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1. Introduction

In this article, everything starts from a supersymmetric bilinear form on a super vector space. These spaces have
an associated super algebra, called their Clifford-Weyl algebra that is realized as the space of tensor product of the
algebra of alternating and symmetric tensors on the underlying space. Therefore, we will first give an overview of
the basic concepts of the structure of the alternating and symmetric tensor algebras, then after fixing the notations,
we will investigate the structure of the Clifford-Weyle algebras.

First, we will find the basic properties of the structure of Clifford’s and Weyl’s algebras separately, and then we
will extend the obtained results in a unified algebra on superspaces. These algebras have a natural inner product
that is compatible with their algebras and Lie algebras structures.
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1.1. Symmetric and alternating inner products

All vector spaces discussed in this article are real or complex vector spaces of finite dimension. On a vector space
V, a bilinear function (z,y) — (z,y) (with values in the field of scalars) is called a symmetric inner product on V/,
whenever (x,y) = (y,z) and is called an alternating inner product, whenever (z,y) = —(y,z). A symmetric or an
alternating inner product is called non-degenerate if, for every nonzero vector z, there exists a vector y such that

(z,y) # 0.

1.2. Super spaces

In a superspace V = Vy & Vi, the subspace Vj is called the even part, and the subspace V) is called the odd part
of V [1, 9]. Elements of V; are called even vectors, and elements of V; are called odd vectors and they are called
homogeneous vectors of the superspace. We denote the parity of each homogeneous vector x by e(x).

0 =xiseven,
e(z) = ) .
{1 z is odd

For simplicity in calculations, the value of (—1)5(*) is shown by (—1)%, and in this notation, the meaning of z is the
same as £(z). Whenever the symbol (z) is used, it is assumed that x is homogeneous. If the superspace V has an
algebra structure, we call it a super algebra whenever e(zy) = e(x) + £(y). (Addition is done in Zs )

A bilinear function on the super space V is called super symmetric if the even and odd parts are perpendicular
to each other and for homogeneous vectors we have:

{z,y) = (=1)"(y, z).

This condition shows that this operation on Vj is a symmetric inner product and on V; is an alternating inner
product. The non-degeneracy of this multiplication is equivalent to the non-degeneracy on Vj and V.

1.8. Algebra of alternating tensors

Let V be a vector space. the space of alternating tensors (contravariant) of order k on V is denoted by A*V, whose
simple elements are x; A --- A 2. The direct sum of these spaces forms a graded associative super commutative
algebra by external product [4]

AV = é ARV, n = dim(V).
k=0

Considering a non-degenerate symmetric inner product on V', naturally, a nondegenerate symmetric inner product
on AFV(k =0,...,n) is created as follows.

<:171 N Ny, ya A- - /\yk> = Z€U<Ila yo’(l)> cee <xka ya’(k)>

= det ((zi,y;)) -

This definition is well-defined and can be extended to the whole of AV by considering the spaces AV to be
perpendicular to each other. Elements of AV are called multivectors and we denote them by x,y, z, . ...
Some important involutions on AV are defined as follows [4]

(1 A Aag) = (=DFzy A Ay,

k(k—1)

(xr A ANap)PP = Ao Aoy = (=1)" 2 a1 A~ Ay,

k(k+1)

TN Azp= (1A Ax) PP =(=1)"2 z1 A--- Az

The following relations hold for these involutions
(xAhy) =2 Ny, (xAy)PP =yPP Nz’ TAY=YAT.
The insertion of a vector v in the members of A V' is an operator that is defined as follows
k
iy (@ A Aak) =D (1) TN o, @)a A ATy A Ak (1)
j=1
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This operator is a derivation of degree -1 on /A V. This operator has the following relations to the above involutions
(ipx) = —iyx’, (iyx)™’ = —iy®, l,x = i,z°.
An important relation between the insertion operator and the symmetric inner product on AV is as follows [4]

(i, y) = (z, vAY). (2)

The insertion operator is generalized for multivectors = 1 A - -+ A x and y by the following definition

izy = iﬂﬂk S Oifﬂl(y)'
This definition is well-defined and if the order of x is strictly greater than the order of y, then the value of the
insertion will be zero. In general, the relationship between this operation and the symmetric inner product on A V
is as follows

(izy, z) =(y, TN z). (3)

The above relation shows that if  and y are of the same order, then:

izY = (T, Y).

1.4. Algebra of symmetric tensors

The space of symmetric (contravariant) tensors of order k on a vector space W is denoted by VFW, and its simple
elements are & V --- V & [4]. The direct sum of these spaces is denoted by \/ W which is a commutative graded
associative algebra by its symmetric product

(oo}
V=@
k=0
An important involution on \/ W is the parity operator which is defined as follows

GV V&) =(=DF&G V- V.

We consider a non-degenerate alternating inner product w on W. So W must be even dimensional. By w, we can
construct a non-degenerate inner product on VKW as follows

1V V&, mV-- V) = Z w (&1, Mo1)) ---w (& Nor)) -
o€Sk

By considering the subspaces V¥IW to be orthogonal to each other, we can extend these inner products on the whole
\V W. This inner product for even k, is symmetric, and for odd k, is alternating. Therefore, for the superspace
structure of \/ W, this inner product is a supersymmetric inner product on this superalgebra.

Arbitrary elements of \/ W will be denoted by &,1n, ¢, ..., and are called symmetric multivectors. The insertion
of a vector 7 in the members of \/ W is defined as follows

k

in(&\/--'\/ﬁk)zzw(n, fj)&\/"'\/EAJ\/'“\/Ek-

=1

This operation is also a derivation of degree -1 on the algebra \/ W The important relation between this operator
and the supersymmetric inner product on \/ W is as follows

(in€, @) =—(& nV o) (4)

Note that in the above, one of the inner products, is symmetric and the other is alternating. This insertion operator
is extended for n =m; vV --- V1, and £ as follws

i€ = in, 0+ 0y, ().

If the order of m is strictly greater than the order of &, then the value of the insertion is zero. In general, the
relationship between this operation and the supersymmetric inner product is as follows.

