5. Let I be a non-zero homogeneous ideal of S, and suppose that o(I) = min{d|Iy # 0} be the
smallest degree of a non-zero element in I. The Waldschmidt constant of I is

&(I) = lim a(I(m)).

m—o0 m

Let H = (V, E) be a hypergraph. A list assignment L of # is a function which assigns a set L, to each v € V. The
sets are called lists and their elements are called colors. A list coloring of H is an assignment of a color from L, to
each v € V such that every edge of H contains a pair of vertices of different colors.

Definition 2.6 ([15]). A hypergraph H with vertex set V. and hyperedge set E is called (a,b)-choosable if for every
list assignment L with |L,| = a for all v € V, we can choose subsets C, C L,, such that |Cy| =b and for alle € E,

() Co=0.

veEe
By [15, Theorem 3|, one may define the fractional chromatic number of a hypergraph as follows:

Definition 2.7. The fractional chromatic number of a hypergraph H is inf{$|H is a (a,b) — choosable} and is
denoted by x*(H).

Definition 2.8. Let I be a non-zero homogeneous ideal of S and m € N. The symbolic defect sdefect(I, m) is the
number i, = p(I™ /I™) of minimal generators F, ..., F,,  of I /I™ as an S-module such that

I =™ 4 (R, Fy).

392



I Jahani et al., AUT J. Math. Comput., 7(4) (2026) 391-397, DOI:10.22060/AJMC.2024.23561.1266

Definition 2.9. Let G = (V, E) be a graph on the vertex set [n]. The binomial edge ideal Jg of G is the ideal of the
polynomial ring k[x1,...,Zn, Y1, .., Yn| over a field k, generated by binomials f; ; = x;y; —y;x; which {i,j} € E(G).

Remark 2.10. For a squarefree monomial ideal I, the n-th symbolic power of I is

7 — ﬁ P

pEAss(S/I)

This is a consequence of the fact that squarefree monomial ideals have no embedded prime ideal; see for example [0,
Theorem 3.7] and the discussion after that.

3. Waldschmidt Constant

Throughout this article, the vector 1 denotes the vector with all entries equal to 1, and 0 denotes the vector with
all entries equal to 0. By the following result, one can obtain the Waldschmidt constant by finding the solution of
a linear program:

Theorem 3.1 ([2, Theorem 3.2]). Let I C S be a squarefree monomial ideal with minimal primary decomposi-
tion I = PPN PyN---NPs where P; = (zj,,... ,xjsj) forj=1,... s. Assume that A is the s X n matriz with the

following entries:
1 if z; € F;,
Ay = )

{O ifx; ¢ P;.
Consider the following linear program:
Find a vector y that
Minimize 1Ty;
Subject to Ay > 1 and y > 0;
and suppose that y* is a solution that realizes the optimal value. Then

a(l) =17y,
that is, &(I) is the value of the above described linear program.

Theorem 3.2. Let I be the edge ideal of a (t + m)-uniform umbrella hyperstar of center size t on t + n vertices.
Then we have
t+m if n = mk for some k,
a(l) = m-r .
t+m_m if n =mk+r for some k with 0 <r < m.
Proof. Let ey,..., ey be the suitable ordering of edges according to the Definition 2.3. By a suitable relabeling of
vertices, the edge ideal of this hypergraph is

I=(r122...00%a,,, - Tayy, : 1€{t+1,...;t+n}anda; =j if j <t+n,
anda; =j—n if j >t+n).

We know that {1},...,{t} are minimal vertex cover for H. So
P1 = (1171), ey Pt = (SCt),

are among the minimal prime ideals of I. Set Pi11 = (T¢11, Tea14m, - - - » T+1+5m ), Where s is the integer for which
{t+1,t4+1+m,...,t+ 14 sm} is a minimal vertex cover of H. We can also set P12, ..., P, by shifting indices
of P41, that is,

Pyi= (Tayis Tarioms > LTagssrom : 05 =Jifj<t4+mnandaj=j—nifj>t+n).
Considering the ideals Pi1, ..., Pi1y, the variable z;11 4, exactly belongs to s + 1 ideals
Pii1, Prvitms - o5 Pryitsme
Similarly one has the same property for the other variables except than z1,...,z;. Now ¢t + n distinct minimal

vertex covers are known and the cardinality of every other minimal vertex cover (if exists) is greater or equal to
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these ¢ + n minimal vertex covers. Regarding the matrix described in Theorem 3.1, we consider the submatrix by
t + n rows corresponding to these t + n minimal prime ideals, that is,

10 ... 00 ... ... ... 0
01 ... 00 ... ... ... 0
A=|0 0 10 0
0 0 0 1 1 0
00 ... 00 ... ... ... 1
By considering the first ¢ rows of the matrix we have y; > 1 fori =1,...,t and so
-ty >t (1)

Now by considering the next n rows of the matrix we have

(s + D)(Yes1 + -+ + Yen) = 1 (2)
By Theorem 3.1,
v(l) >t .
al) zt+ ——
. 1 1 . . . ~ . .
Notice that [1,...,1, ,...,—] is a feasible solution of Ay > 1. Recall that the rows of matrix A in
~—— s+ 1 s+1
t times \—/—/
n times

Theorem 3.1 which do not appear in A have more or equal nonzero entries. So we have Ay > 1 and consequently,

() <t .
a()_ +s—|—1

So

Now we compute s:

Case 1. Let n = mk for some k. Then {t+ 1,t 4+ 1+ m,...,t + 14 (kK — 1)m} is a minimal vertex cover of H.
Hence in this case s = k — 1.

Case 2. Let n = mk + r for some k with 1 <r < m. If we consider the subset C = {t +1,...,t+ 1+ (k — 1)m},
one can see that
t+1+(k—1)m<t+n—m+1

Thus the edge {t +n—m +1,...,t + n} is not covered by C. On the other hand,
t+n—-—m+1<t+1+km<t+n.
As a result by adding t + 1 4+ km to C, we obtain a minimal vertex cover of H. So s = k, and

mk+r mk+m—m-+r m-—r
k+1 k+1 B k+1 0

al)=t+ t+

k+1
Remark 3.3. The path ideal of length m — 1 associated with a graph G is the monomial ideal

Im<G) = (-Til Ty,

Tiyy---,Tq, 18 a path in G) C S.

When t = 0, the edge ideal of a uniform umbrella is a path ideal of a cycle whose Waldschmidt constant is considered
in [1, Proposition 4.7].

Proposition 3.4 ([9, Lemma 2]). Let H be a hypergraph that has a hyperedge with k elements. Then

k
* >
X'(H) 21—
where x*(H) is the fractional chromatic number of the hypergraph H.
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Figure 2: A wheel hypergraph on Cj.

Proposition 3.5 ([2, Theorem 4.6]). Suppose that H = (V, E) is a hypergraph with at least one edge of cardi-
nality > 1, and let I = I(H). Then

(R -1
where x*(H) is the fractional chromatic number of the hypergraph H.

Definition 3.6. Let H be a hypergraph. We call H a wheel if its edges rely on the edges of a cycle graph.
See Figure 2 for an example of a wheel hypergraph.

Theorem 3.7. Let H be a wheel hypergraph such that at least one of its edges has more than 3 vertices. Then the
Waldschmidt constant of I(H) is equal to the number of vertices of the smallest edge.

