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ABSTRACT: In this study based on the accelerated over relaxation (AOR)
method we make an iterative scheme for solving generalized Lyapunov matrix equa-
tion

m

AX +XB+ Y N;XM; =C,

j=1
over complex or real matrices. Then we analyze the convergence of the new itera-
tive method in detail. There have been discussions for the calculation of optimal

parameters. Finally a numerical example is given to demonstrate the capability of
the new method.
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1. Introduction

The matrix equation

AX +XB+Y N;XM; =C,

j=1

(1)

is a generalized Sylvester equation that involves known matrices A, B, N;, M; (j = 1,...,m),C € C"*™ and the
unknown matrix X € C™"*™. This equation is commonly encountered in computational science and engineering
applications, such as in evaluating implicit numerical schemes for partial differential equations and decoupling
techniques for ordinary differential equations, among others. Previous works, such as [1, 2, 9, 10, 13, 30, 35, 36, 37],
have addressed this problem. Specifically, in [14], an iterative algorithm was proposed to solve matrix equation (1).
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Previous researchers have investigated various methods for solving generalized Sylvester matrix equations. For
instance, Dehghan and Hajarian [16] focused on the reflexive solutions of the coupled Sylvester matrix equations and
proposed an iterative algorithm. Mukaidani et al. [32] developed a numerical algorithm for solving cross-coupled
algebraic Riccati equations. Additionally, Zhou et al. [39, 40] investigated generalized Sylvester matrix equation
(1) through the use of explicit solutions.

The focus of this paper is to present a novel iterative method for solving the generalized Sylvester matrix
equation (1). Specifically, we introduce a new approach that can lead to faster convergence rates by carefully
selecting appropriate parameters in the algorithm.

The linear Sylvester matrix equation (1) can be transformed into an equivalent system of linear equations as
follows:

(I®A+B"®@I+> M @N;)vec(X) = vec(C),
j=1
where
X1
vec: X = [x1,...,Xp) = | 1|,

Xn

where x;, is the k — th column of X.
The uniqueness of the solution of linear Sylvester matrix equation (1) can be determined by verifying the
following condition:

m
detI@ A+ B" @I+ M ®N;)#0,

j=1

where det(A) denotes the determinant of the matrix A. This condition ensures that the system of linear equations
associated with (1) has a unique solution.

Bouhamidi et al. proposed an iterative method to solve generalized Sylvester matrix equation (1) in [14]. This
is just one of the many techniques that have been used to develop iterative methods for solving matrix equations.
Some of the other methods that have been utilized include those proposed by Smith et al. [34], Soleymani et al.
[5, 19, 27], as well as those by Ding et al. [22, 23, 24], for example. Additionally, iterative methods have also been
designed for solving other types of matrix equations such as algebraic Riccati equations [21], coupled Sylvester
matrix equations [18], and more [4, 8, 11, 15, 17, 25, 28, 29, 33].

1.1. The structure of the paper

The outline of this paper is as follows:

1. A new iterative method is introduced for Eq. (1) in Section 2 and also the convergence analysis of this method
in details is presented. There have been discussions for the calculation of optimal parameters.

2. Section 3 includes a test problem to examine the new scheme and a comparison is made with the existing
results.

3. At the end, we give some conclusions in Section 4.

1.2. Primative definitions and notations

To ensure a clear understanding of the symbols and notation used in this paper, we will provide a brief explanation
of them. The real vector sets with dimension n will be denoted by R™ (C" for the complex vector), and the real
matrices with m rows and n columns will be denoted by R™*™ (C™*" for the complex matrix). Additionally, we
will use the Hermitian of A denoted as A¥, the Frobenius norm for matrix A denoted as ||A||r = \/tr(AAH), and
the spectral radius of A denoted as p(A). The Kronecker product (or tensor product) will be denoted by ®, the
zero matrix by O, the identity matrix of size n x n by I,,, and AT will refer to the transpose of A.
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2. Main results

Drawing inspiration from the AOR technique proposed by Hadjimos [26], we have developed a novel approach for
solving Eq. (1). To accomplish this, we introduce a splitting procedure for the matrices A,C, Ny,..., N,,, and
My, ..., M,, in Eq. (1):

A:W1+iT1, B:W2+’iT2, C:C1+i02, N]:UJ+ZV3, Mj:Fj+iGj, j:].,...,m,

where Wy, Wa, Th, T, C1, Cy and U;, V}, F;, G; (j =1,...,m) are real matrices in R"*”.

Furthermore, assuming that the solution of Eq. (1) can be expressed in the form of X = Z + Y, where Z
and Y € R we can substitute this assumption into the generalized Sylvester matrix equation (1), yielding the
following result:

s

WiZ —TY + ZWy — YTy + 3. [U;ZF; —U;Y Gy — V; ZG; — V;Y Fy] = C,

Jj=1

3 |l

WiY + T Z + ZTo + YWa + Y. [U; Z2G; + U;Y Fy + V; ZF; — V;Y G4 = Cs.
j=1

Drawing upon the AOR, technique proposed by Hadjimos [26], we derive the new method as follows:
WZ+2ZW"'= w(TY+YT")+(1-w)(WZ+2ZWT")

+w) [U;YG; +V;2G; + V;YFj — U; ZFj] + wCh,

j=1

WY +YW' =—r(TZ+2T") + (1—1r) (WY + YWT)

+1Y [V;YG; = U; ZG; — U;Y Fy — V; ZFj] + rCs.

j=1
We now consider the following iterative method based on (2), with the introduction of auxiliary real parameters

w # 0 and r # 0:

Wiz 4z Dy, = (TlY(k) + Y(k)TQ) +(1-w) (le“f) n Z(k)Wg)

m
+wd [0y N6+ V2065 + VY Wy - U200 F) +wey,

j=1
WY D Ly Dy, = (le“f*” + Z<k+1>T2) +(1—7) (W1Y<k> + Y(’f)Wz)

+r >0 [y W6, - U206, - Uy WF; - V2| 416,

j=1

By appropriately selecting values for w and r, we can ensure that the resulting AOR-like iterative method
exhibits a faster convergence rate and higher computational efficiency.

We initialize the iterative method with an initial approximation of X = Z©) 4 ;y(0),

Remark 2.1. If we set w = r in the AOR-Like method given by (3), the resulting method reduces to the SOR-Like
method described in [20].

Remark 2.2. If the generalized Sylvester matriz equation (1) is defined on real matrices, such that
Y:O, T1=T2:O, OQZO, ‘/j:O, Gj:O,j:L...,m,

then method given by (3) can be expressed as:
Wy 20D ¢ 2Dy, — (1 w) (le““) + Z<k>W2) —wY [UjZU“)FJ} + W
j=1

If we further assume that Wo = W{ and F; = U]T(] =1,...,m), then AOR-Like method (3) reduces to the
method proposed in [20] for solving the real generalized Lyapunov matriz equation.
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2.1. Convergence analysis of AOR-Like method
In this section, we will discuss the convergence properties of the new iteration method. To begin with, let us set

W=W@L+L, oW, T=T@L+I,oT,
P=> [FfeVi+GleU], Q=) [G[eV,-F aUj],
j=1 =1
and j R j A R
Q@) =0-a)2+aQ, Qa)=al +aP, (a€R), (4)
where Q = W1Q, P=W P and T = W~ 'T.
For the remainder of this paper, we will require the following lemmas.
Lemma 2.3. [20] Suppose that the matrices P, Q, W and T satisfy
QT =TQ, and QP = PQ, (5)
then the matrices Q1 (w) and Qa(r) are commute, i.e., Q1 (w)Qa(r) = Qa(r)Q (w).
Proof. Assumptions (5) yield
r(1—w)T +7(1 —w)P+wrQT + wrQP = r(1 — )T + wrTQ + r(1 — w)P + wrPQ,
or
[(1 —w)I + wQ] {rT + rf’] = [T’T + 7"15] [(1 —w) I +wqQl,
which becomes 1 (w)Qa(r) = Qa(r)Q (w).

We also have the following lemma.

Lemma 2.4. [20] Let the matrices U;, V;, F;, G;, (j = 1,...,m) be symmetric and W be symmetric positive
definite. Then the eigenvalues of matrix QQ are real.

Proof. Since the matrices Uj, V;, (j = 1,...,m) are symmetric, thus @ is symmetric. On the other hand W is
symmetric positive definite matrix, that yields the matrix W = W ® I +1® W is symmetric positive definite. Hence
W is invertible. Therefore we can write

Q=W (WiQw-i)wi,
This relation concludes that Q is similar to W_%QW_%. Since @ is symmetric then W_%QW_% is symmetric
matrix. This completes the proof. (I
We will also need the following lemma in the following.

Lemma 2.5. [3] Both roots of the real quadratic equation \*> —p\+ s = 0 are less than one in modulus if and only
if |s| <1 and |p| < 1+s.

We are now ready to discuss the convergence analysis of the AOR-Like method. By taking the operator vec from
both sides of equation (3), we obtain:

WL @I, + L, oW)z* ) = wTT @1, + I,  T1)y™ + (1 = w)(WE @ I, + I, @ Wy)z®

+
&
[

-
l
—

[Fr eV, +GT o U] y®

[GT &V, — FF @ U;] 2 + wvec(Ch),

+
Ms

.
I
-

WL eI, + I, @ W)y*+) = — (T,

N

@ L+ L, @ T)z* ) 4 (1 =YWL @ I, + I, @ W )y®

[FroV; +GT o U;] 2+

Ms

<.
Il
i

(GT @ V; — FF @ U;] y™ + rvec(Cs),

*
Ms

<.
Il
—

198



M. Dehghan et al., AUT J. Math. Comput., 5(8) (2024) 195-215, DOI:10.22060/AJMC.2024.22444.1159

where y*) = vec(Y(¥)) and z(*) = vec(Z®)). Eq. (6) takes the simple form

Wz = (1= )W +wQ)z® + (T +wP)y® + wvec(Cy),

(7)
Wyt = — (T 4+ rP)z* D) 4 (1 — r)W +7Q)y™ + rvec(Cs).
Now (7) becomes
25D = Q) ()2 + Qy(w)y™® 4 wr,
(8)
y D = — Qo (1) 2D + Q) (r)y®) + s,
where r = W~ vec(C}), s = W 'vec(Cy), and Qy, Qy are defined in (4).
Substituting the first equation of (8) into the second equation yields:
y*HD = —Q,(r) [Ql(w)z(k) + Q(w)y® + wr} + Qi (r)y™ +rs
= —Qa(r) @)z + (Q (r) = Q2(r)Q2(w))y™ + 75 — wQs (r)r. (9)

Using the relationship given in equation (9), it is possible to express the coupled vector form given in equation (8)
in the form of a matrix-vector equation:

o] = Lot o i) [s] |2 ] [ )

The iterative form of relation (10) is commonly used and can be expressed as follows:

u =@ (w,ru® + T(w,r) m ’ "
where
' —Qa(r)h(w) Qi(r) = Q2(r)(w)]’

is called iteration matrix of AOR-Like method and

T = i ron

T
Also the vector u® is defined by u®) = {z(k)T, y(k)T}

Iteration matrix ®(w,r) can be decomposed as (See [6])

0 (w) Qo (w) }
— 0 (w)Qa(r)  Qi(r) — Q2(w)Qa(r)

where I,,> is identity matrix of size n? x n?.

We will now examine the convergence properties of the new iterative method.

The next theorem presents sufficient conditions for the convergence of the new method. According to relation
(11), it is clear that AOR-Like method is convergent if and only if p(®(w,r)) < 1.

Theorem 2.6. Assuming that the conditions of Lemmas 2.3 and 2.4 are salisfied, and there exists a real constant
o such that T + P = 01,2, and let n < 1 be any eigenvalue of matriz Q.

(a): Suppose
—4 42w — 2nw

2
O<o<l-n O<w<——"\ 0<r< , 12
7 g w_1+07n " —242n+4w+ 0%w — 2nw + nPw (12)
then p(®(w,r)) < 1.
(b): Suppose
2 —44+2w—-2
n—1<0<0, 0<w<——, 0<r< o= ) (13)
l—0o—n 2424w+ o’w— 2w + Nw

then p(®(w,r)) < 1.
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Proof. Suppose (), V) is an eigenpair of matrix ®(w,r), where v = [v7, wT|T, with v, w € C"*. The definition of

eigenvalue and eigenvector can be used to derive the following expression ®(w,r) {U] =A {U] or (see [6]):
w w

-1

o7 sl Lai 2] Ll-rla 2]

that gives
Qo (w)w = (M2 — Q1 (w)) v,
(14)
— (A2 — Q1(r)) w = AQs(r)v.
Lemma 2.3 concludes Q1 (w)Qa(r) = Qa(r)Q1 (w) and from (14) we have
— (M2 — Q1 (w)) (Mpz — Q1(r)) w = AQa (1) Q2 (w)w.
Based on these results, it is straightforward to observe that
- (/\I,,g —[(1—w)l,2 + wQ]) ()\Inz —[(1=r),2 + TQ]) w = \rT + rP)[wT + wP)w = wrA[T + P)*w,
and
(/\Inz — (T —w)lp2 + WQ]) ()\Inz -1 =r),2 + TQ]) = NHWwHr—-2A—w—r+wr+ 1,
F(w+T = (WA = 20r)Q + wrQ?.
Obviously, from the above equation we can write
(N4 (@+r—2A—w—r4wr+ D+ (w+7 — (w+7r)A = 20r)Q + wrQ?|w = wrA[T + Pw.
Since 7 is any eigenvalue of matrix Q, then
MNytwHr—22—w—r+wr+1+(w+r—(w+r)—2wr)n+wrn? = wre?),
or
A+ & (w, )N+ & (w, ) =0, (15)
where
Swr)=—wro?—wn—rn+wtr—2,
and

Sw,r)=rn—r+1)(wn—w+1).

To establish convergence of the new method, it is necessary to demonstrate that the roots of polynomial (15) are
contained within the unit circle of the complex plane. Lemma 2.5 indicates that in order to accomplish this, it is
essential to satisfy two conditions: |&2(w, )| <1 and [&(w,7)| < 1+ &a(w,r).

|[rm—r+1)(wn—w+1)| <1,
| —wro?—wn—rn+w+r—2|<l+(rn—r+1)(wn—w+1).

Now it is easy to check that if the parameters w and r satisfy in relations (12) or (13), then p (®(w,r)) < 1. O

It should be noted that determining the optimal parameters for the proposed method is a highly challenging
task. In the following we will minimize the spectral radius of iteration matrix ®(w,r).

Theorem 2.7. Let the conditions ((a) or (b)) of Theorem 2.6 be satisfied and n # 1. Then

@) = w(—nwo? +wo? +n? =202 —2n+1+20/(n—1+0)(n—1—-0)(—nw +w—1)) (16)
Topt\®) = (wo?+n— 1)2 ’
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ot () = w(—nwo? +wo? +n*—20% —2n+1-20/(n—1+0)(n—1—0)(—nw+w—1)) (17)
opt B (wo?+n— 1)2 ’

where w is a solution of the following minimization problem

mwin |wTopt(w) 0% 4+ wn + Tope(w) N — w — Top(w) + 2, (18)
or 492
Wopt 1 — Wopt
0, 1% - 5 19
Popeloo) = ZL (19)
where w is a solution of the following minimization problem
mwin \/(ropt(w) n—ropt(w) + 1) (wn—w+1)|. (20)

Proof. To minimize the modulus of the roots in Eq. (15), it is necessary to choose appropriate values for the two
parameters w and r. Specifically, the maximum value between |\ (w, )| and |Ay(w, )|, where A\;(w, ) and Ag(w,r)
are the roots of quadratic Eq. (15), should be minimized. For doing this it is enough to put |A1(w,r)| = |A2(w, 7).

Case I: According to the discussion in [20], setting the discriminant of Eq. (15) equal to zero is sufficient to
max{|A1(w, )|, |A2(w, )|} be minimized. So w and r,y; satisfy

El(wyTopt)2 - 452(waropt) = 07

or
(—wrothZ —WN = Topt N+ W+ Topr — 2)2 —4((roptn —ropt + 1) (wn—w+1)) =0,

or

2,2

4 2 2 2 2 2 2 2 2 .2 2 2
WITopt 0+ 2NW T opt0” + 21wy, 07 — 2W Topt0” — 2wy, 07 + N w” — 20 Wrep

+ n2r§pt + 4wropt02 — 2nw? + Anwropy — 2777"¢2>pt +w? — 2wWropt + r?)pt =0.
It can easily be seen that the above equality is equivalent by
(wo® +n— 1)2 rgpt + (2nw?e? — 2w?0? — 2w + dwo? + dnw — 2w) Ty + w3 (n — 1)% = 0. (21)
Now solving (21) for 7o, (w) gives (16) and (17). In this case |A(w, ropt)| can be determined by

1(0, Tope () ‘ |

M@, ropu(@)] = |17

On the other hand [A(w, rop(w))| is minimum if |w rop (w) 02 + wn + rope(w) N — w — rop(w) + 2|, be minimized.

Case II: It is enough to put
E1(w, Topt) =0 = —wrep o —wn— ToptN +w+Topt —2 =0,

hence
wn—w-+2
Topt(W) = —_w0_2_n+1.

In this case |A(w, ropt(w))| can be determined by

B Y

On the other hand |A(w, Tope(w))| is minimum if

7

/= (o)1= 1) 4 D =+ 1)

be minimized. This completes the proof of the theorem. O
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1 1
Example 2.1. Suppose n = 3 and o = 1 By Theorem 2.7 we can obtain the optimal parameters of AOR-Like

method.
Case I: From (16) and (17) we have

8(wopt + 4 + 2\ / 6wopt — 12)wopt (22)

Topt (wopt) = wgpt — 16wopt T 64 5
or
8(—&)0 t — 4+ 2\/6(4.)0 t — 12)0.)0 +
Topt(wopt) = - u P 2 . (23)

w2y — L6wop; + 64

For (22), minimization problem (18) is as follows

wy/6(w —2) + 8(w —2)

8

min
w

8
The global minimum of this problem occurs at wopy = 2. Then (22) yields rops = 3"

For (23), minimization problem (18) is as follows

wy/6(w—2)+8(2 —w)

w—3_8

min
w

The global minimum of this problem occurs at Wopt = 2 and wept = g Then (23) yields rop: = g and ropy = 2. In

this case we obtain

8 8
(Wopta Topt s A(Wopta ropt)) = (2» gv 0) and (woptv Topt, )‘(woph ropt)) - (57 27 0)

Case II: From (19) we have
8(w—4)

"_3 (24)

Topt =

From (24), minimization problem (18) is as follows

V2 [|Bw—8)(w—2)
rrgn2\/’. (25)

w—3_8

8
The global minimum of this problem occurs at wopt = 2 and wopt = 3 Then (25) yields Topt = = and rop = 2.

~— Wl

In the following, we will see that the minimum value of optimization problems (20) and (18) is zero.

Theorem 2.8. Let the conditions ((a) or (b)) of Theorem 2.6 be satisfied and n # 1. Then the optimal parameters
of AOR-Like method are given in the following

1 1—n
Wopt = m, Topt = m7
1-— 1
Wopt = %7 Topt = 7
(1-n?2-0o 1—n

and in both cases we have p (P(Wopt, Topt)) = 0.

Proof. By putting (16) in & (w,r) we have

2(wa\/—n3w+nw02+3n2w—w02—172—3nw+02+2n+w—1—|—772w—2w77+n+w—1)

§1(w, ropt (w)) = — PR p—

Then solving & (w, ropt(w)) = 0 yields:
Wopt = ———.
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Substituting the above term in (16) gives:

L—1n
S
Then the equation &1 (Wopt, Topt)? — 4€2(Wopt, Topt) = 0 concludes & (wopt, Topt) = 0. Therefore from (15) we get
M (Wopts Topt) = A2(Wopt, Topt) = 0. Hence p (P(wopt; Topt)) = 0. By putting (17) in & (w,r) we obtain the same
result. Putting (16) in & (w,r) yields

Topt = (1

(N*w —wo? = 2nw +n+w—1) (nw —w + 1)

Ea(w,r) = = wo?+n—1
Then solving & (w, ropt(w)) = 0 yields:
1 1—n

Wopt = 7 W Wopt = (7 e o2

Then by (16) and the above equation we get
1—n d 1
Topt = ———5—=, and Topt = ——.
SRR " Ty

Similarly we obtain p (®(wept, ropt)) = 0. O

2.2. Application in solving Helmholtz differential equation

Consider the following Helmholtz equation by Dirichlet boundary conditions [12, 31]:

u 0% ) B Q
—@—@+Ulu+zagu—f, on €2,
u =0, on 012,

where  is a unique square Q = {(x,y) | 0 < z,y < 1}, 9 is the boundary of this area, o1 and o9 are real coefficient
functions, and ¢ = y/—1. In addition, we consider f to be a continuous function on 2. Suppose n is an integer
positive number that is already known. Consider the following set of points

Qo= {(Gh, kh) |4, k=0, 1,..., n+1},

Qp :={(jh, kh) |4, k=0, 1, 2,..., n},

where h = %_H indicates the length of the step. The set 2 is the inner of this area and Q, — Q;, will be

boundary points. Let u;, = u(jh, kh) be the exact answer of the equation at the point (j, k) and U;; be an
approximation of it. To approximate the second derivative u rather than z and y, we get help from the following
central approximations

P*u(z,y) lioes Ui = 20U, + Uja g
op2 | (@=jhy=kh) = h2 ’

Pu(z,y) liaes _ Ujk—1 = 2Ujk + Uj kg
D2 (x=jh,y=kh) — 12 :

Therefore, the given problem is discretized as follows

Uji—1x —2Uj + Uj Ujr—1 —2Uj, +U;
S L h;k+ JHLk 2okl h;k+ A +o1Ujk +io2Ujk = fik, J, k=1,2,...,n.

This implies
(4+ k% (o1 +io))Ujr —Uj—1kx —Ujprx — Uj—1 — Ujprr = B2 fin, J, k=1,2,...,n.
These equations can be written as follows
k=1:(4+h?*(oy +ioy))Uiy — Uyt — Us1 — Urp — Uiz = h? f11,
k=2: (44 h*(o1 +1i02))Ura — Upy — Uy — U1y — Uz = h® fra,

k=mn:(4+h*(o1 +i02))Urn — Uoy, — Uzp, — Ui -1 — Ut ns1 = B2 fin,
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k=n: (4 + h2(0'1 + iJQ))UQn

We obtain by using boundary conditions

k=n: (4 + h2(0'1 + iUZ))Un7L —Un—-1n —

Un+1,n -

k=1:(4+ h*(o1 +i02))Usy — Ury — Usy — Usg — Usy = h? for,
k=2:(4+h?(oy +i09))Usg — Ura — Usy — Uy — Uaz = h? fao,

- Uln - USn - UQ,n—l - U2,n+1 = h2f2n7

k=1:(4+h*(o1+i02)Un1 — Un—1,1 — Uns1,1 — Uno — Una = h® f1,
k =2: (4 + h2(0'1 + iJQ))UnQ — Un_172 — Un+172 — Un1 — Ung = h2fn2,

_ 1,2
Un,n—l - Un,n+1 =h f'rm

k=1:(44h?(o1+i02))U1y —0— Uz — 0—Usz = h2f11,
k=2: (44 h*(o1 +i02))Urz — 0 — Ua — Uy — Urs = h2 f12,

k=mn:(4+h*(or+i02)Uip — 0 — Uz — Up g1 — 0= h2fip,
k=1:(4+h*(o1+i02))Us — Uy — Usy — 0 — Uzy = h? for,

k=2: (4 + h2(0'1 + iO’Q))UQQ - U12 - U32 - U21 - U23 = h2f22a

k=n: (4 + hQ(Ul + iUQ))UQn - Uln - U3n - U2,n—1 —0= h2f2n7

k=1: (4 + h2(0'1 +i02))Un1 — Un—l,l —0-0—-Up = hzfnl,

J=1
J=2
J=mn

k=mn:(4+h%(oy +i09))Upnp —

k=2:(4+h*(o1+i02))Un2 — Up—12—0—Upi — Upg = h% fn2,

Un—l,n -0~ Un,n—l -0= hzfnn

Now these equations can be represented in the following matrix form (v := 2+ h%(30q + %02))

’YUln - U2n

YU11 — Uny YU12 — U

| —Un—11+vUn —~Up—1,2 +vUna

[YU11 — Uz —Uri +yUiz — Uss
U1 —Uss —Us1 + U2z — Uss
+ . .
_’YUnl - Un2 —Unl + "YUn2 - Un3
or
v =1 0 ... 0
-1 ~v -1 ... 0| |Un U Uin
. Us1  Us Uan,
0 . .
-1 Unl Un2 Unn
0 -1 v

U1 + U1 — Ui —=Uia + Uz — Usg

_Uln + fyUQn - U3n

- nfl,n'i"YUnn
Ui pn-1+9U1n fuu o fiz fin
—Uz -1 +7U2p, 2 for fa2 fon
*Un,n—l + ’)/Unn fnl fn2 fnn
¥y -1 0
Ui Uiz Un| -1 v -1
Us1  Uso Usn )
+ | . ) 0
Unl Un2 Unn
0 —1
fir fi2 fin
2 for fa2 fon
fnl fn2 fnn
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or
AU +UA = h*F, (26)
where
v -1 0 ... O
Un U ... Un fir fiz oo fin -1 ~v =1 ... 0
Uyt Usxp ... Uspn for fo2 .o fon
U= . ) . . , F=1. ) ) ) , A=10
Unl Un2 Unn nxn fnl fn2 fnn nxn : - " -1
o ... ... =1 ~] ..

It is clear that solving the Helmholtz equation by finite difference method has led to solving a Lyapunov matrix
equation with a complex coefficient matrix. Moreover equation (26) is a special case of (1) studied here. Note that
the matrix of coefficients of this Lyapunov equation can be split as follows:

A=W +iT,
where
(2420, -1 0 ... 0 | (2o 0 0 ... 0 ]
-1 248 -1 L 0 0 2o 0 ... 0
W = 0 : , T= 0 ’
: . | : SO
0 S R 0 . 0 Py

3. Test problems

All numerical experiments in this section were carried out using MATLARB software, running on a computer equipped
with an Intel (R) Pentium (R) CPU N3700 (1.60 GHz) and 4 GB RAM.