(in€, @) = (=1)"(§, nV ).
The above relation shows that if the orders of 7 and £ are the same , then:
i,,é = (71)"7<€7 77> = <”77 £>
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2. Structure of Clifford Algebra of a symmetric inner product

In this section, V' is a vector space and (,) is a non-degenerate symmetric inner product on V. For an associative
unital algebra A, a linear map ¢ : V' — A is called a Clifford map whenever:

p(@)e(y) + o(y)p(z) = 2(z,y)1.

There exists a unique associative unital algebra (up to isomorphism) [4, 8], denoted by C'L(V), such that V is a
subspace of CL(V') and generates it, and

Ve,y €V zy+yz = 2(z,y)1.

and for every unital associative algebra A, every Clifford map ¢ : V — A is extended uniquely to an algebra
homomorphism @ : CL(V) — A. The algebra CL(V) is called the Clifford algebra of (V,(,)).

So, for any two orthogonal vectors z,y we have xy = —yz. The algebra CL(V) as a vector space, is naturally
isomorphic to A V and the following map is the natural isomorphism between these spaces

1
T1 N ANTg — ] Z Eolo(1) -+ To(k):

g€Sk
This definition is well defined and if x1,...,x; are prepenicular to each other then x; A --- A x; is mapped to
x1...x. Therefore, for an orthogonal basis {ej,...,e,} the basis that is created on AV is mapped to the basis

that is created on CL(V) so, the above map is an isomorphism. With this isomorphism, we can consider the exterior
multiplication on A V as an operation on CL(V). So, for two vectors z,y € V we have:

1
x/\y:i(zyfyx):o:y—<:v,y>1éxyzx/\y+<:z:,y>1.

Three involutions on AV that have been described above, can also be considered as involutions on CL(V'). and
the following relations hold

(wy) =o'y, (2y)? =y”Pz, TY=YT.
Clifford product between vectors in V' and multivectors in C'L(V') satisfy the following relations

WA AY) =T Ay A Ay +ie (Y1 A Ayg) (5)
A Ay)z =y A Ay Az — (=D P (yy A+~ A ). (6)

Due to the linearity of both sides of equalities for individual vectors, it is enough to check the correctness of equality
for the vectors of an orthogonal base.

The involution x + @', makes CL(V) (or A V) into a superalgebra. A multivector @ is even whenever @’ = x
and is odd whenever ' = —z. We can consider Lie algebra structure and Lie superalgebra structure [6] on CL(V)
by the following Lie brackets

(Lie bracket) [z, y] = xy — yz,
(super Lie bracket) [x,y]® =xy — (—1)*Yyx.

Note that if  or y is even. then the Lie bracket and super Lie bracket of  and y are the same.
The Super Lie bracket operation between a vector and a multivector is the same as two times the insertion of
the vector into the multivector. In fact:

[v,y]* = 2i,y.

To prove this equality, it is sufficient to use equalities (5) and (6).

To find the general formula for the Clifford multiplication of multivector, it is necessary to generalize the
insertion operator such that it also includes the exterior multiplication. For every natural number 1 < k and a
natural number 1 <[ < k and a multivector y, we put

igl)A.../\mky = Z Ealo(l+1) N+ N To(k) Nz, AeAzy) (y).
o€SI k-1

82



N. Boroojerdian, AUT J. Math. Comput., 6(1) (2025) 79-96, DOI:10.22060/AJMC.2023.22595.1192

This definition is well defined. In the above:
Sl,k—l = {CT € Sk | 0'(1) < e K O’(l), O’(l+1) < - <U(k)}.
For using in the next section also define S, as follows:

In the case [ = 0 it is natural to define ig;o)y = x A y. If the order of  or y is strictly less than [, then ig)y =0.
If y is of order m, this formula shows that the order of ig)y is equal to kK +m — 2[. It is clear that in the case of

I =k, we have i(mk) = izorr Therefore, for two elements of the same order k such as x,y we also have:

k(k—1)

iFy = igore y = (P, y) = (1) 7 (z, y).

Theorem 2.1. The following relations hold for all multivectors x,y, and a vector v.

iml)y - (71)@4)(3,4)1,5})% (7)
iDa(y) = (=D A D (y) + (1) 04y (y), (8)

iv 0 i (y) = (—1)'i" (1) + (1) oy (y), (9)
iDAy) = ()"0 Al y) + (11 L ). (10)

Proof. Due to the linearity of both sides of these equalities for their variables, it is enough to prove them for the
members of a base. In particular, for an orthogonal base {e1,...,e,} of V, we can use the exterior products of
vectors ey, . .., e, to construct a base for A V. Let e, u, v, ... be some multivectors in the base which is constructed

for A V. It is easy to see that if the number of identical vectors in w and v is not equal to I then ig)(v) =0. And
if oreder of e is [, then:

11—1)
i(eliue/\'u = (-1) = u A,

All the above equations in the theorem can be proved with the help of this relation by checking all possible situations.
O

We also define two generalized insertion operators as follows. For a multivector @ of order k define:

k

k
o= i) =3 (-1l
0

=0 =

For example, for a vector v and a multivector y, we have:

. -/ .
LWy=vAy+iy=vy . Ly=vAy—i,y=yv.

By adding the equalities (8), (9), (10) for all possible values of [, the following similar equalities for the generalized
insertion operators are obtained

-/ -/

Z'U/\m(y) =vA Zm (y) + Z:n © Zv(y)7
./ . . .
ZU/\:D(y) =vA /I’x(y) —1zo 'Lv(y)7

. . ./ . .
iy 0 L(Y) = b () () + (=1) % 04 (y),

. ./

. -/ @x .
v 0 0 (Y) = iy (@) (Y) + (=1)% % 000 (y),
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Also, by adding the equalities (7) for all possible values of [, we find:

iwy = Zy/x both x,y are even ,
1zy = —’Ly/ac both x,y are odd .