Proof. Assume that k is the smallest cardinality of edges of H. Then according to Proposition 3.4, we know that

the fractional chromatic number of H is greater than or equal to k% Therefore, it suffices to show that H is

(k, k — 1)-choosable. '

Let C,, be the cycle graph that all edges of wheel hypergraph H rely on. Set A; = [k] \ {i}. Consider the list
assignment L that L, = [k] for every vertex v of H. We choose subsets C,, C L, for the vertices of the cycle C,
as follows: we choose C,, such that A; and Ay are chosen for vertices of C,, exactly every other step, probably
except than two adjacent vertices v; and v; which an edge of size > 3 rely on {v;,v;}. Consider an arbitrary edge
e ={v1,..., Uk, Vk41,-.-,Vkte}, and assume that v; and ve are on the cycle C,,. choose the subset C,, = A; for
i1=3,...,k,and C,, = Ay for i > k+ 1. Then

k
() Cu =0
i=1

In particular, ﬂfif Cy, = (. Hence H is (k, k — 1)-choosable. O
Theorem 3.8. Let Jg be the binomial edge ideal of a graph G, then
a(Jg) = 2.

Proof. By [11, Corollary 3.9], we know that the binomial edge ideal J5 of the complete graph on V(G) appears in
the primary decomposition of Jg. It is known by the argument before [7, Proposition 2.3] that for the associated

prime ideal Js, we have Jg) = Jg for every t. So for each f € Jg), the product of at least ¢ binomials f;; divides
each summand of f. So oz(Jg)) > 2t. On the other hand, we have

a(JP) < a(J) < ta(Jg) = 2t.

So a(Jg) = 2. 0
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4. Symbolic Defect

In this section, we are going to present a formula for the symbolic defect of umbrella hypergraphs. First, consider
the following result:

Proposition 4.1 ([12, Corollary 5.3, Corollary 5.4, Theorem 5.13] and [17, Theorem 5.9]). LetC,, be a
cycle graph on n vertices and I = I(C,,) C k[z1,...,x,] be its edge ideal, then

1. If n = 2k, then sdefect(I,s) =0 for every s > 1.
2. If n=2k+ 1, then

(a) sdefect(I,s) =0 for every 1 < s <k.
(b) sdefect(I,k+1) =1 and I+ = I*+1 (21 ... 29py1).
(c) sdefect(I,s) = (Zfﬁj) for every k+2 < s <2k + 1.

Theorem 4.2. Let J = (21 ... T4ZiTig1, L1 « . TpTpi1Tpqn t+ 1 < i <t+n—1) Ck[zy,x2,...,Ti1n] be the edge
ideal of a (t + 2)-uniform umbrella hypergraph, then

1. If n = 2k, then sdefect(J, s) = 0 for every s > 1.
2. If n =2k +1, then

(a) sdefect(J,s) =0 for every 1 < s < k.
(b) sdefect(J,k+1) =1 and JF+D = JEHL 4 (21 ooy .. Typopi1)-
(c) sdefect(J,s) = (iij) for every k+2 < s <2k+1.

J.
Proof. Let I = I(C,,) C k[x¢t+1, %42, - .-, Tern] be the edge ideal of C,,, then
J=(z1...2¢)L.
In particular, in k[x1, 2, ..., Xt1y], for each s we have
(1. 2e)’I° = (21 ... 2¢)° N I7,

and consequently
J=(z1...x) ) = (1. x)° T = (21 ... 2¢)° N T°.

Since the minimal monomial generators of I and (x;...x:) are defined by two disjoint sets of variables, and by
Remark 2.10, we have

JO = (zy...2) NI = (... ) NpiN---Nps,
where p1,...,ps are minimal prime ideals of I. Setting L = (F1,..., F};,) such that
I® =71+ (Fy,...,Fp),

and m = ps. We have
JO = (z1...2) N (I°+ L)

On the other hand, we have
(1...2)’ NI+ L)=((z1...2)° NI+ ((z1...2¢)° N L).

So
J& = J° 4 ((x1...2)* N L).

Since we have (z1...2¢)°L = (z1...2¢)°* N L, one has
JO = g (a5 2t Fy, .2t xS Fy).

As a result
sdefect(J, s) = sdefect(I, s) s> 1.

Now by Proposition 4.1, we obtain the desired result. (Il
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