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1. Introduction

A dominating set of a graph G = (V, E) is a subset D of V suchithat every/vertex in V' \ D is adjacent to at least
one member of D. The minimum cardinality of all dominating sets'of G+is called the domination number of G and
is denoted by v(G). This parameter has been extensively studied in the literature andithere are hundreds of papers
concerned with domination. For a detailed treatment of domination theory, the #eader is referred to [6]. Also, the
concept of domination and related invariants has been generalized in many ways:

A set D C V is a strong dominating set of G, if for every vertex x € V \'D there"is a vertex y € D with 2y € E
and deg(z) < deg(y) (in this case we say that the vertex y strong dominate the vertex#). The strong domination
number 7, (G) is defined as the minimum cardinality of a strong dominating set. A strong dominating set with
cardinality vs:(G) is called a 7s-set. The strong domination number was introduced in [7] @nd some upper bounds
on this parameter were presented in [8, 7]. Similar to strong domination number, a set D C V_.is'a weak dominating
set of G, if every vertex v € V'\ D is adjacent to a vertex u € D such that deg(v) > deg(u) (see [5]). The minimum
cardinality of a weak dominating set of G is denoted by 7, (G). Boutrig and Chellali proved that the relation
Y (G) + Aiﬂvst(G) < n holds for any connected graph of order n > 3 ([5]). Alikhani, Ghanbari and Zaherifard [3]
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examined the effects on 7, (G) when G is modified by edge deletion, edge subdivision and edge contraction. Also
they studied the strong domination number of k-subdivision of G.

Motivated by counting of the number of dominating sets of a graph and domination polynomial (see e.g. [1, 4]),
the number of the strong dominating sets for certain graphs has been studied in [9].

Let e be an edge of a connected simple graph G. The graph obtained by removing an edge e from G is denoted
by'G — e« The edge subdivision operation for an edge {u,v} € FE is the deletion of {u,v} from G and the addition
of two'edges {u,w} and {w, v} along with the new vertex w. A graph which has been derived from G by deleting
avertex v is deneted by G —v. The contraction of v in G denoted by G/v is the graph obtained by deleting v and
putting a clique on the (open) neighbourhood of v. An edge contraction is an operation that removes an edge from
G while/simultaneously merging the two vertices that it previously joined. The obtained graph is denoted as G/e.

In this paper, we examine the effects on 74 (G) when G is modified by operations such as vertex deletion, vertex
contraction and edge contraction

2. Main Results

In this section, we study the effects on 74 (G) when G is modified by some operations. Before we state our results,
we start with a simple example.

Example 2.1. Consider star.graph S, = K1, as shown in Figure 1. Let D = {u}. Then D is a strong dominating
set of Sy, because deg(u) >ddeg(vi)and u strong dominates v;, fori=1,2,...,n. Therefore v5(S,) = 1. Also, for
empty graph K,, since all vertices are isolated vertices, we have vs:(K,) = n.

U1
U2 Un,
L]
V3 u °
L]
V4 Ve

]
Figure 1: Sfar graph S,
Now, we consider the vertex deletion.
Theorem 2.1. If G = (V, E) is a connected graph and v € V, then
Y5t (G) — deg(v) < st(G — v) < st(G)F- deg(v) = 1.
Furthermore, these bounds are tight.

Proof. First we consider the upper bound. Suppose that D is a ys-set of G. Ifw € D, then (DU N(v)) \ {v}
is a strong dominating set of G — v and we are done. If v ¢ D, then there exists unesV(v)such that u strong
dominate v. So D U N(v) is a strong dominating set with size at most v (G) + deg(v) —4A. Therefore we have
Y5t (G — v) < 75t (G) + deg(v) — 1. The equality holds for the star graph, and v is the universal vertex. Now, we
obtain the lower bound. First we consider G — v and suppose that S is a vyg-set of G& v. Weshave two cases for v
in G:
(i) deg(v) > deg(u) for all w € N(v). Then clearly S U {v} is a strong dominating set for G. So V&(G) <
Yt (G —v) + 1.
(ii) There exists u € N(v) such that deg(u) > deg(v). So S U N(v) is a strong dominating set=for G-and se
stt(G) < stt(G - ’U) + deg(v)'

Therefore we have Vst (G — v) > Y5t (G) — deg(v). Now, we show that this bound is tight. Consider Figure 2. The
set of black vertices is a 7s-set of G, say D, and we have 74 (G) = 18. Now, D \ N(v) is a vs-set of Gi— v, and
Y5t (G — v) = 15. Therefore we have the result. 0

The following theorem gives bounds for the strong domination number of a graph G/v, where G/v is a graph
obtained by G and contraction of a vertex v. We recall that a vertex v is a pendant vertex, if deg(v) = 1.
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Figure 2: Graph G with 7« (G) = 18 and st (G — v) = 15.