Also, If one of the x,y is even and the other is odd, then:

loy = Gz, iy =i

Theorem 2.2. The Clifford multiplication and the generalized insertion operators are related as follows

= 'w is odd ,
{:cy /y T iso (1)

Ty =1,y <« iseven

Proof. We prove this theorem by induction on k (order of @ ). For k = 1, we have already obtained this result
in (34). For arbitrary k, we separate two cases of evenness and oddness of k. First, suppose (11) holds for all «
of order 2m — 1 and we prove (11) for all  of order 2m. It is sufficient to prove (11) for multivectors in the form
v A @, where v is a vector and x is a multivector of order 2m — 1.

(vAhx)y = - (ve —xv)y = %(vmy — zovy) = % (U(Zmy) —xz(vAy+ zvy))

(07 oy + iulo) = (G0 A y) + alia))

RN RN

. ./ . . . -/ - .
= 5 (0 A oy + 4 (1) () = T 0 i (y) = (—0 A T ly) + oy () + T (1) ))
. . . ./
= VA Ly — lo 0 iy(Y) = e (Y).
Now, suppose (11) holds for all x of order 2m and we prove (11) for all « of order 2m + 1. As before, we prove (11)
for multivectors in the form v A « in which the order of x is 2m.

1 1 1 .
(vAz)y = i(vm +av)y = §(vmy + xvy) = B (v(lwly) +x(vAy+ ivy)>

1 ./ RN ./ </,
= 5(v Ay +ip(Lyy) + 4, (v AY) + 1, (1,Y))

1 ./ . o . ./ . A
=5 (v ANy + iy (@) (Y) + T 0 1Y) VA I (Y) = by (@)(Y) + % (%y))
./ ./ 3 .
=AY+ Iy 00y (Y) = lopa(y).
So, the proof is complete. O

Corollary 2.3.
@,y = (1) (I (y) — oy ) = (1" T2 Y i@y,
k=0

To prove this equation, it can be checked for all possible cases of evenness and oddness of  and y. In the case
x = u A v, we have:
[wAvyl=[unvy]® =20y =2WAiy—vAiy).

In particular, when y = y; A --- A yi we have:

k
[u/\v,yl/\-~-/\yk]:Zyl/\-n/\[u/\v,yi]/\n-/\yk. (12)
i=1

Now, we will discuss the relations between the Clifford product and Lie bracket and the symmetric inner product
on CL(V).
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Theorem 2.4. For a multivector  of order k and any multivectors y, z and a number 0 <[ < k we have:

(iDy, z) = (y,i% 7). (13)

Proof. The only important case is when the order of the multivectors fits together, in other cases both sides are
zero. Therefore, If the order of y is m, then the order of z must be equal to k +m — 2]. We prove the theorem by
induction on k.

For k =1 and I = 1,(13) is the same as (2). By interchanging the sides of (2) we find (13) for I = 0.

Now, suppose that equality holds for all multivectors of order k. We prove the equality for all multivectors in
the form u A & where x is of order k.

(i ey, 2) = (D' A iy + (~1) 18D 04y (y), 2)

{

= (-D/(iy,iuz) + (=)' i (), igomn2)
{
(

= (y, (=140 0y (z) + (1) tu Al )

Lyungorr 4

» Y(una)orr 0
By summation of the sides of (13) for all possible values of I, we obtain the following results
(loy, 2) = (Y, lgorr2),
(lgy, 2) = (y, Tg2).
Corollary 2.5. For all multivectors x,y, z we have:
(zy, z) = (@, 2y”") = (y,2""z). (14)

This equality can be checked for all possible cases of evenness and oddness of  and y and z. Note that the only
important cases are e(x) + £(y) + £(z) = 0. In other cases, both sides of (14) are zero.

Corollary 2.6. For Lie algebra structure of CL(V'), we have:

([z,y], 2) = (=, [z,y]).
To make an inner product that is invariant under the Lie algebra structure of CL(V'), we need a slight change in
the inner product. We define a new inner product on AV as follows
<$, y>new = <$0pp7 y>
This new symmetric inner product may be different from the previous one in at most a sign, and with this new
inner product, the following relations hold

<213’y, Z>new = <£13, yz>new = <y7 zw>new7

<[a:7y}7 z>new = <:IC, [yvz]>new-

For each multivector y, the operator ad(y) on the CL(V) is defined by ad(y)(x) = [y, «]. If the order of y is 2 ,
then all subspaces AFV are invariant under the operator ad(y) and ad(y) is antisymmetric for (,) and {,)pew and
we have:

ad(y)(x) = —21'5!1):1:.

So, A%V is closed under the Lie bracket and it is a Lie subalgebra CL(V). In fact, all the subspaces A*V can be
considered as a representation space for Lie algebra A2V.

The mapping y — ad(y)|;, is a Lie algebra isomorphism from A%V to o(V). Therefore, we can consider o(V)
as a Lie subalgebra of CL(V). In particular, for each T € o(V') there is a unique element y € A?V such that for
each v e V:

T(v) = [y,v] = —2iyy.
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3. Structure of Weyl Algebra of an alternating inner product

In this section, V is a vector space and w is a non-degenerate alternating inner product on V (So, V is even
dimensional). For an associative unital algebra A, a linear map ¢ : V' — A is called a Weyl map whenever:

0(&)p(n) — eme(§) = 2w(§,n)1.

There exists a unique associative unital algebra (up to isomorphism) [10], denoted by W L(V), such that V is a
subspace of WL(V') and generates it, and

VEneV &n—né=2w(nl.

and for every unital associative algebra A, every Weyl map ¢ : V — A is extended uniquely to an algebra
homomorphism @ : WL(V) — A. The algebra WL(V) is called the Weyle algebra of (V,w).

So, for any two orthogonal vectors &, we have £&n = né. The map £ — —& from V to WL(V) is a Weyl map
and extends to an algebra isomorphism on W L(V'). This is an involution on W L(V) and its eigenspaces make the
Weyl algebra into a superalgebra. The algebra W L(V') as a vector space, is naturally isomorphic to \/ V and the
following map is the natural isomorphism between these spaces

V-V Z o(1) -

. g€Sk

This definition is well-defined and if &3, ..., & are in an isotropic subspace then & V- -V & is mapped to & ... &.
This isomorphism preserves the parity involutions of these two algebras and is an isomorphism of superalgebras.
With this isomorphism, we can consider \/ V and W L(V) identical and the symmetric multiplication on \/ V" as an
operation on WL(V), or vice versa.

For example, for two vectors £, € V we have:

Evn = %(&Hn&) =n—wlEnMl=En=Vvn+wEnl.

We denote the Lie bracket and the super Lie structure on W L(V), respectively by [, ] and [, |°.

Theorem 3.1. In the Weyl algebras, the Lie bracket operation between a vector £ and a symmetric multi-vector n
is the same as two times the insertion of & into 1. In fact:

[5’77] = Zifn'

Proof. Assumen=mn V- -V .

EmV -Vl = o Z ENo(1) - - No (k)]
= Z 1€ 001)] Mo@) - Moy + - k' Z%u (k=1 [ &5 Mo (i) ]
1
= E Z2w (57770'(1)) No2) - - - Mo (k) +e E Z 2w (57770'(16)) No1) -+ No(k—1)-

For any j = 1,...,k we can prove the following equality:

-

©
Il
-

1 . ~
EZQ"J (& 160()) Mo 1) - - - Tlo () - - - No(k) = w&m)m V-V V-V (15)

e (m V- V).

ET‘\[\D ??‘\I\D

It is sufficient to note that for any ¢ = 1,..., k we have:
1 . 2 ~
il Z 2w (&, M0()) Mo (1) - - () - - - Mo (k) = %W(&m)m Voo Vg Ve Vg,
o:o(j)=t
Now, the proof is complete. (I
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Theorem 3.2. In the Weyl algebras, the multiplication of a vector v to a symmetric multivector  has the following
relation to the symmetric product and the insertion operator

n=¢Vn+icen. (16)
Proof. Assume n=1n; V-V n;. We obtain
1 1
\ eV = —— e ; ;
f mVv Nk (k T 1)' za:gna(l) No (k) + + (k + 1)| 2(7:%(1) 770(1)5%(2+1) No (k)

1
e —— . . 17
+o Tt G+ 1) 203770(1) Mo (k)§ (17)
First, we find the following relation for any terms in the above expression

D 5 - ¢ )

(k + 1)| - No(1) -+ - - No(3)SNo(i+1) - - - No(k) = (k T 1)| . No(1) Mo (i—=1)8No (i) « + - Mo (k)

2 .
+ sy zg:w (Mo (i) €) Mo (1) - - Do) - - - Nor(k) -

The last term, by (15) is equal to k(,;ifl)ig (m V-V n). Now, in (17), starting with the last term and using (18),
and iterating this process we find (16). O

Corollary 3.3.

1
évn:§(€n+n£), nE=nVE—iem.

To find the general formula for the Weyl production of symmetric multivectors, it is necessary to generalize the
insertion operator. For every natural number 1 < k and every natural number [ = 1,...,k, we put:

igl)v...vgk?? = Z (igamv.-.vga(lm) \ (fa(z+1) VeV &;(k)) .
o€S k-1

In the case [ = 0, put iéo)n =&V

Explicitly, this operation of insertion between symmetric multivectors can be written as follows:

(1
Zél)\/...\/g,c (771 VeV nm) (19)

= Z Z w (5{7(1)7 nT(l)) Lol w (gﬂ(l)V nT(l)) grr(l—&-l) VeV go(k) \ 777'(14-1) VeV 777'(771)
0ES| k-1 TES]

Il,m—1

If the order of one of £ or 7 is strictly less than [, then iél)n = 0 This formula shows that the order of z'él)n is equal

to k+m — 2. Tt is clear that in the case | = k we have iék) = i¢. We also have: i(gl)n = (—1)%5,1)5. From (19), the
following equalities can also be easily proved:

i) (¢) = €ViD(g) +ill7V oig(), (20)
ic 0 i(@) =it (@) + i) o ic(9h), (21)
iDEve)=¢vill(e)—il,"(¢). (22)

In the context of the Weyl algebras, we also define two generalized insertion operators as follows. For a symmetric
multivector & of order k£ define:

k k
. (1 ./ (1
Ge=> i, de =Y (-1,
1=0 1=0
Clearly: %(n) = Zn/(ﬁ), and for a vector £ we have:
lem =€V +ien = én.
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By adding the sides of (20) and (21) and (22) for all possible values of [ we find similar relations for the generalized
insertion operator.

levn (@) = €V Tn(@) + Iy 0 (),
g © () = lig(n)(®) + Ty 0 g (),
Tn(EV @) = EV (@) — Lien ().

Theorem 3.4. Weyl multiplication in W L(V') in terms of the generalized insertion operator is as follows

. ./
NG = In(@) = Lyn- (23)
Proof. By inductionon k (the order of 1 ), we can prove (23). For k = 1, (23) has already been obtained in the

theorem (3.2) Now, suppose (23) holds for all n of order k, and we prove it for all symmetric multivectors in the
form & V n in which the order of 7 is k.

(€ m)p = 5(En+nE)d = L (End + mg) = %(( 6) +n(EV o +ico)
= 5 (v ing +ie (in®) + Gnl6 v §) + G ie8))

1 . . . . . .
3 (E V @ + i (n) (@) + Uy 0ic(P) + &V Uy(@) — Lig(m) (D) + Uy (i§¢))
=&V ln(@) + Uy 0 e () = levn ().

O
Corollary 3.5. The lie bracket of symmetric multivectors satisfies the following relation
: : : 2n+1
[€.m] = Te(n) — by(€) = Te(n) — & (1) = QZ 2ty
For example if the order of £ is 2 , then
&.m)" = [&,m] = 2ig (). (24)

Now, we explore the relationships between the super inner product and the Weyl multiplication and the super Lie
bracket on WL(V).

