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1. Introduction and Preliminaries

Let A and B be two nonempty subsets of a metric space (X, d). If self'mapping T: AUB — AUB be a noncyclic map
,i.e, T(A) C Aand T(B) C B; then * € AUB is a fixed point of T' provided that Fz* = z*. If T: AUB — AUB
be a cyclic map , i.e., T(A) C B and T(B) C A and d(A, B) = inf{d(a,b) : a€ A, b€ B}; then z* € AU B is
called a best proximity point of T' provided that d(z*, Tz*) = d(A, B). If d(A, B)y> 0,4hen a best proximity point
serves as a optima for the operator equation Tx = x.

In 2005, Anthony Eldred, Kirk and Veeremani [5] introduced noncyclic nonexpansive mappings and studied the
existence of a fixed point of such mappings. In 2006, cyclic contraction mappings ondimiformly-€onvex Banach spaces
were introduced and studied by Anthony Eldred and Veeremani [6]. Since then, the problems of:the existence of a
best proximity point (fixed point) of cyclic (noncyclic) mappings, have been extensively studied by many authors;
see for instance [1, 2, 5, 6, 7, 9, 11, 12, 13, 14] and references therein.

In 2009, Al-Thagafi and Shahzad [4] generalized cyclic contraction condition and proved existénce of best
proximity points.
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Definition 1.1 ([4]). Let A and B be nonempty subsets of a metric space (X,d) and let T : AUB — AUB be a
cyelic map. The map T is said to be cyclic p-contraction if ¢ : [0,4+00) — [0,+00) is a strictly increasing map and

d(Tz,Ty) < d(z,y) — (d(z,y)) + (d(A, B)),
forallx € A and y € B.

In thewrecent years, many authors used varieties of weak contractive conditions to prove the existence of fixed point
and best proximity point theorems.

In 2013, the class of noncyclic contractions was first introduced by Espinola and Gabeleh [8]. As a result of
Theorem 2¢7 of [3]for these mappings, the authors presented the following existence theorem.

Theorem 142. Let A and B be nonempty convex subsets of a uniformly convex Banach space X such that A is
closed and let T : AU B — AU B be a noncyclic contraction map that is, there exists ¢ € [0,1) such that

d(Txz, