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ABSTRACT: In this paper first, the boundedness and compactness of a com-
position operator from Zygmund space to Besov Zygmund-type space are studied.
Then we study this concepts for this operator by using the hyperbolic-type analytic
Besov Zygmund-type class. Finally, we show the relation between the hyperbolic-
type analytic Besov Zygmund-type class and the meromorphic (or spherical) Besov
Zygmund-type class.
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1. Introduction

Let D be the open unit disc in the complex plane C, H (D) the class of all complex-valued functions analytic on D
and B the family of analytic self-maps ¢ of the unit disc D. Given an analytic self map ¢ of I and an analytic
function v on D, the weighted composition operator uC, induced by ¢ and u on H(D) is defined by:

uCypf =u.(foyp); f € HD),

where the dot denotes pointwise multiplication. The Bloch space B, defined as the space of all functions f € H(D)

satisfying
I£ll5 = sup{(1 — [z[*)| f'(2)| : 2 € D} < c0.

||l.]lz defines a semi-norm on B. We can see that |f(0)| + || f||z is & norm on B that makes it a Banach space. Any

f € B satisfies the following growth condition (see, [3]):

1@< (1 +log 7=l
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For 1 < p < +o00, the Besov space B, is the space of all analytic functions f on D satisfying
11, = [ 1FGPa = PP < .

where d\(z) = (1 — |2|?)72dA(2) is the Mobius invariant measure and dA is the normalized area measure on D. We
can see that [f(0)| + | f||s, is a norm on B,, that makes it a Banach space.
An analytic function f on D is said to belongs to the Zygmund space Z, if

1fllz = sup(L — |z*)| " (2)] < .
z€D

It is well-known ([7], see Theorem 5.2) that the Zygmund space is contained in the disc algebra. It is easy to
check that Z is a Banach space under the norm |f(0)| + |f'(0)| + | f||z. Also, we can observe that any f belongs
to the Zygmund space Z if and only if f’ belongs to the Bloch space B.

For 1 < p < 00, An analytic function f on D is said to belongs to the Besov Zygmund-type space Z,, if

1915, = [ @=Lyl P <o
z€D

It is easy to check that Z, is a Banach space under the norm |f(0)| + |f'(0)| + | f||z,. Moreover, we can observe
that any f belongs to the Besov Zygmund-type space Z, if and only if f’ belongs to the Besov space B,.

Since B, is contained in the Bloch space, it followes that the Z, is a subset of Z, and hence is contained in disc
algebra. For 1 < p < ¢ < 0o, we have Z, C Z, C Z, and

Ifllz < fllz, < Ifllz,,  forany f € Z,.

Lemma 1.1. If f € Z, then
D) [f(2)] < |fllz for all z € D,

) |f(2)] < log %anug, for all z € D.

Proof. See [12]. O
The following three lemmas are proved in [5].

Lemma 1.2. For 1 < p < oo there exists a positive constant C such that if f € Z,, then

D) [f(z) - f(‘7t|Z)| <Clfllz, (1= 257, for allt € (0,1), z € D\ {0},

1) |f(2)] < Ifllz,, for all = € D.

Lemma 1.3. For 1< p < oo, every sequence in Z, bounded in norm has a subsequence which converges uniformly
in D to a function in Z,.

Lemma 1.4. Let X be a Banach space that is continuously contained in the disc algebra, and let Y be any Banach
space of analytic functions on D. Suppose that:

I) The point-evaluation functionals on'Y are continuous.

IT) For every sequence {fn} in the unit ball of X there exists f € X and a subsequence { fy,} such that fn, — f
uniformly on D.

IIT) The operator T : X — 'Y is continuous if X has the supremum norm and Y is given the topology of uniform
convergence on compact sets.

Then T : X — Y is a compact operator if and only if, given a bounded sequence {fn} in X such that f, — 0
uniformly on D, then ||Tf,]ly — 0 as n — oo.

Remark 1.5. The proof of the necessity in Lemma 1.4 only uses statements I and III, while the proof of the
sufficiency only uses statement II.
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We note that the hypotheses in Lemma 1.4 are satisfies for X = Z and ¥ = Z, by Lemma 1.2 and 1.3. So, the
following lemma holds.