Theorem 3.6. For a symmetric multivector & of order k and a number 0 <1 < k we have:

(', @) = (~1)'(n, i Vo). (25)

Proof. The only important case is when the order of the multivectors are proportional, in other cases, both sides
are zero. For example, if the order of i is m, then the order of ¢ must be equal to k + m — 2l. We prove the
theorem by induction on k.

For k =1 and [ = 1 this equality is the same as (4). By interchanging the two terms in the inner product in
(4), the theorem is proved for the case [ = 0. Now, suppose equality holds for all multivectors of order k and we
prove the equality for multivectors in the form v Vv € where £ is of order k

l - :
=(yVigm+ig Voiy(n). @)
(1 . (k—141
(ig'n, iy@) + (=)' iy (m), i)

- k—1
= (V' i oi @)+ Vil )
l (k+1-1)
(_1) <777 7’7\/5 >
Corollary 3.7. If the order of € is k, then:
(&n, @) = (-1)"(n, ¢€). (26)
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it is sufficient to sum two sides of (25) for all possible values of [ and use(23).

Corollary 3.8.
(&n, ¢) = (& ne). (27)

Notice that to prove (27), the only important case is €(&€) + €(n) + £(¢p) = 0, in other cases both sides are zero.
To prove (27), interchange terms in the inner products in (26) and notice that for even k, these inner products on
both sides are alternating or symmetric, and for odd k, one of them is alternating and the other is symmetric.

Corollary 3.9. The supersymmetric inner product on W L(V') is invariant for the Lie superalgebra structure of the
WL(V). In other words:

([&n]°, &) = (& [0, %) (28)

Here, also the only important case is €(€) + €(n) + €(¢) = 0. So, using (27), we can easily prove (28).
For every & define ad(€) : WL(V) — WL(V) by ad(§)(n) = [€,n]°. If the order of £ is 2 , then:

ad(€)(n) = [€,n)° = [€.n] = 2i¢" .

This formula shows that all subspaces V¥V are invariant under ad(£), especially V2V is a Lie subalgebra of W L(V)
and all V¥V are a representation for Lie algebra V2V, and their inner product is invariant under this representation.
Especially, ad(€)];, € sp(V) and the mapping &€ — ad(€)|,, is a Lie algebra isomorphism from V2V to sp(V).
Therefore, we can consider sp(V) as a Lie subalgebra of WL(V), and for any T € sp(V), there exists a unique
&€ € V2V such that:

T(n) = &1 = 2ign = ~2i,€.

4. Structure of Clifford-Weyl Algebra of a supersymmetric inner product

Now, we can combine Clifford and Weyl algebra and make a superalgebra that is called Clifford-Weyl algebra [5].
We must consider a super space V = Vj & V1 and a supersymmetric inner product on it. For an associative unital
algebra A, a linear map ¢ : V — A is called a Clifford-Weyl map whenever for all homogeneous vectors z,y € V:

p(x)p(y) + (=)™ p(y)p(z) = 2(x,y)1.

In a superspace V = V@& V; with a supersymmetric inner product, there exists a unique associative unital algebra,
denoted by CLW (V') which has the following properties.

1. V is a subspace of CLW (V') and is a generator of this algebra.
2. For all homogeneous elements x,y € V we have:

zy + (=1)"yz = 2(z,y)1.
3. For every associative unital algebra A, any Clifford-Weyl map ¢ : V — A is extended uniquely to an algebra
homomorphism ¢ : CLW (V) — A.

This algebra naturally contains CL (Vp) and WL (V7). In fact, the inclusion maps Vy — CLW (V) and V; — CLW (V)
are respectively Clifford and Weyl maps, and extend to the following algebra homomorphism

CL(Vy) = CLW(V), WL (Vi) — CLW(V).

These homomorphisms imbed the algebras CL (Vp) and WL (V1) into CLW (V). It can be proved that CLW (V') =
CL (Vo) @WL (V1) (tensor multiplication of super algebras [4]). It is enough to consider the following map which
is a CliffordWeyl map

Vo@®Vi — CL(Vy) WL (V)
r+€ — TR1+1®E.
This map extends to an algebra homomorphism from CLW (V) to CL (Vy) ®W L (Vi) which is an isomorphism.
For simplicity, we denote arbitrary elements of C'L (V) with symbols @, y, 2, ... and elements of V; with symbols

Z,9Y,2,.... Also, we denote arbitrary elements of WL (V1) with the symbols &,m,¢,... and elements of V; with
the symbols &, 1.9, . ..
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Even and odd vectors of V' are anticommutative. In other words, for z € Vj and £ € V] we have 2§ = —€z. In
general, € = (—1)*¢£z. Simple elements of CLW (V) are in the form £ ®¢. The Lie algebra structure of CLW (V)
is related to the Lie algebra structures of CL (Vy) and WL (V}) as follows

e&yen =y oén+yxre € n)
=zy @ [§,n] + [x,y] @ nk.

In several ways, we can make C LW (V') into a superalgebra. But, for compatibility of grading and the natural inner
products on CLW (V) that is induced by the inner products on CL (V) and WL (V;), we choose the following
grading for CLW (V')

e(x ®€) =e(§)-
In this grading, even and odd subspaces of CLW (V) are as follows
CLW(V)o = CL (Vo) @ WL (V1)y, CLW(V)1 =CL (Vo) @ WL (V1)

For this grading, the super Lie bracket of simple elements of C LW (V') satisfies the following relation

zR&yen =(@cf)yen) — () (yon)(z®E)
= (—1)%¥zy @ &n — (—1)5" "y @ ne.

In some special cases, this cumbersome relation can be written simpler. If both x, £ are even, then:

@& yen’ =yz b n] - [y,z]©E&n. (29)

If both «, £ are odd, then:

@&y’ =yza[§n| - [y x]° 2 En.

The restrictions of this super Lie bracket on CL (V) and WL (V}) are respectively the Lie bracket of C'L (V) and
the super Lie bracket of WL (V4).

