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1. Introduction

1.1. Literature

Finding the root of a nonlinear equation can be found in many fields of science and engineering. A root-finding
algorithm is a numerical method or algorithm to find a value « that is f(«) =0, for,a given function f. Such
an « is called a root of the function f. Recently, researchers have developeddmany iterative methods to solve the
equation f(z) = 0. In general, it can not get an analytical solution for nonlinear probléms. Hence, numerical
iterative methods are best suited for the purpose. These methods classify one-step and multi-step methods [35].
Also, another division of the iterative method was performed by Kung and Traub: without memory and with
memory methods [13]. The multi-step methods have higher convergence order than single-step methods. Other
ways to increase the convergence rate are using the weight function and the self-acgelerating parameters. The
self-accelerating parameters play serious role in providing a without-memory method into’the with-memory, and
increasing the order of convergence. Researchers approximated the self-accelerating parameters by the method
Secant, the Hermite interpolating polynomial, and Newton’s interpolation polynomial. Inall of them, Newton’s
method reaches the highest convergence degree.
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1.2. Motivation and organization

Traub is known as the leader of the memory methods. The with-memory methods have an efficiency index higher
than the without-memory methods. Many people worked on these methods. They used self-accelerating parameters
without#memory methods to find maximum improvement in convergence order. The author has achieved an
improved convergence of 100% and has started with three-step four-free parameters optimal order 8, which Cordero
et’al. [7Jpproposed. Using information previous arrive at convergence order 16 and the efficiency index 2. This paper
is organized as follows: Section 2 deals with modifying the optimal three-point methods with memory introduced
by Cordero et ali®[7]. Section 3 includes the main contribution and the novel adaptive with memory method. In
this section,.details of the proposed scheme are discussed. The theoretical results and the excellent convergence
properties’of the'presented methods are compared with some without- and with-memory methods in Section 4.
Some nonlingar equations are be solved that show the applicability and competitiveness of the proposed methods.

1.8. Definitions

Definition 1.1." The cfficiency of the iterative methods called efficiency index as follows: E(p,m) = p% where p
and m are convergence order and functional evaluations, respectively [21]. Therefore, any optimal n-point method
without memory has the efficiency index E[2™,m + 1] = 2741, The efficiency index of the optimal multipoint
method cannot exceed 2ubecause W}l_{nm E[2™,m + 1] = 2. Also, any optimal three-point method without memory has

the same efficiency index, say, F[8,4] = 87 ~ 1.681.

Definition 1.2. Multi-point iterative méthod with memory: In this classification, allow us to define another iter-
ation function ¢ having opinions z;,swhere each such argument represents k + 1 quantities x;, w1(z;),. .., wy(x;),
(n > 1). Let the iteration mapping be defined by xx+1 = ¢(2k; 2k—1,- - -, 2k—n)- Then ¢ is named a multipoint IF
with memory. In the above-mentioned mapping,/a semicolon splits the points at which new information is used from
the point at which old information is reusedsi.e., at each iterative step we must conserve information of the last n
approzimations x; and for each approximiation, we must compule n expressions wi (q:j), . ,wn(a?j).

1.4. Emisting iterative methods
Zheng et al.’s method [38], denoted by ZLHM, has the iterative expression:

Zk:l'k;‘F'Yf(-rk), yk:xk_f.[];(:’kz)k]a k:Oa1a27"'a
L f(yk) S
= Uk flyes z1) + flyes e, 2] (e — z1)’ " W)
M Tk y] e Y @) (ur — i) + Flwag Ui, s 2] (@ — y) (ue — )

Cordero et al.’s method, see [5], denoted by CLMTM, has the iterativetexpression:

A C))
k= f'(wk)

 k=0,1,2,...,

) )f(xk)
fen) —2B8f(yn)” f'(2r)

f(ur)
uk, Yk) + 2(uk — y) fluk, Y, o) + [y, 26, i)

ug =z — (14

Bo =1, (2)

T41 = Uk — f[

Sharma-Arora’s method, see [27], denoted by SAM, has the iterative expression:

_ . f(zy) _
Yk = Tk f,(xk),k 0,1,2,...,

o )
T S gk ] — (k) 9
Cpet = g — f'(@r) = flyes o] + flue, yel fug)

" 2flur, y] — fluw,zr]  f'(wr)
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These three methods have the order of convergence eight and are optimal schemes according to Kung-Traub’s
conjecture, the without memory method. Also, there are four-step methods with the order of convergence 16 listed
in relations (4) and (5). Geum-Kim’s method, see [11], denoted by GKM, has the iterative expression:

B\ o
o fl) o fw) _ (14 Bu — 5 )ui o —
Yk = Tk f,(x),uk:_f(x , My = 5ﬁ ’ _071a27"'a
5
l—uk—ka—fwk
z z
Zk:yk_mkf,(yk)avk:f( k),wka( k),th 25 23 ;
£ () f(yr) fxr) 1— 3uy, — 20 + 2wy, A
3 3 13 3 2 3 @
1—up — QU 3wy + itk — kW + 1113 — 1(52 — B+ 8)vgui — §tkui + Aupwi
Pr = 5 1 19 3 1 9 27
_ 2N 1y _ 2.3 1ip2_ 4 _ 24 02 b 2
1 — 3uy 5 Uk 3wy + th 7 UkWE — U 4(ﬁ 38 4 8)vpuy 2t;€uk +( 5 N upw?
f(2x) f(sk) f(sk)
= - h/ t 5 7% WV = — . = >\ = 17
Sk = 2k i " ) Th+1 = Sk pkf’(l’k;) Bo = Ao
Sharifi et al.’s method, see [26], denoted by SSSLM, has the iterative expression:
Y :m,ﬁM, g =35 — Ttp) + 2t + 1)(t3 +1) —t}, k=0,1,2,...,
f' (k)
) f(2k) 2 2
Zk =Yk — Gk ) Sk = e =1 s+ (6 + ug) (ug +t5) + 2(8k — ug),
f(zx) Flawr) flwg) 2 2
Wi = 2 — hg ) Pk = s Qr =0 Vie = (1 + 1) (28, + 1) +5(3 — tk)s
Pl = @ H = O ) 06 ) 5
7, = 5 + 52 — 53 1 + Suy, b — tour + 620 + 23wy, — 10tgui . f(wy)
, = = = U _— =
k 1+Sk b k 1+Uk Y k kUk k k 1+tkUk s Tk f(Zk)’
. 2 2t 24t2 2 6
Fy, = 8tir), — 4siuy, — 2651y + Skl + 2k Tk 1++ tkk“k + tkskuk’ Ni = 2(pi + qi) + ]191:—7;:1@’
f(z) f(yr) f(wg)
= , ey = s T = Wi — (Vi + 'k My + =N # Ly + Fy .
Flan) ™ Fay e = aen
The method of Lotfi-Assari’s method [15](LAM)
1 Ng'(wr,) Ng" (yr) N7 (2)
Tk Ni(xk)7qk 2Né('LUk)7 k 6 7Bk 24 ) y Ly Iy )
f(xr)
= = — k=0,1,2,.
Wi Tk + ’ka(ﬂfk)a Yk Tk f[xk,Wk] + qkf(wk)7 y Ly 4, ') (6)
=y f (k)
Flyrs o] + flwg, or, ye](yr — ox) + Me(yr — 21) (Y — wi)’
x — f(zx)
k+1 k flew,zi] +(flwe,zr,ye]— flwr,zr, 26— flyr,or,21]) (Tr —28) +Br (2 —yn) (e —z1 ) (2e—wk )

Soleymani et al.’s method [30](SLTKM)

1
= k=1,2,3,...,
T T N ()

wy = g + WS (Tr), Y = Tp —

flaw) o)
f[ﬂﬁk,wk]7 g f(SUk)

J(yx) f(yx) v )

‘0

yHy=1+t,+t3, k=0,1,2,..

zk = Yk — Hi Flumose]  flws) (1+ (1 + yf[zr, w])s?,
Vi = ff((jjz))’ Je = (2 +7f[mk,wk})vk, Tppr =2 — (Vi + Jk)m
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Jaiswal’s method [10](JM)

1 N (we)
=—— =———% k=123,...
Tk Nzi(xk)), Pk 2Né(wk>’ ) 4y 9y )
wk:$k+7kf(l‘k)7yk:$k— f(xk:) abk:f(uk))ak207172a"'a
flor, wi] + prf(wy) ®)
f(y) flzr, wi] Flres wies @] — flyns wks wie]
Uy = ) Ck = s = Yk, uk, wi] + e flyk, wil,
flew, yel flye, wi flyk, wi] = flyr, vx] [ ! [ ]
U
si= flyr, ) — di(yx — i), +f(Yr)cks Thr1 = up — )
Sk — bkck
2. Derivative methodsmand analysis of convergence
Recently, Cordero ef al. established the following optimal iterative method without memory [7]
f(z%)
=z — ,k=0,1,2,...,
Y= g, wil + B (in)
f(y) (9)
2 = Y — Alug) * gluy) * )
b= o Al > g« g R T BT (wn) + 1k — 7 on — wn)
T = — f(zx)
k+1 kT Flanun F Fzr yrht i 2k — ) F FL2k Un Tk wi] (2h— k) (2 — k) T A2k — k) (2K — 28 ) (2 —Wk)

where wy, = z + 0f(x), up = ;Ez’;; This optimal method without memory uses four function evaluations per

iteration, and has convergence order 8 when the weight functions satisfy the following conditions.