Theorem 2.2. If G = (V, E) is a‘connected graph and v € V is not a pendant vertez, then
Y4(G) — deglw) + 1 < 7%t (G/v) < 7t (G) + 1.

Furthermore, these bounds are tight.

v

G G/v

Figure 3: Graphs G and G /v with 7 (G) = 8 and st (G/v)= 9.

Proof. First we obtain the upper bound. Suppose that D is a ys-set of G. First supposedthat v € D. If u € N(v)
is the vertex with the maximum degree among others, then (D U {u})\ {v} is a strong dominating set of G, because
each vertex is strong dominated by the same vertex as before or possibly by w.<Now\suppose that v ¢ D. If
w € N(v) is the vertex with the maximum degree among others, then by the same argument, DU {w} is a strong
dominating set of G. Therefore we have 5 (G /v) < v (G) + 1. To show that this bound is#ight, consider graphs
G and G/v in Figure 3. One can easily check that the set of black vertices is a ~ys-set of both graphs, and therefore
Yt (G/v) = v (G) +1 =8+1 = 9. Now, we obtain the lower bound. To show the lower bound, first we form G/v.
Suppose that S is a yg-set of G/v. We remove all the added edges and add v to form G. We,consider'the following
cases:

(i) N(v) € S. Clearly SU {v} is a strong dominating set of G and we have v (G) < (G /v) + L.

(ii) N(v) CV\S. So SU{v} is a strong dominating set of G, because each vertex is strong dominated by the
same vertex as before (and possibly v). So v5(G) < 75 (G/v) + 1.

(iii) For all vertices u € N(v), dege(v) > dege(u). So by the same argument as Case (ii), S U {v} is a’strong
dominating set of G, and v5(G) < vst(G/v) + 1.
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(iv) There exists a vertex u € N(v) N S such that degs(u) > degq(v). So S U N(v) is a strong dominating set of
G, because v is strong dominated by u and the rest of vertices are strong dominated by the same vertices as
before. So Y5t (G) < Yt (G/v) 4 deg(v) — 1.

(v) There exists a vertex u € N(v) N (V \ S) such that degq(u) > degs(v). If N(v) C V' \ S, then it is Case (ii).
So suppose that there exists a vertex w such that w € N(v) NS. Then similar to Case (iv), SU N(v) is a
strong dominating set of G, since v is strong dominated by u, and we are done.

Hence in generalg'we have 5 (G/v) > 75t (G) — deg(v) + 1. Now, we show that this bound is tight. Consider graphs
G and G/v infFigure 4. The set of black vertices is a yg-set of both graphs, and vst(G/v) = Vst (G) — deg(v) + 1 =
20 — 4+ L= 17. ([l

G/v

Figure 4/GraphsiGrand G /v with v« (G) = 20 and v (G/v) = 17.

Theorem 2.3. Let G = (V, E) be a connected graph and v € V' be a pendant vertex such that uv € E. Then,
Vst (G) = < 1l G/v) <9t (G) + deg(u) — 1.
Furthermore, these bounds are tight.

Proof. First we consider the upper bound. Suppese that D is‘a qs-set of G. So clearly u € D. We have the
following cases:

(i) u do not strong dominate other vertices except vi Then Ddis strong dominating set of G/v and we have
Vst (G /v) < 75t (G).

(ii) u strong dominate w # v and degs (u) > deg(w)+ 1. Then (D U N (w)) \{w} is strong dominating set of G /v
and we have 75 (G/v) < 75t (G) 4 deg(u) — 1, because all verticesdare strong dominating by the same vertices
as before.

(iii) w strong dominate w # v and degq(u) = deg(w). Then (D U N(w))\{u} is strong dominating set of G/v
and we have v (G/v) < 75t (G) + deg(u) — 1, because all vertices are strong dominated by the same vertices
as before, and w is strong dominated by w.

Hence vt (G/v) < 75t(G) + deg(u) — 1. Now we show that this bound is tight. Lonsider graph G in Figure 5. One
can easily check that the set of black vertices is a yg¢-set of G, say S, and we have 75 (G) = 17fand, (S U N (u)) \ {u}
is a vst-set of G/v, and we have 5 (G/v) = 20. Now, we consider the lower bound. /First, we form G/v and
find a ~g-set of G/v, say D. Then one can easily check that D U {u} is a strong déminatingset of G, and we
have 754(G) < 7st(G/v) + 1. If we consider G as path graph of order 3k + 1, where k /& N, thenwwe see that
Y5t (G/v) = v (G) — 1, and the tightness holds. O

We have the following result as an immediate outcome of Theorem 2.3.
Corollary 2.4. If G = (V, E) is a connected graph and e = uwv € E such that v is the pendant vertezsthen
Y5t(G) =1 < 75t (G/e) < 75e(G) + deg(u) — 1.