Example 3.1. Here we will solve matriz equation

AX + XB + ((15 4 0.50)I,) X ((15 + 0.50)I,)T + ((6 — 0.2i)1,,) X ((6 — 0.2)I,)T = C, (27)

Ny M, N2 Mo

where A=W +iT, B= AT = W7T +4iTT with
W = 7n®Vm+‘/7n®Im_7r2In7 (n:mZ)a
T =107l + p (I, @ Vi + Vin @ Iy,

and

1
Vi = ﬁTridiagonal(—l,Z —Dmxm,
with h = 1/(m + 1) and p is a positive parameter with values p = 1 and p = 10. Also consider right hand side
matriz C such that X* = (v} ;) with

xy ;= sin(z(i)) + sin(y(4)), i,j=1,2,...,m? (28)

0.
is exact solution of matriz equation (27), where x; = —2+4(i—1)/(m? —1) and y; = —2+4(j —1)/(m*—1), i,j =
1,2,...,m>2. The stopping criteria for iterations is

S(k) <5x107°, (29)

where
[AX®) + X®B B + Ny XFI My + Ny XBIM, — C|,

S = AX© + XO B + N, XOM, + NaXOM; — ],

and X©) is an initial guess that here is zero matriz. In each step of new method we solve two standard real Sylvester
matriz equations via Bartels-Stewart algorithm [7].
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Table 1: The comparison of iteration number (IT) and CPU time for Example 3.1.
Sizes of coefficient matrices | 64 x 64 100 x 100 225 x 225 400 x 400
p=1
SOR-Like
Qegp 0.1143 0.1143 0.1143 0.1143
IT 43 49 99 65
CPU(s) 0.830457 2.699985  34.983288  197.890202
AOR-Like
Wezp 0.09 0.09 0.09 0.09
Texp 0.07 0.07 0.07 0.07
IT 21 22 24 35
CPU(s) 0.466266  1.153980 10.788853 103.171439
MHSS [35]
Qexp = Peap 260 260 260 260
IT 16 16 25 37
CPU(s) 0.632790 1.298898  24.332186 217.143481
GMHSS [38]
Qeap = Beap 260 260 260 260
Texp = Oexp 270 270 270 270
IT 14 15 23 35
CPU(s) 0.439721 1.313612  21.689607 203.071587
Table 2: The comparison of iteration number (IT) and CPU time for Example 3.1.
Sizes of coefficient matrices | 64 x 64 100 x 100 225 x 225 400 x 400
w=10
SOR-Like
Qegp 0.05 0.05 0.05 0.05
IT 61 123 145 158
CPU(s) 1.215940 6.307189  68.495753  513.966249
AOR-Like
Wezp 0.02 0.02 0.02 0.02
Texp 0.09 0.09 0.09 0.09
IT 20 21 25 36
CPU(s) 0.546207  1.024469 10.495669 107.481687
MHSS [35]
Qexp = Beap 730 730 730 730
IT 23 24 26 30
CPU(s) 0.712993 2.032919  23.640414 186.367522
GMHSS [38]
Qeap = Beap 1060 1060 1060 1060
Teap = Oeap 70 70 70 70
IT 9 9 12 17
CPU(s) 0.276629  0.759973 11.922190 99.080614

Table 1 presents the numerical results obtained from our experiments, including the running time and the residual
error for AOR-Like method, SOR-Like method [20], MHSS and the GMHSS methods [38]. As shown in Table 1,
the method under consideration exhibits a shorter time to reach the desired level of accuracy compared to SOR-Like,
MHSS and the GMHSS methods. This indicates the effectiveness and efficiency of the new method. In fact the
AOR-Like method was found to be faster than the method in [20].
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Tables 1 and 2 present the numerical results of MHSS and GMHSS methods. The AOR-Like method consistently
achieves faster convergence to the exact solution of the matriz equation compared to other methods, as demonstrated
by the data presented. The validity of the assumption can be reinforced by examining the data presented in these
tables.

Figures 1 and 2 illustrate the approximation of the optimal parameters for both methods when the problem size is
225 x 225. The optimal parameter for the method in [20] was determined to be aopy = 0.1 for p =1 and aopr =~ 0.05
for p = 10, while for the AOR-Like method, the optimal parameters were found to be wopt ~ 0.09,;7,p ~ 0.08
for p=10.01,0.1,1 and wepr = 0.02;75p: ~ 0.09 for p = 10. It should be noted that the optimal parameters were
obtained experimentally by minimizing the number of iterations in Figs. 1 and 2. Moreover, the optimal parameters
for both methods were observed to be fixed with increasing problem size, as can be seen in Table 1.

p=1 p=10

T

220

200

180

180

46.5 140

120
011 0112 0.114 0116 0.118 0.12 0122 0.02 0025 0.03 0035 0.04 0.045 0.05 0055

o a

Figure 1: The parameter a versus iteration numbers for FRSI (SOR-Like) method for Example 3.1.

w1 #=10

Figure 2: The parameters w and 7 versus iteration numbers for AOR-Like for Example 3.1.

Figure 3 shows the relationship between the parameters w and r and the spectral radius of the iteration matriz
for AOR-Like method.

#=10 §=0.1 #=0.01

PP(wn)

Figure 3: The parameters w and r versus spectral radius of iteration matrix for AOR-Like for Example 3.1.
In Figure J, we can see the approximate solutions for the imaginary and real parts obtained using the AOR-Like

method after 2, 5, and 20 iterations. It can be observed that by increasing the number of iterations, the sequence of
matrices {X*)}2 . converges to the real solution (28).
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Approximate Solution (imaginary part) p=1

50

column 0 0

Approximate Solution (real part) =1

50

column 0 o

Approximate Solution (real part) =1

50

column 0 o

Approximate Solution (imaginary part) p=1

50

column 0 0

5

column 0 0

Approximate Solution (real part) =1

0

Figure 4: Approximate solutions for imaginary and real parts with size n x n = 100 x 100; Top (after 20 iterations); Middle (after 40
iterations); Bottom (after 80 iterations) for Example 3.1.

Im

that the new method is effective and efficient.