The inner products on C'L (Vy) and WL (V1), naturally induce the following inner product on CLW (V') that is
super symmetric for the above grading of CLW (V)

(@& yon) = (71)£y<m7 Y)new(§s M)

In other words, this inner product is symmetric on CLW (V) and is alternating on CLW (V'); and these subspaces
are orthogonal to each other.

Theorem 4.1. For arbitrary elements of CLW (V) such as X,Y , Z, we have
(XY, z) = (-)X(Y, ZX), (XY, Z)=(X, YZ) (30)

Proof. We can assume &(X) 4+ ¢(Y) + e(Z) = 0, because in other cases, both sides of (30) is zero. Assume
X=xR£Y =y®n,Z =2® ¢. Then we have

(XY, Z) = (1) E2 2y, 2),00(n, @)

_1)€y+(£+n)z+£<y7 22 pew (1, OE)
—1)SurEtmEIERe @t (y o ), (2@ ¢)(z @ €))
“D¥(yen), ze¢)(z)= ()XY, ZX).
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Corollary 4.2. For arbitrary elements of CLW (V') such as X,Y ,Z, we have
<[X’ Y]S7 Z> = <Xv [Y7 Z]S>

For a simple element of CLW (V) like « ® &, its order is defined by the sum of the order of  and €. The subspace
of elements of order k in CLW (V') is denoted by C LW ®*) (V). So,

CLW®(V)= @ AVo® VA
r+s=k

For example:

CLWIWV)=Vya W =V,
CLWA W)= A2V Vi & (Vo Vi),

For any X € CLW(V) the operator ad(X) : CLW (V) — CLW(V) is defined by ad(X)(Y) = [X,Y]*. If the
order of X is 2 , then all subspaces CLW ) (V) are invariant under ad(X). Especially, CLW (?) (V) is a sub Lie
superalgebra, and the action of CLW®) (V) on CLW*) (V) is a representation of this super Lie algebra.

An important point here is that the Lie superalgebra CLW (?) (V) is naturally isomorphic to osp(V) (ortho-
symplectic Lie superalgebra) via the following isomorphism

CLWE(V) — osp(V)
X — ad(X)|y .

Via this isomorphism, we find that:

0spo(V) = A* (Vo) @ V2 (V1),  ospy (V) = Vo ® V.

Corollary 4.3. For any T € osp(V) there exists a unique X € CLW @) (V) such that

VzeV T(z)=1[X,2]°=[X,z].

5. Star structures on the Clifford-Weyl algebras

The star structures are defined only in complex spaces. In this section, all spaces are complex. For physical
applications in antiparticles representation [3], we need to introduce star structures into the scene. For a (complex)
space V, a mapping z — x* on V is called a star structure on V if it is conjugate linear and is its inverse, i.e.
** = z. For example, for any real space W, WC has a natural star structure u + v — u — 5v. It can be seen that
every star structure comes from this example. In fact, for a complex space V' which has a star structure, the set of
selfadjoint vectors (i.e. #* = x ) form a real subspace W, which W is naturally isomorphic to V, and under this
isomorphism, the star operator on V transforms to the natural star operator on W¢

A complex superspace with a star structure on its underlying space is called a star superspace whenever ¢ (z*) =
e(x). In this case, we can restrict the star operator to the even and odd subspaces that make them to have a star
structure. On the contrary, having separate star structures on the even and odd subspaces is equivalent to have a
star structure on the whole superspace.

A star algebra is an algebra with a star structure on its underlying vector space such that (xy)* = y*z*.
But, a star superalgebra is a superalgebra with a star structure on its underlying supervector space such that
(2y)" = (~1)y"a”

If V has a star structure and is equipped with a symmetric or alternating inner product, we say the star structure
is compatible with the inner product, whenever:

(2%, y") = (z,y). (31)

Any star vector space that has a compatible symmetric or alternating inner product, is made by complexification
of a real space with symmetric or alternating real inner product.

In the case of symmetric inner products that have a compatible star structure, the following operation creates
a Hermitian inner product in the space

(z,y) = (x| y) = (z,97).
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This Hermitian inner product are not necessarily positive definite. The relationship between the star operator and
this Hermitian inner product is (z* | y*) = (z | y).

But in the case of alternating inner products that have a compatible star structure, the following operation
creates a Hermitian multiplication on the space

(z,y) = (x| y) =iz, y").

In this case, this Hermitian inner product is necessarily indefinite and its relation with the star operator is (z* | y*) =
—@ ).

In superspaces that have a star structure and a supersymmetric inner product, we say that the star operator is
compatible with the inner product whenever:

<l‘*,y*> = <Ji,y>

So, we can define a natural Hermitian inner products on the superspace as follows

(@] y) = {(x,y*} one of z,y is even , . (32)

i{z,y*) both z,y are odd

Even and odd subspaces are orthogonal to each other and the star operator has the following properties for this
Hermitian inner product

(@ [y") = ()" (x| y).
If a vector space V has a star structure, a star structure is induced on the exterior algebra AV as follows:
(y A ANag) =zf A A

So, we have; (x Ay)* = y* Ax*. This star structure does not respect the superalgebra structure of A V but respects
its ordinary algebra structure.

If a symmetric inner product on V' is compatible with its star structure, then the symmetric inner product that
is induced on A V' is compatible with the induced star structure. In this case, we can also construct a star operator
on CL(V) that make this algebra into a star algebra. To construct this star operator on CL(V'), consider the map
x — z* from V to CL(V)°rpP. This is a Clifford map and is extended to an algebra isomorphism from CL(V') to
CL(V)°P. This isomorphism as a map on CL(V) is denoted by « +— x* and makes C'L(V)into a star algebra.

The natural isomorphism between A\ V and C'L(V') respects the star structures on these algebras, so these star
structures are the same. Therefore, the symmetric inner products on CL(V) are also compatible with its star
structure.

The relation between the star operator and the Lie bracket on CL(V) is as follows:

[mvy}* = [x*vy*] :

If V has a star structure, then \/ V as a superalgebra will have a star structure as follows:

k(k

(V- VEa) = (=) T Vv

This definition implies the following relation
Evm)* = (-1)"m" Vg

If an alternating inner product on V' is compatible with its star structure, then the super symmetric inner product
that is induced on the superalgebra \/ V is compatible with the induced star structure. In this case, we can also
construct a star operator on WL(V') that make this superalgebra into a star superalgebra.