A(0) =1, L A(0) =2,V A”(0) < oo, (10)
9(0) =1, 1g'(0) = -1, g/(0) < oo,
Among the weight functions that apply to these conditions are:
1
Al(uk) =14 2uy, Ag(uk) = m, Ag(uk) = 1+281H(Uk),..., (11)

gr(ug) =1 —ug, ga(ux) =e ", gs(ug) = cos(ug)=wr, ...
The error equation under the conditions of the weight functions As(uk) and g1 (uy) is as follows.

Theorem 2.1 ([7]). Let I CR be an open interval, f : I — R be a differentiable function, and has a simple zero,
say «. If xq is an initial guess to «, then the error equation of the method (9) is given by:

er1 = (1+07(@) (B +2)* (=7 + B2F (@) (1 + 61 (@) + /() (2 ()08ca% (~140F' ()3 + cs) )
x (A o=y + (@1 + 07 (@) + f'(@)(2f (@)B0ez + (—1+ 07" ())c3 + cgl] 2" (@)es)
x f'(a) e+ 0(e}), (12)
where 7, B, \ and 0 are nonzero arbitrary parameters.
Proof. In the reference [7], the proof is fully described. O

They increased the order of convergence by using relationships

(1+06f(a)) =0,
(B+ec2) =0,
(=7 + B2 (@) +0f () + f'(a)(2+ 0Bcaf'(a) + (=1 + f'(@))c3 + ¢3)) = 0,
At o=y + B2 (@)1 + 0+ f'(a) + f(@)(20Bc2f' (o) + (=1 +0f'(a))c3 + c3)) — f’(a)C4> =0,
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and arrived at a memory method. By interpolating the free quadruple(y, 8, A and ), they eventually arrived at
the following with memory a convergence rate of 15.5.

_ Ny (wy,) N (yx) N7 (2x)

O = — N4(xk)’ﬁk 2Ng(wk)’%_ 5 ; Ak = o1 k=1,2,3,.
_ o fxr) _

wy = op + O f(Tr), Y = T Flor wel + Arf(wr) k=0,1,2,. 10
o f(yx)

@ = i~ A ()01 (k) g TR ) + (e — 7) (o — o)

Thp1 =g — f(zx)

Fleryel+ flzeye. 1] (2 —ye) + F 2k, 90,20, we] (2 —yr) (2 —2k) + Ak (26— Y1) (2 =2k ) (2 —wE) ©

Motivated by this paper, one natural question raised in our mind. Is it possible to improve more efficiency index
using the'same number of function evaluations? Author emphasizes that although this method is with memory,
it is not adaptive yet. It uses information from the last two iterations. To extend it to an adaptive with memory
method, they will be updated 0y, Bk, vk, and A\x based on all the available information from the first iteration to
the current iteration. In the next.section, It will be introduced a new adaptive method with memory.

3. Further acceleration$ via with memory concept

This section introduces a new efficientfadaptive method with memory. Author continues as before and develop a
three-step with memory method with the best efficiency index. Indeed, it will be achieved the efficiency index 2.
Hence

(_ Al -l
* TN @)
G N M) | ()

NEoR, . 2/(@)’ 15)
= e o plogey = 29,
we= ) o e, TN

where Nj(x), NE (wi), N{'(yi) and NY"(z;) are Newton’s interpolation polynomials obtained from the nodes. To
construct a recursive adaptive method with memory, I haye'used the information not only in the current and its
previous iterations, but also in all the previous iterations, i.e., from the/beginning to the current iteration. Thus,
as iterations proceed, the degree of interpolation polynomials increases, and the best updated approximations for
computing the self-accelerator i, qx, Ay and [ are obtained. Ishave developed the following recursive adaptive
method with memory. Let wo = 2o + o f(x0), 0, Y0, 90, Ao and By be givensuitably. Then:

boe—— = Nzil;lc+1(wk) = Mo () (FENGL (1) 4y g
N, (k) 2N4k+1( k) 6 24
flxy)

=xk + 0 f(xk), yp = T — ,k=0,1,240.

k= Tp + O f(2), Yo = T Flom wel + B () 16)
f(y)

2. = —A Uk ). u ’
b= ye = Aolur)-g1( k)f[yk,w] + Brf (wr) + i (yr — zx) (yr — wi)
Thil = 2k — Lz

Fleryr]+ flzeyie,2r] (2 —yie) + F 2,9k, 0 0, wi ] (2 —yk) (26 —2k) H Ak (26 =y (2K —28) (21 —wi) ©

In what follows, It is discussed the general convergence analysis of the recursive adaptive method with memory
(16). Tt should be noted that the convergence order varies as the iteration proceeds. The following lemma is needed.