Lemma 1.6. Let 1 < p < oco. If T is a bounded linear operator from Z into Z,, then T is compact if and only if
|T fullz, — 0 as n — oo for any sequence { fn} in Z bounded in norm which converges to 0 uniformly on D.

Zygmund-type spaces have attracted a considerable attention recently. Colonna and Li studied the boundedness
and compactness of the weighted composition operator from the Bloch space and the analytic Besov spaces into
Zyegmund space and from H* to Zygmund space in [2, 3], respectively. (See [1, 2, 4, 6, 8, 9, 10, 11, 13] for more
results of composition operators, weighted composition operators, and related operators on the Zygmund space and
Zygmund-type spaces.)

Boundedness and compactness of weighted composition operators from Z,, into B* were studied by Colonna and
Tjani in [5]. In this work first, we study the boundedness and compactness of a composition operator from Z into
Zp, in Section 2. We give Hyperbolic-type analytic Besov Zygmund-type class ZI’} characterization for boundedness
and compactness of a composition operator from Z into Z, in Section 3. Finally, in Section 4, we obtain relation
between Z;} and meromorphic Besov Zygmund-type class Z#.

Throughout this paper C denotes a positive constant which may be different at different occurrences.

2. Composition operators from Z to Z,

In this section, we study the boundedness and compactness of a composition operator from Zygmund space to
Besove Zygmund-type space.

Theorem 2.1. Let ¢ be an analytic mapping from D into itself, 1 < p < oo and ¢ € Z. Also, suppose that

1) /D(log T‘Z(Z)P)pd/\@) < 00, and

Then the composition operator Cy, : Z — Z, is compact.

Proof. Let {gi} be a sequence in Z bounded in norm which converges to zero uniformly in D. Using conditions I,
IT and Lemma 1.1, there exists a constant C' (which is different from one occurrence to the other) such that

ICogellz, = ( Ja- |z2)p|<gk<so<z>>>"|pdx<z>) ’

=

= (/(1 = [21*)P1e" (2) P lgk (0(2)) PdA(2) + /(1 - IZIQ)pr'(Z)Ipw’(Z)Iplgz’é(so(Z))lpdA(Z)>
D D

1— |2

<0 (1ol [ laktotnrar)” +¢ (Il [ (E e &Pl P

1
P

< Cllglzlanlz | (o S xe))

1— |22 ,

+Clalzlel [ (T ron = rane) ) —o.

Thus, by Lemma 1.6, the operator C,, : Z — Z, is compact. ([l

Note. It follows that if the conditions (1) and (2) of above theorem hold, the composition operator Cy, : Z — Z,
is bounded. In the following theorem, we prove this result straightforward.

Theorem 2.2. Let ¢ be an analytic mapping from D into itself, 1 < p < oo and ¢ € Z. Also, suppose that

I) /D(log w)pd)\(z) < 00, and

71_|Z|2 P(lo € 2PdN(z 00
) g o = ) <
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Then the composition operator Cy, : Z — Z, is bounded.

Proof. Suppose f € Z. The proof of the Theorem 2.1 shows that by conditions I, II and Lemma 1.1, there exists
a constant C' (which is different from one occurrence to the other) such that

1Cofllz, = ( / (1- Iz2)p|(f(w(2)))”|”dA(2)) ’

e v 1—|z? e g
<C log —————)PdA + C 2(/ ! 2PN >
lellzlflz ( [ tor =P ix@) "+ ol ( [ (ol rton = ana
< Cllfl=
Thus, C, : Z = Z,, is bounded. O

3. Hyperbolic-type analytic Besov Zygmund-type class

Take ¢ € B such that |¢/(2)] < 1. By the Schwartz-Pick lemma sup(1 — |z|*)p**(2) < 1, where ¢**(z) is the
z€D
hyperbolic-type derivative

)
= TR

Definition 3.1. For 1 < p < 400, the hyperbolic-type analytic Besov Zygmund-type class Z{; is defined to be the
family of all functions ¢ € B whit |¢'(2)| <1 such that

Ity = [[(= 1) (@PrG) < .

In this section by using the hyperbolic-type analytic Besov Zygmund-type class Z;}, we characterize the compactness
and boundedness of the composition operator Cy, : Z — Z,.