To construct this star operator on W L(V), first, we remind that for each superalgebra A = Ay® Ay, the notation
A®°PP yefers to the superspace A which is considered by the following new multiplication: a - b = (—1)®ba By this

multiplication, A*°PP is also a superalgebra. Now, consider the map x +— z* from V to WL(V)**". This is a
Weyl map and is extended to an algebra isomorphism from W L(V') to W L(V)*°*". This isomorphism as a map on
WL(V) is denoted by &€ — £&* and makes W L(V) into a star superalgebra.

The natural isomorphism between \/ V and W L(V) respects the star structures on these superalgebras, so these
star structures are the same. Therefore, the supersymmetric inner products on WL(V) are also compatible with
its star structure.
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The relation between the star operator and the super Lie bracket on WL(V) is as follows:
(&) =—1& 0T

If V=V, ® V7 is a superspace with a supersymmetric inner product and a compatible star structure, we can extend
its star operator on CLW (V') such that it becomes a star superalgebra. To this end, consider the mapping z — z*
from V to CLW (V)%PP which is a Clifford-Weyl map and extends to an algebra isomorphism from CLW (V) to
CLW (V)serp, This extended mapping is denoted by the same symbol *. Restrictions of this star operator on
CL (Vp) and WL (V;) are the same as the star operators defined above and in general:

(x@&)" = (—1)"z* @ &*.
As we saw in (32), we can define a Hermitian inner product on CLW (V') such that
(X" 1Y) = (-)*M(X]Y).
This Hermitian inner product for simple elements is done as follows:

(z@&|lyen)=(x|y)(E|n)

6. Roots and weights for ortho-symplectic Lie superalgebras

6.1. Orthogonal Lie algebras

For a complex space V and a symmetric inner product on it, the Lie algebra o(V) has a natural imbedding in
CL(V) and is isomorphic to A2V. By using the Lie algebra structure of CL(V'), we can naturally find roots of o(V)
and weights of representations of o(V) on AFV and the whole of CL(V). We can assume V has a compatible star
structure and the restriction of the inner product on the real subspace of selfadjoint vectors is positive definite. So,

there exists an orthonormal base of selfadjoint vectors like {v1,...,vq} (ie. v] = v;, (vs,v;) = 0;; ). First, suppose
that d is even and d = 2n. In this case, we can construct a base in the form {ej,... e, €},..., e} such that
(eire) = (e, e;) =0, (e, e;) = dij. (33)

For example, put
e — (V1 +w2), ..., €en — (Vop—1 + 2y -
! \/i ! ? \/5 2 ! 2

Put H; = %ei ANer,i =1,...,n and b = span{Hy,...,H,}. Since {Hy,...,H,} is linearly independent and
[H;, H;] = 0,b is a commutative Lie subalgebra of AV and is n-dimensional, therefore, it is a Cartan subalgebra
of A2V [7]. The dual base of {Hj,...,H,} is denoted by {Hl, cee H”} For the representation of A2V on V, we
find that:

ad (Hy) (e;) = [Hy, €] = dive; = H' (Hy) €5,

ad (Hy) (ef) = [Hy, €] = —ef = —H" (Hy) €.
These equations mean that +£H*® are the weights of this representation and the eigen subspaces of these weights
are also one-dimensional [7]. From these relations, we can obtain important results about the weights of the

representation of A2V on A™V.
Note that from (12) for & € A?V we have:

m

ad(m)(ylw'wym):ZylA~~Aad(w)(yi)A~~Aym.

For simplicity for any vector z € V and o = 0, 1, put:

20— r a=1,
)1 a=0"

For any k1,...,kn,l1,...,1, € {0,1} such that ky + -+ k, + 13 + - -+ + I, = m the following combination of H's
is a weight of the representation of A2V on A™V

(ky =) H 4+ -+ (ky — 1,) H™.
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The following k-multivector is an eigenvector for this eigenfunctional
AN A (D) A A ()
Especially, in the case k = 2, nonzero weights are roots of A2V. So, the roots of A2V are the following functionals
+(H'+H),+(H' -H) (1<i<j<n).

Now, suppose V is odd-dimensional and d = 2n+ 1. In this case, by using an orthonormal base like {v1, ..., van, e},
in the same way, we can construct a base {ej, ..., e,, €}, ..., e, e} such that (33) is satisfied and
(ei,e) = (ef,e) =0.

We use the same definitions for H;,s and put b = span {Hy,..., H,}. So, b is a Cartan subalgebra of AV too.
The following relations hold

ad (Ht) (ei) = Hi (Ht) €i,
ad (Hy) (ef) = —H' (Hy) €],
ad (H) (e) = 0.

These equations mean that +H? and zero functional are the weights of this representation and the eigensubspaces
of these weights are also one-dimensional. From these relations, we can also find the weights of the representation
of A2V on A™V.

For any ki,...,kn,l1,...,ln, 1 € {0,1} such that ky +---+ k&, +1; +--- + 1, + | = m the following combination
of Hs is a weight of the representation of A2V on A™V

(ky =) H + -+ + (kp — 1,) H* + 1 x 0.
The following k-multivector is an eigenvector for this eigenfunctional
A A A A A () A
Especially, in the case k = 2, roots of A2V are nonzero weights, so roots of A2V are the following functionals
+(H'+H?),£(H'—H’),£H" (1<i<j<n).