Here we consider a modified graph which is obtained by another operation on a vertex. We denote by.G ® v the
graph obtained from G by the removal of all edges between any pair of neighbors of v, note v is not removed=from
the graph. This operation removes triangles from the graph and for the first time has considered for computation
of domination polynomial of a graph, which is the generating function for the number of dominating sets of graphs

([2))-
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Figure 5: Graph G with v (G) = 17 and s (G /v) = 20.

) N
’ NEX °
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Figure 6: Graphs G and G ©® v with v (G) = 65 and s, (G © v) = 76.

Theorem 2.5. Let G = (V, E) be a connected graph and v € V.. Then
Vst (G O v) <7t (G) + 1 — 2degg(v) + Z degaoy (uw)-

Furthermore, this bound is tight.

Proof. If v is a pendant vertex, then we have nothing to prove, because Vst (G © v) = 75 (G). So in the following
suppose that v is not a pendant vertex, and D is a qg-set of G. If z € N(v) N D, and does not strong dominate
other vertices, then we simply keep it for strong dominating set of G ® v, and add v to D. If x € N(v) N (¥'\ D),
then we add z and add v to D. So, in every cases, all © € N(v) are strong dominate some other vertices, and these
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vertices are not in N(v). Suppose that the vertex x strong dominate the vertex y and y ¢ N(v). If after forming
G@v, degge, () > deg(y), then we just add v to D. But sometimes, we need to add all neighbours of z to D and
remove x from D. So in this case, The set

D' = (D\N())U{v} | (Noou(w)\ {v}),

is a-strong dominating set of G ® v with the biggest size other than what ever we mentioned before, and we have

Y5:(G @) < Yt (G) + 1 — degg(v) + Y (degga,(u) — 1),

u~v

and we are [done. Now, '‘we show that this bound is tight. Consider graph G and G ® v in Figure 6. One can
easily check that the set of black vertices is a yst-set of both graphs, and we have 75(G) = 65 and 75 (G © v) = 76.
Therefore theequalitysholds. O

References

[1] S. AKBARI, S. ALIKHANI, AND Y.-H. PENG, Characterization of graphs using domination polynomials, Euro-
pean J. Combin., 31 (2010), pp. 1714-1724.

[2] S. ALIKHANI AND E. DEUTSCGH, Moreon domination polynomial and domination root, Ars Combin., 134 (2017),
pp. 215-232.

[3] S. ALIKHANI, N. GHANBARI, AND H. ZAHERIFAR, Strong domination number of some operations on a graph,
Commun. Comb. Optim., (2023), pp. 1-11

[4] S. ALIKHANI AND Y .-H. PENG, Introductionsto domination polynomial of a graph, Ars Combin., 114 (2014),
pPP- 257-266.

[5] R. BOUTRIG AND M. CHELLALI, A note on/a relation between the weak and strong domination numbers of a
graph, Opuscula Math., 32 (2012), pp. 235-238.

[6] T. W. HAaYNES, S. T. HEDETNIEMI, AND P. J. SLATERy Fundamentals of domination in graphs, vol. 208 of
Monographs and Textbooks in Pure and Applied Mathematics, Marcel Dekker, Inc., New York, 1998.

[7] E. SAMPATHKUMAR AND L. P. LATHA, Strong weak domindtion and domination balance in a graph, Discrete
Math., 161 (1996), pp. 235—242.

[8] E. Y1, Bounds on the sum of broadcast domination numbersand strong metric dimension of graphs, Discrete
Math. Algorithms Appl., 12 (2020), pp. 2050010, 14.

[9] H. ZAHERIFAR, S. ALIKHANI, AND N. GHANBARI, On the strong dominating sets of graphs, J. Algebr. Syst.,

11 (2023), pp. 65-76.
Saeid Alikhani, Nima Ghanbari, Strong domination number of a modified graph, AUT J: E
https://doi.org/10.22060/AJMC.2023.22327.1152

[ ]

Please cite this article using: E
Math. Com., 6(1) (2024) 21-26
" |
[ ]

[=]

26


http://dx.doi.org/10.22060/AJMC.2023.22327.1152
https://ajmc.aut.ac.ir/article_5207.html

	Introduction
	Main Results