N (Zk)

Lemma 3.1. If 0, = _m7 B = Q%Ikill((ifukk))’ Yo = N4k+62(yk) and M\ = 4k§i , then
(1+60if (a He €s,wEs,yEs,2) (17)
k +C2 He s€s,wEs,yCs,25 (18)
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(= + Bef (@) (1 + O f' () + /(@) (2 + Ok Brcaf () + (=1 + f'(@))c3 + c3)) Heses wes sz (19)

()\k 4 co (= + Bif (@) (1 + 0k + f/(@) + f/(@) 20k Breaf (@) + (=1 + Or f' ()3 + ¢c3)) — f/(a)04)
k-1

~ H €5€s5,wEs,y€s,2, (20)
s=0

where eg &= Ty =0, €5 5= Ws — U, €5y = Ys — O, €5, = Zg — (L.
Proof. The proof is similar to Lemma 3.1 in [33]. O

Theorem 3.2, Let xg be a suitable initial guess to the simple root o of f(x) = 0. Also, suppose the initial values
0o, betag,vo, and Ny are chosen appropriately. Then the R-order of the recursive adaptive method with memory
(16) can be obtained from the following system of nonlinear equations:

( k—1
rPry— (147 + 1o +13) D rt—rF =0,
Zk91 4
rkr2—2(1—|—T1+7‘2+7‘3)Zrl—Qrkzoy
= (21)
PRrg md(@H T+ o +13) S 1t —drk =0,
i=0
k—1
’I“k+1—8(1~|-7’1—|-7“2—|—7‘3)Z’I“Z—8’r‘k:0,

=0

where 1, r1, ro and r3 are the order of convergence©f the sequences {xy},{wr}, {yr}, and {zx}, respectively. Also,
k indicates the number of iterations.

Proof. Let {xy}, {wr}, {yr} and {zr} be convergent with orders s, r1, ro and r3 respectively. Then:

epy1 ~ € ~ 622—1 <L~ eak+1,
Chow ~ € e~ eg”k, (22)
Chy ~ €2 ~ €2 ~ i~ egﬂk,
™~ € ~ e~ T~ 66”",

where e = 2 — @, €pw = W — @, €y = Y — @ and e, = 2z — o Now, by Lemma 3.1 and Eq. (22), obtained

(1 + ekf H €5€s5,w€s,y€Cs,2 = (€0€O,w€0,y€0,z) ce (ek—lek—l,wek—l,yek—l,z)
— ™ T2 T3 T_rir _r2r _7r3r ’r‘k_l 71 'I‘ 72 7 17'3
= (eoeq' egeq” ) (epen' e e ) - - - (eg 60 eo €o )
7e(1+7“1+7“2+73)+(1+7"1+7"2+7"3)7“+---+(1+7"1+7“2+7“3)7k :
- -0
k—1
(I4+ri+rat+rs) > ¢
_ i=0
=e, . (23)
N
> ¢;e; Similarly, it will be get
=1
(I+r14r2+7r3) E r
(B +c2) ~ e ; (24)

and

(A+ri+ratrs) 3t

(= + BRf' (@) (1 + O f' () + () (2 + OBreaf (a) + (=1 + f'(a))c + ¢3)) ~ € = (25)
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(Ve =+ ea (= + B2/ (@)1 + 84+ £/(2)) + (0) 28k Brcaf (@) + (1 + 601" (@))ch + e3) — ['(a)ea)

(I+r14r2+73) kil r
~eg = (26)

By considering the errors of wg, yx, 2zr and zx41 in Eq. (22) and Egs. (23)-(26).
It will be concluded:

(14r1+ra+rs) kil rt
ek ~ (L+0kf (a))er ~ e e (27)

((+r1+r2+7r3) kil Ti)z %
ehy ~ (140 f' () (B + c2)ei ~ e e (28)

e PO (1 + 011 (0))2 (B + c2) (= + BLf (@)(1 + 61 (@)
((1+T1+T2+T3)%i1 Tj)4 &
+ f(a) (2BrOrkcaf (@) + (=1 + O f' (@) + cs)ep ~ e = e, (29)
ent1 ~ f(a) 2 (1+ Qkf/(oé))4 (ﬁk + 02)2 (—’Yk + Be(L+ 0k f' (@) (2 4 Bibrcaf (a) + (=1 + O f' ()3 + 03))
x (A + o= + BRI (@) (LS () + /()2 + Bubieaf'(0) + (=1 + 04 f ()G + c3) — f'(a)es ) e

((I+r1t+ra+rs) kil L
~e, =0 i (30)

To obtain the desired result, it is enoughsto match the right-hand-side of the Eqgs. (22), (27), (28), (29) and (30).
Then:

k=1
e (L + 2 Rgs) o 7' — 7% =0,
el _
rhry —2(L+ 711 +ra +r3) > i — 27k =0,
&
rhrg — A(1L+ 71 + 1o +47) > ' —drk =0,
i=0
k=10
PRt —8(1 471y + 1o +13) Y vt —8rF = 0.
i=0
This completes the proof of the theorem. O

Corollary 3.3. For k =1, it will be used the information from thedeurrent and the one previous steps In this case,
the order of convergence for with memory method can be computed from the following system

rry— (1471 + 72 +73) =M=,

rry — 214 11 41y 4 73) — 2r =0,
rry —4(1 4711 + 12 +13) —4r =0,
2 —8(1 47 +72+173) — 8 =0.

This system of equations has the solution:

1 1
r1 = 15 (15 +V257) = 193945, 1y = (15 + V257) = 3.8780, ry = (15 +1V28T) ~ 7.7578

=

and 1
r = 5 (15 + V257) = 15.5156.

This special case gives the given result by Cordero et al. (shown by CJTYZM) [7]. For k'= 2, it will be obtained
the order of convergence: r1 ~ 1.99632, ro ~ 3.99265,r3 ~ 7.9853 and r ~ 15.9706. And for K"="3, the system of
equations (21) has the solution: r; ~ 1.99977, ro ~ 3.99954, r3 ~ 7.99908 and r ~ 15.9982.

Corollary 3.4. For k = 4, the system (21) has the solution: (shown by TM16) r1 =2, ro =4, r3 =8 and r =A6.
In this case, the efficiency index is 16% = 2 which shows that our developed method competes all the existing methods.
Corollary 3.5. As can easily be seen, the order of the convergence from 8 to 16 (100% of an improvement) ‘is

attained without any additional functional evaluations that this work presents the high computational efficiency of
the proposed method. The efficiency index of the proposed method (16) is EI = 1614 = 2.
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4. Numerical results and comparisons

To show the efficiency of the described methods, I will compare their features with the ones obtained by optimal
eighth-order derivative-free methods without memory and with memory numerically. The errors |z, — | of approx-
imations to the sought roots, produced by the different methods at the first four iterations, are given in Table 2,
where Ae< h stands for A x 107", The test functions and their exact root a are displayed with only five decimal
digits_in Table 1.

Table 1: The test functions [34]

Nonlinear function ‘ Root ‘ Initial guess
fi(z) = zlog(1 4 wsin(z)) 4+ e~ = Fzeos@) gin(rz) | a =0 29 = 0.6
fa(z)y= 5” +at+ab —|—1+z2 a=1 zo=14
f3(z) = log(l + 2% — ) + tan(z?) — ﬁig sin(t?) | a=y7 | 30=17
fa(z) = 1og(1 + 22) + e=37+” gin () a=0 zo = 0.35
fs(l’)= l—$2 a=1 xrog=1.4
folz) = \/-—I—HJCAL—l—\/8—|—7x451112+ . oa=-2 | x9g=-2.3

Table 2: Comparison of the abselute error and COC of various iterative methods

H Methods ‘ lz1 — of J |22 — «f |zs — af |zg — af ‘ CcOoC
CJTYZM (14) 0.18818(—1) | 0.19386(—28) | 0.16031(—443) | 0.38910(—6886) | 15.5150
ZLHM (1),v=—1 | 0.60000(0) 0.23448(—3) 0.10417(-32) | 0.15929(—267) | 8.0000
CLMTM (2) 0.60000(0) 0.23182(—2) 0.15923(—21) 0.80726(—175) 8.0000
SAM (3) 0.60000(0) 0.86179(—1) 0.26208(—8) 0.11062(—68) 8.0000
GKM (4) 0.45315(0) 0.94119(-6) 0.16748(—94) | 0.16932(—1514) | 16.0000
hil@) SSSLM (5) 0.60000(0) 0.15176(—3) 0.77529(—57) 0.16479(—909) 16.0000
LAM (6) 0.19386(—1) | 0.12850(—28)| 0:53611(—445) | 0.83625(—6909) | 15.5150
SLTKM (7) 0.17769(—1) | 0.39931(—19), | 0.32046(=233) | 0.11287(—2801) | 12.0000
JM (8) 0.14347(0) | 0.232531(—12) $0.17059(—177) | 0.13255(—2490) | 14.0000
TM16 (16),k =4 | 0.18818(—1) | 0.19386(—28) | 0:45328(—460)/| 0.11484(—7366) | 16.0010
CIJTYZM (14) | 0.21644(0) | 0.16864(—5) | 0.55365(=85) | 0.72154(—1341) | 15.5020
ZLHM (1) 0.40000(0) 0.91433(-1) 0.44901(—3) 0.54498(—20) 8.0000
CLMTM (2) 0.40000(0) 0.21239(—3) 0.34356(—25) |0.16204(—+199) | 8.0000
SAM (3) 0.40000(0) 0.86179(—1) 0.26208(—8) 0.11062(—68) 8.0000