6.2. Symplectic Lie algebras

For a complex space V' and an alternating inner product on it, the Lie algebra sp(V') has a natural imbedding in
WL(V) and is isomorphic to V2V. By using the Lie algebra structure of W L(V'), we can naturally find roots of
sp(V) and weights of representations of sp(V) on V™V and the whole of WL(V). Suppose {&1,..., &, &% ..., "}
is a symplectic base for V| that means:

(&, &)= (€, &)=0, (&, &) =0

Put K; = 3§ V&L i=1,...,n. By (81) we find that [K;, K;] = 0 and the subspace b = span {Kj,...,K,} is a
Cartan subalgebra of V2V. Dual base of {K7,...,K,} is denoted by {Kl, e ,K”} and for the representation of
V2V on V, we find that:

ad (Ky) (&) = [Ky, &) = —0uéi = ~K' (Ki) &,
ad (Ky) (€') = [K, &'] = 616" = K (Ky) €.

These equations mean that =K are the weights of this representation and the eigen subspaces of these weights are
also one-dimensional. From these relations, we can compute the weights of the representation of V2V on V™V.
Note that from (24) we can deduce the following relation for every & € V2V

k
ad(§) (m V- V) =Y m V- Vad(€) () V- Vg
i=1
For each ¢ € V, put &8 = ¢V --- Vv ¢ ( k term). For any non-negative integer ki,...,kn,l1,...,l, such that
ki+---4+k,+1 +---+1, = m the following combination of K?, s is a weight of the representation of V2V on V"V
(ky — 1)K '+ 4 (kp — 1) K™
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. . k . . .
Because, the symmetric multivector 5? VoV gy (fl) BAVARRRY/ (f”)k“ whose order is m, is an eigenvector for
this functional. So, for any integer ay,...,a, such that |a1| + - + |an| < m and |a1| + -+ + |an| — m is even, the
functional a; K' 4 --- 4+ a,, K™ is a weight for this representation. In particular, the roots of V2V are the following
functional.

(K4 K)o (K- ) 22K (1<i<j<m).

Moreover, for the representation of V2V on W L(V) any integer combination of K, s is a weight and the eigensub-
space of any weight is infinite dimensional.

6.3. Orthosymplectic Lie superalgebras

For a complex superspace V =V, & V7 and a supersymmetric inner product on it, the Lie superalgebra osp(V) [2]
has a natural imbedding in CLW (V') and is isomorphic to CLW®V . By using the Lie superalgebra structure of
CLW (V), we can naturally find roots of 0sp(V') and weights of representations of osp(V) = A2Vo @ V2V & (Vo @ V1)
on CLW®V and whole of CLW (V).

First suppose V; is even dimensionaland dim (Vp) = 2n,dim (V1) = 2m. For a suitable star structure, we can
consider a base {ej,...,en, €5,...,e%} for V and a base {51, Y S ST ,f"} for V7 such that:

<eivej> = (e%ﬂe?} =0, <€i7e;> = 5ij7
Put H; = fe;Aef,(i = 1,...,n),K; = 1 V&, (j = 1,...,m). These are some vectors in o0sp,(V) and
b=span{Hy,...,H,, K1,..., K} is a Cartan subalgebra for osp, (V). If by = span{Hy,..., H,} and
by = span{Ky,..., K}, then b = by @ by and b* = b} @ b3.
So, the functionals H!,..., H®, K',..., K™, that are defined above, can be considered as functionals on b and
is the dual base of {Hy,...,H,, K1,...,K;}. Moreover, for o € b} and 5 € b} and u € b; and v € by we have:

(a+ B)(u+v) = a(u) + B(v).

All subspaces A"Vp ® V*V; of CLW (V) are invariant under ad(X) for X € osp,(V), so they are a representation
for 0spo(V). By (29) we can find the relation between the representation of A2V, on A"V; and the representation
of V2V; on V*V; and the representation of osp,(V) on A"Vy ® V¥V; as follows. For € A%V and € € V2V; and
y € N"Vy and g € V*V; we have:

ad(z)(y ®@n) = ad(z)(y) @n, ad(€)(y®@n) =y ad(§)(n).

This relation shows that if o is a weight for the representation of A2V on A"V, and 3 is a weight for the representation
of V2V; on V®Vy, then a + 8 is a weight for the representation of 0spy(V) on A"V @ VEV;. In fact, if y € A"V is
an eigenvector for a and n € V*V} is an eigenvector for 5 then y ® i is an eigenvector for a + 3. Because for any
h=hy+ hy € b =01 P by we have:

ad(h)(y @ n) = ad (h1) (y @ n) + ad (h2) (y @ n) (34)
=ad (h1) (y) ®n +y®@ad (ha) (n)
=a(h)yen+Bh)yen
= (a+B)(h)(y@n).

Since ospo (V) = A2Vy @ V2V, the set of even roots of osp(V) (i.e. the set of roots of osp,(V)) is the union of the
sets of roots of A2V, and V2V,

+ (H + H),+ (H — HY) (1<i<j<n),
+(K'+ KJ) £ (K'— K7) ,£2K' (1<i<j<m).

Also, odd roots of osp(V') are weights of adjoint representation of ospy (V') on osp, (V) = Vo ® V. So, by (34) we
find the odd roots of 0sp(V) by adding weights of representation A2V on V; and wights of representation of V2V,
on Vi to each other

+H '+ K7 (i=1,...,n, j=1,...,m).

In this case, all odd roots are isotropic. In general, an odd root « is nonisotropic iff 2« is an even root. We can
find even and odd weights of representation osp(V') on CLW (™) (V) in the same way.
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Now, suppose Vj is odd dimensional and dim (V) = 2n + 1. Using the same notation as before, consider a base
{e1,...,en,€5,...,e5 e} for Vj such that:

(ei,e5) = (ef,ej-) =0, <ei,e;> =0i;, (ei,e)=(ej,e)=0.
As before, we construct H?,s and the roots of A2V are the following functionals
+(H'+HY),+(H' - H),+H" (1<i<j<n).

Now, the set of even the roots of osp(V) is the union of the sets of roots of A2V and V2V,

+(H'+HI), £ (H' —HI)+H (1<i<j<n),
+(K'+ K7),+(K'— K7) ,£2K' (1<i<j<m).

By (34) the odd roots of osp(V') are as follows
+H' + K/, K/ (i=1,...,n j=1,...,m).

Here, +K7 s are non-isotropic roots, and the rest are isotropic.
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