Example 3.2. Consider the equation

05

On the other hand, Figure 5 displays the eigenvalue distribution of SOR-like iteration matriz for problem sizes
of 500 x 500 and different values of the parameter u. Based on the information presented in the figure, it can be
concluded that for u = 0.01, the eigenvalues of the iteration matriz of the AOR-Like method approach zero. This
suggests that in this specific scenario, the method exhibits a high convergence speed.

05

#=10

=t

o

o
o

0.1
08 -06 04 02 0
Re
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®
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-0.15 0.1
0.5 o 05 1 08 -06 -04 -02 o 02 04 06 08 -08 -06 -04 -02 0 02 04 06 08
Re Re
Figure 5: The eigenvalue distribution of the iteration matrix for Example 3.1.

02 04 06 08

The results clearly demonstrate that the method being evaluated outperforms the SOR-Like, MHSS, and GMHSS
methods in terms of the time required to achieve the desired level of accuracy. This evidence supports the notion

where
r10
1
1
—1
2
T =
L O

(W +4T)X + X(W +iT)T +v (N XN + NoXNT) = C,

10 1 1

07 M2
0.1
0.2
0.3
0.1

2 » W=

-1

1

1

10 o

- nxXn -
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M2 —-0.1 03 0
0.3 2 —0.1 03
—-02 0.3 2 —-0.1 03
—-0.2 03 2 —0.1 0.3
—-0.2 03 2 —-0.1 0.3
Ny = _0.2 . . . . 7
0.3
. . =01
L O -0.2 0.3 2 |
nxn
and
! 0.2 0.1 07
0.3 1 0.2 0.1
—0.1 03 1 02 0.1
—-0.1 03 1 0.2 0.1
-0.1 0.3 1 02 01
Ny — —0.1
0.2
. . 0.1
L O —-0.1 0.3 1]

Also right hand side matriz C is such that Z = (z; ;) with

Zij = sinz(xi) + COSQ(yj),

can be exact solution, where x; = —14+2(i—1)/(n—1) and y; = -1+2(j —1)/(n — 1),

ij=1,2,...,n,

nxn

,7=12,...,n.

(30)

We performed numerical experiments to solve the matriz equation for various values of v and n. The resulting
numerical results, including running time and residual error, are presented in Tables 3 and 4.

Table 3: The iteration number (IT) and CPU time for SOR-Like method for Example 3.2.

Sizes of coefficient matrices ‘ 40 x 40 80 x 80 160 x 160 320 x 320
w=1
Qeap 0.16 0.16 0.16 0.16
IT 27 27 27 27
CPU(s) 0.294009 0.975645 5.119216 36.610712
S(.) 3.0621 x 1075 3.1146 x 107>  3.1373 x 10~>  3.1486 x 10~°
v=0.1
Qexp 0.18 0.18 0.18 0.18
1T 62 62 59 59
CPU(s) 0.658270 2.195957 11.298851 72.903858
S(.) 3.9238 x 107%  3.9264 x 1075  4.9950 x 107°  4.9785 x 1075
v =0.01
Qeap 0.18 0.18 0.18 0.18
IT 62 62 62 62
CPU(s) 0.647823 2.603903 15.073012 92.159660
S(.) 45062 x 107°  4.5127 x 107°  4.5114 x 107° 4.5108 x 107°
v =0.001
Qexp 0.18 0.18 0.18 0.18
IT 62 62 62 62
CPU(s) 0.636985 2.308290 15.425496 92.797011
S(.) 4.5124 x 1075 4.5189 x 1075  4.5176 x 107°  4.5170 x 1075
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Table 4: The iteration number (IT) and CPU time for AOR-Like method for Example 3.2.

Sizes of coefficient matrices ‘ 40 x 40 80 x 80 160 x 160 320 x 320
wv=1
Weap 0.18 0.18 0.18 0.18
Texp 0.15 0.15 0.15 0.15
1T 24 24 24 24
CPU(s) 0.301654 0.912333 4.654909 30.080706
S(.) 3.6749 x 107%  2.7627 x 1075  2.6201 x 107°  2.5573 x 1075
v=0.1
Weap 0.15 0.15 0.15 0.15
Texp 0.25 0.25 0.25 0.25
1T 44 44 44 44
CPU(s) 0.503273 2.160103 11.393349 63.145133
S(.) 4.3809 x 107> 4.2734 x 1075 4.2557 x 10™°  4.2463 x 107>
v =10.01
Weap 0.15 0.15 0.15 0.15
Texp 0.25 0.25 0.25 0.25
IT 44 44 44 44
CPU(s) 0.538805 1.801776 10.737216 58.381569
S(.) 4.8505 x 107°  4.6817 x 107°  4.6428 x 107>  4.6233 x 107>
v = 0.001
Weap 0.15 0.15 0.15 0.15
Texp 0.25 0.25 0.25 0.25
1T 44 44 44 44
CPU(s) 0.526946 1.504894 11.878253 49.306928
S(.) 4.8556 x 1075 4.6861 x 107° 4.6470 x 10™°  4.6274 x 107°

Our experiments led us to approximate the optimal parameter for SOR-like method, which we denote as wopt.
This value was obtained erperimentally by minimizing the spectral radius of SOR-like iteration matrix. In Tables 3
and 4, we used wope to obtain our numerical results, and we observed that the optimal parameter remained fized as
we increased the problem size. Furthermore, we found that SOR-like method was slower than AOR-like method, as
shown in these tables.

v=0.001 v=0.01

0 0.05 0.1 0.15 0.2 0.25 0.3 0 0.056 0.1 0.15 0.2 0.25 0.3
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Figure 6: The parameter o versus spectral radius of iteration matrix for FRSI (SOR-Like) for Example 3.2.