GKM (4) 0.29415(0) 0.37965(0) 0.37965(0) 0.37965(0) 0.0000
fa) SSSLM (5) 0.11206(—1) | 0.67326(—21) | 0.14048(—326) | 0.18127(—5217)7| 16.0000
LAM (6) 0.36503(—1) | 0.16814(—16) | 0.10277(—261) | 0.17558(-4078) |+15.5130
SLTKM (7) 0.58190(—1) | 0.28652(—8) | 0.36402(—95) | 0.64385(—1138) | 12.0000
JM (8) 0.43787(—1) | 0.64404(—13) | 0.90234(—178) | 0.43616(—2486) | —1.0769
TM16 (16),k =4 | 0.21644(0) 0.16864(—5) 0.56862(—85) | 0.15873(—1356)",,16.0000

In order to test our proposed methods (16) and also to compare them with the methods (14), (1), (2), (3),
(4), (5), (6) and (7), I compute the error, the computational order of convergence (COC) by the approximate
formula [37]

I |(zn1 — @)/ (20 — )|
I |(zn — ) /(&n—1 —a)|

COC = (32)
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Table 2: (Continued)

H Methods |z1 — «af |ze — af |zs — «f ‘ |zs — a ‘ cocC
CITYZM (14) | 0.38877(—6) | 0.73864(—95) | 0.11636(—1474) | 0.28873(—22878) | 15.5160
ZLHM (1) 0.72454(—1) 0.19884(—1) 0.76133(—8) 0.16532(—60) 8.0000
CLMTM (2) 0.72454(—1) 0.33570(—8) 0.81114(—68) 0.94253(—545) 8.0000
SAM (3) 0.72454(—1) | 0.23872(=8) | 0.26806(—26) | 0.67766(—584) | 8.0000
GKM (4) 0.60313(—15) | 0.11751(—241) | 0.50666(—3869) | 0.72266(—61907) | 16.0000
g SSSLM (5) 0.11233(—14) | 0.10052(—237) | 0.17002(—3806) | 0.76333(—60907) | 16.0000
LAM (6) 0.27167(—6) | 0.15849(—97) | 0.86129(—1516) | 0.20432(—23516) | 15.5160
SLTKM (7) 0.14078(—6) 0.98648(—80) 0.67330(—956) | 0.68808(—11470) | 12.0000
JM (8) 0.8537(—T7) 0.12125(—91) | 0.13471(—1284) | 0.58849(—17986) | —1.0769
TM16 (16),k =4 | 0.38877(—6) 0.73864(—95) 0.72246(—1515) | 0.39231(—24235) | 16.0000
CJTYZM (14) 0.14841(-8) 0.74322(—131) | 0.22054(—2035) | 0.11199(—31580) | 15.5160
ZLHM (1) 0.35000(0) 0.17236(—4) 0.32121(-35) 0.46744(—281) 8.0000
CLMTM (2) 0.35000(0) 0.36365(—6) 0.78834(—50) 0.38457(—399) 8.0000
SAM (3) 0.35000(0) 0.31864(—3) 0.22968(—26) 0.16752(—211) 8.0000
GKM (4) 0.31473(~5) 0.37550(—80) | 0.63308(—1279) | 0.26976(—20459) | 16.0000
fal@) SSSLM (5) 0.75661(—5) 0.14428(—72) 0.44141(—1156) | 0.26002(—18492) | 16.0000
LAM (6) 0.14806(=8) 0:98452(—132) | 0.34191(—2047) | 0.17398(—31763) | 15.5160
SLTKM (7) 0.47200(—4) 0.89870(—48) 0.16770(—572) 0.29881(—6869) 12.0000

JM (8) 0.30950(—6) 0.46687(—87) 0.38533(—1218) | 0.26235(—17053) | 0.0000
TM16 (16),k =4 | 0.14841(—8) | 0.74322(—131) | 0.17768(—2092) | 0.21810(—33478) | 16.0000
CITYZM (14) 0.36373(—4) 0.71417(—64) 0.20331(—994) | 0.15521(—15428) | 15.5160
ZLHM (1) 0.40000(0) |  0.49444(<1) 0.13420(—6) 0.41166(—51) | 8.0000
CLMTM (2) 0.40000(0) 0.13970(—3) 0:22159(—29) 0.88653(—236) 8.0000
SAM (3) 0.40000(0) 0.12877(—3)" | 0.58002(—31) | 0.98006(—250) | 8.0000
GKM (4) 0.14326(—5) 0.77018(=87) | 0.37509(=1387) | 0.37576(—22192) | 16.0000
fs(@) SSSLM (5) 0.11522(—2) 0.50671(—39) 0410465(—620) | 0.11469(—9927) | 16.0000
LAM (6) 0.33505(—4) 0.80238(—66) 0.15298(—1024) | 0.47261(—15896) | 15.5160
SLTKM (7) 0.13208(—3) 0.52727(—43) 0:15341(=515) 0.56439(—6186) | 12.0000
JM (8) 0.10412(-3) 0.232531(—52) 0.30173(—735) | 0417664(—10295) | —1.0769
TMI6 (16),k =4 | 0.36373(—4) | 0.71417(—64) | 0.26681(—1022)] 0.0000(—100000) | 16.0000
CJTYZM (14) | 0.68180(—10) | 0.21784(—160) | 0.18000(—2500) | 0715521(<15428) | 15.5160
ZLHM (1) 0.30000(—10) | 0.52074(—7) | 0.81302(—60) | 0.27803(—482) | 8.0000
CLMTM (2) | 0.30000(—0) | 0.14898(—6) | 0.18319(—55) |~0.95788(=447) | 8.0000
SAM (3) 0.30000(0) 0.43304(—6) | 0.12618(—51) | 0.65548(—416)""F%8.0000
GKM (4) 0.10733(—10) | 0.21023(—175) | 0.98647(—2811) | 0.54491(444976) | 16.0000
fo() SSSLM (5) 0.57945(—11) | 0.23054(—179) | 0.90848(—2874) | 0.30726(=45984) | 16.0000
LAM (6) 0.60942(—10) | 0.35824(—161) | 0.20767(—2512) | 0.58386(—38986) 4 15.5160
SLTKM (7) 0.22656(—6) 0.30908(—81) 0.74024(—980) | 0.26359(—11763) | 42.0000
JM (8) 0.99381(—8) | 0.492531(—115) | 0.92223(—1621) | 0.60042(—22701) | —1.0769
TMI16 (16),k =4 | 0.68180(—10) | 0.21784(—160) | 0.30138(—2580) | 0.15289(—41290) | 16.0000
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Table 3: Comparison of TNE and EI for different derivative-free methods