Theorem 3.2. Let ¢ be an analytic mapping from D into itself, 1 < p < oo and ¢ € ZZ;. Also, suppose that

I) log is bounded on D, and

1—lp(2)?

APy
e ORES

Then the composition operator Cy, : Z — Z, is compact.

Proof. Let {g} be a sequence in Z bounded in norm which converges to zero uniformly in D. By using conditions
I, IT and lemma 1.1, there exists a constant C such that

1Colae)lz, = ( [ltowtetenrra- |z|2>w<z>) ’

_ ( [ 16 EPldk et~ P are)

=

+ [ 1F P Pl Pa - z|2>w<z>)
<O |¢()PY ( [ @rlatenra- |z|2>PdA<z>) ’

Lol () ( [lsiteepra- |22>Wz)) ’
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1

=¢ (/D(log Tl Noliz (@™ ()" (1 = 12| )pd)\(z)>

T Cllgellz </ <1(1—_|<p|<zz|>|)2p>p ‘“(Z)) ;

1
< Cllgxlz ( [ @ra- |z|2>m<z>) T Ollgulz
D
< Cllanllzlelzs + Cllgellz — 0.
From Lemma 1.6, it follows that the operator C, : Z — Z,, is compact. O

Note. It follows that if the conditions I and II of above theorem hold, the composition operator C, : Z — Z,, is
bounded. In the following theorem, we prove this result straightforward.

Theorem 3.3. Let ¢ be an analytic mapping from D into itself, 1 < p < oo and ¢ € Z;}. Also, suppose that

I) log is bounded on D, and

L—1p(2)?

Q—Py
W [ G e <

Then the composition operator Cy, : Z — Zy, is bounded.

Proof. The proof of the Theorem 3.2 shows that for any f € Z, there exists a constant C such that

1Co(Dlz, = ( [ lweenra- |z|2>pdA<z>) ’

< Cllfllzllellzy + Cllfllz < Clifll=-

Thus, Cy, : Z — Z, is bounded. d

4. Relation between Z# and Zg

Since analytic functions f in the unit disc D are also meromorphic in D, we can study the class of meromorphic
functions, provided that the ordinary derivative of f is replaced by the spherical-type derivative f##, where

4y = |';f,2')2, (z eD).

The family of normal meromorphic-type functions in D is denoted by A and is defined by

N = {f meromorphic in I : sup(1 — |z|?) f##(z) < co}.
z€D

We define
I flla = Slelg(l — |2 f##(2).

Definition 4.1. For 1 < p < oo, we define the meromorphic (or spherical-type) Besov Zygmund-type class, Z# by
o ) 2\p—2
Zf = {f meromorphic in D : /D(f##(z))p(l — |2|*)P72dA(z) < o0}.
We define
Il = [ U##EP = 1R)2aac).

The following theorem shows a relation between the hyperbolic-type analytic Besov Zygmund-type class and
the meromophic (or spherical) Besov Zygmund-type class.

Proposition 4.2. Let 1 < p < oo, f is a normal meromorphic function in D and ¢ € Z;}. Also, suppose that
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/' (p(2) P
(14 1@ (2) (0 (2)) 2)P

is bounded on D, and

/(1—|Z|2)p72 (1+|f(902)| )
D (L= [" () [ (0 (2)) 2P (L = [o(2) )P

dA(z) < oo.

ThenfogoEZ;f.

Proof. Since ¢ € Z;f, we have

el = /D(l = 2P (9™ (2))PdA(2) < o0

So, there exists a constant C' such that

I£ ol = [ (= 2R o ) () aA)

Lyl EPIFCEP + P P D,
<C/D“ =) W+ [P T (o) )P dA(z)

oy 1 e P o)) )
<Cu-I/@PY [a-1ep) - o (PP L o ) (@) )

Ol ()20 C2yp-2 |f"(e(2)) P L+ /(@2 L= @)\, 4
+ O | = e e T T T o 4)
<Ol P 1— |2)P—2 (1+ |f'(p(2))]?)P dA(2) < oo
< Clelly + W [0~ W G P P = T A <
Thus,fosoEZf. (]
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