Figure 6 shows the parameter « versus spectral radius of iteration matriz for FRSI (SOR-Like) for this test

problem by v = 0.001,0.01,0.1 and v = 1.
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e e
0.4 g | 0.4 &
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T gy o D g a
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06 04 -0.2 0 0.2 0.4 0.6 0.8 06 04 0.2 0.2 0.4 0.6 0.8
Re Re
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06 o 06}
04t %% : 04Ff
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Figure 7: The eigenvalue distribution of the iteration matrix for Example 3.2.

We also investigated the eigenvalue distribution of AOR-like iteration matriz for a fized size of 500 x 500 and
various values of the parameter v, and the results are plotted in Figure 7. Based on the information presented in the
figure, it can be concluded that for v =1, the eigenvalues of the iteration matriz of the AOR-Like method approach
zero. This suggests that in this specific scenario, the method exhibits a high convergence speed.
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Figure 8: Approximate solutions for imaginary and real parts with size n x n = 100 x 100; Top (after 10 iterations); Middle (after 20
iterations); Bottom (after 40 iterations) for Example 3.2.

In addition, we plotted the approximate solutions for the real and imaginary parts of AOR-like method after 10,
20, and 40 iterations in Figure 8. We observed that the sequence of matrices X(©) converged to the real solution

(30) as the number of iterations increased.

Table 5:  The iteration number (IT) and CPU time for MHSS method [38] for Example 3.2.
Sizes of coefficient matrices ‘ 40 x 40 80 x 80 160 x 160 320 x 320
v=1
Qexp = Beap 12 12 13 13
IT 19 19 19 19
CPU(s) 0.245659 1.103787 5.214515 72.710017
S(.) 3.3682 x 1075 3.4671 x 1075  4.9147 x 107°  4.9388 x 10~°
v=0.1
Qeap = Beap 7 7 7.2 7.2
IT 18 18 18 18
CPU(s) 0.253777 0.866306 5.581671 71.584671
S(.) 3.9207 x 1075 3.9067 x 1075  3.8841 x 107°  3.8801 x 10~°
v =0.01
Qexp = Beap 6 6 6.3 6.3
IT 18 18 18 18
CPU(s) 0.248516 0.854497 4.997806 75.380239
S(.) 3.9981 x 1075  4.0067 x 107° 3.9212 x 1075 3.9217 x 107°
v = 0.001
Qeap = Peap 6 6 6.3 6.3
IT 18 18 18 18
CPU(s) 0.260493 0.855640 7.508921 70.927791
S(.) 3.9968 x 1075  4.0054 x 107> 3.9200 x 107°  3.9205 x 10~°
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Table 6: The iteration number (IT) and CPU time for GMHSS method [38] for Example 3.2.

Sizes of coefficient matrices ‘ 40 x 40 80 x 80 160 x 160 320 x 320
v=1
Qeap = Beap 14 14 14 14
Tewp = Ocap 4 4 4 4
IT 13 13 13 13
CPU(s) 0.192197 0.598336 3.376144 47.733990
E() 2.7820 x 1075 2.8577 x 1075 2.8952 x 107° 2.9139 x 107>
v=20.1
Qeap = Beap 10.1 10.1 10.1 10.1
Tewp = Ocap 1.4 1.4 1.4 1.4
IT 9 9 9 9
CPU(s) 0.145050 0.420019 2.186261 35.791883
E() 1.8181 x 107°  1.8961 x 107> 1.9342 x 107°  1.9530 x 1075
v =10.01
Qeap = Beap 10.1 10.1 10.1 10.1
Tewp = Ocap 1.4 1.4 1.4 1.4
IT 9 9 9 9
CPU(s) 0.140525 0.413385 2.312785 35.402080
E(.) 1.6187 x 107°  1.6880 x 107>  1.7219 x 107°  1.7386 x 1075
v =0.001
Qeap = Beap 10.1 10.1 10.1 10.1
Tewp = Ocap 1.4 1.4 1.4 1.4
IT 9 9 9 9
CPU(s) 0.132953 0.414135 2.338413 36.057047
E(.) 1.6175 x 107°  1.6867 x 107>  1.7206 x 107°  1.7373 x 1075

Tables 5 and 6 present numerical results for MHSS and GMHSS methods, including optimal parameters, number
of iterations, time required for calculation, and relative error. AOR-Like and GMHSS methods demonstrate faster
performance than the other methods analyzed in this study.

The provided evidence from Tables 3—6 strengthens the validity that AOR-Like method being evaluated surpasses
the SOR-Like and MHSS methods in terms of the time needed to reach the desired accuracy level. This finding
supports the claim that the new method is effective and efficient, providing additional validation for the assumption.
It is worth noting that GMHSS method may outperform AOR-Like method in certain scenarios. Overall, the results
from the two examples provided indicate that the new method proposed in this article is efficient.

4. Conclusion

Our work presents a novel and efficient method, called AOR-Like method, for solving the generalized Sylvester
matrix equation. This equation has the form AX + X B + 27:1 N;XM; = C, where A,B,N;,M;(j =1,...,m),
C € C™*™ are known matrices and X € C"*™ is the unknown matrix to be determined. We provide a convergence
theorem for AOR-Like method and analyze the procedure in detail. Additionally, we discuss how to discover the
optimal parameters for the method. Finally, we test the effectiveness of our method by solving a test problem.
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