| Methods ()] TNE|IT| Acoc | r. | EI
CJTYZM (14) | 0.61154(—106846) | 4 | 4 | 15.5210 | 15.5150 | 1.9847
ZLHM (1) 0.35149(—17176) | 4 | 4 | 80000 | 8.0000 | 1.6818
CLMTM (2) | 0.40724(—1403) | 4 | 6 | 8.0000 | 8.0000 | 1.6818
SAM (3) 0.12878(—551) 4 | 5 | 80000 | 80000 | 1.6818
GKM (4) 0.90653(—2640) | 4 | 4 | 16.0000 | 16.0000 | 1.7411
i SSSLM (5) 0.00000(0) 4 | 5 | 16.0000 | 16.0000 | 1.7411
LAM (6) 0.64267(—107197) | 4 | 5 | 15.5240 | 15.5120 | 1.9847
SEEKM (7) | 0.47531(-33623) | 4 | 5 | 11.9970 | 12.0000 | 1.8612
IM (®) 0.47531(—33623) | 4 | 5 | 14.0000 | 10.8970 | 1.8612
TM16 (16),k =4 | 0.00000(—60000) | 4 | 4 | 15.9940 | 16.0010 | 2.0000
CIBYZM (@4 | 0.24300(—20809) | 4 | 4 | 15.8010 | 15.5020 | 1.9849
ZLHM (1) 0.12696(—9899) | 4 | 4 | 8.0000 | 8.0000 | 1.6818
CLMTM (2) 0.26465(—712) 4 | 6 | 80000 | 8.0000 | 1.6818
SAM/(3) 0.13891(—1595) | 4 | 5 | 8.0000 | 8.0000 | 1.6818
GKM (4) 0.90653(—2640) | 4 | 4 | 16.0000 | 16.0000 | 0.0000
f2(@) SSSLM (5) 0.63444(-5217) | 4 | 5 | 16.0000 | 16.0000 | 1.7411
LAM (6) 082073(—63286) | 4 | 5 | 15.5650 | 15.5130 | 1.9846
SLTKM (7) | ©.21122(—13650)e 4 | 5 | 12.0000 | 12.0000 | 1.8612

IM (8) 0.57955(-34802) | w4 | 5 | —1.0771 | —1.0769 | div
TMI16 (16),k =4 | 0.75500(—21701) | 44 | 4 | 15.5570 | 16.0000 | 2.0000
CJTYZM (14) | 0.10996(—854969) | 4 4 | 15.5120 | 15.5160 | 1.9849
ZLHM (1) 0.35133(—3853) | 4 | 7.| 8.0000 | 8.0000 | 1.6818
CLMTM (2) | 0.37787(—4361) | 4 476 [%8.0000 | 8.0000 | 1.6818
SAM (3) 0.13639(—4383) | 4 |W5 | 8.0000 | 8.0000 | 1.6818
GKM (4) 0.87176(—61907) | & | 4 |46.0000 | 16.0000 | 1.7411
fo() SSSLM (5) 0.92083(—60906) | 4 |5 | 16.0000 | 16.0000 | 1.7411
LAM (6) 0.79483(—364871) | 4 |5 | 15.5120 | 15.5160 | 1.9847
SLTKM (7) | 0.10771(—137636) | 4 | 5 [*12.0000 | 12.0000 | 1.8612

IM (8) 0.65447(—251804) | 4 | 5 | —1.0771 | 040000y | div
TMI16 (16),k = 4 | 0.33744(—387758) | 4 | 4 | 16.00504] 16.0000 | 2.0000
CITYZM (14) | 0.25801(—489996) | 4 | 4 | 15.5130 | 15.5160 |1.9847
ZLHM (1) 0.94013(—2250) | 4 | 6 | 8.0000 | 8.0000.| 1.6818
CLMTM (2) | 0.12331(-3195) | 4 | 6 | 80000 | 80000 | 16818
SAM (3) 0.13416(—1692) | 4 | 5 | 8.0000 | 8.00000 | 1.6818
. GKM (4) 0.26076(—20459) | 4 | 4 | 16.0000 | 16.0000 | L7411
ful) SSSLM (5) 0.26002(—18942) | 4 | 5 | 16.0000 | 16.0000 | L7411
LAM (6) 0.14535(—492831) | 4 | 5 | 15.5140 | 15.5160 | 1.9847
SLTKM (7) | 0.30605(—82430) | 4 | 5 | 12.0000 | 12.0000 | 1.8612

IM (8) 0.12061(—238745) | 4 | 5 | 14.0000 | 0.0000 | div
TM16 (16),k = 4 | 0.57958(—535653) | 4 | 4 | 16.0390 | 16.0000 | 2.0000
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Table 3: (Continued)

| Methods \f ()] TNE | 1T | ACOC | r. | EI
CJTYZM (14) 0.58201(—239384) 4 4 15.5110 15.5160 | 1.9847
ZLHM (1) 0.23065(—3257) | 4 | 4 | 80000 | 8.0000 | 1.6818
CLMTM (2) | 0.20164(—1887) | 4 | 6 | 8.0000 | 80000 | 1.6818
SAM (3) 0.32558(—1999) 4 5 8.0000 8.0000 1.6818
GKM (4) 0.18788(—22192) 4 4 16.0000 16.0000 | 1.7411
2 SSSLM (5) 0.57345(—9927) | 4 | 5 | 16.0000 | 16.0000 | 1.7411
LAM (6) 0.91761(—246638) | 4 | 5 | 15.5120 | 15.5160 | 1.9847
SLTKM (7) 0.17353(—74230) 4 5 12.0000 12.0000 | 1.8612

M (3) 0.49051(—144138) | 4 | 5 | —1.0769 | —12.665 | div
TM16416), k= 4 | 0.0000(—100000) | 4 | 4 | 16.0520 | 16.0000 | 2.0000
CJTYZM (14) 0.58201(—239384) 4 5 15.5110 15.5160 | 1.9847
ZLHM (1) 0.22995(—3864) 4 4 8.0000 8.0000 1.6818
CLMTM (2)" | 047689(—3577) | 4 | 6 | 8.0000 | 80000 | 1.6818
SAM (3) 011542(—3330) | 4 | 5 | 80000 | 8.0000 | 1.6818
GKM (4) 0.18788(—22191) 4 4 16.0000 16.0000 | 1.7411
folw) SSSLM (5) 0.10200(—45984) | 4 | 5 | 16.0000 | 16.0000 | 1.7411
LAM (6) 0.13397(<604899) | 4 | 5 | 15.5120 | 15.5160 | 1.9847
SLTKM (7) | 0.36375(—141165)"] 4 | 5 | 12.0000 | 12.0000 | 1.8612

JM (8) 0.48999(—317824) 4 5 —1.0769 | —1.0769 div
TM16 (16), k=4 0.0000(—200000) 4 4 16.0790 16.0000 | 2.0000

and the approximated computational order of convergence,(ACOC) by the formula [6]

(@t — %)/ (@0 2Tn—1)]
ACOC ~ TERR 1w g £ (33)
Also,
| f(@ng1)/fzn)] (34)

"W ) [ @)

the calculated value 7. approximates well with the theoretical order of convergence [23]./ The package Mathematica
10, with 5000 arbitrary precision arithmetic, has been used in our computations. Symbols divyIn, TNE, EI, and IT
are the abbreviated form of divergence, Infinity, the total number of evaluations, Efficiency Index, and the number
iterations, respectively. Tables 2 and 3 show that the proposed methods compete withithe previous methods. In
addition, its efficiency index is much better than previous works.

5. Conclusion

It has solved the nonlinear equations using a family of the with-memory methods. It is worth mentioning out that
the member of the family can be used with any function. Tables 2 and 3 indicate that the absoluteserror.of propesed
methods, Steffensen-Ostrwoski’s type, is lower than those with and without memory. Tables 4 and 5 show that
the efficiency index of the proposed method is equal to 167 = 2. And the better efficiency index of all three and
four-step without-memory and with-memory method has been investigated so far. Also referenced in this article
1, 2,3,4,8,9, 16, 18, 19, 17, 14, 20, 12, 21, 22, 24, 25, 28, 29, 31, 32, 36].
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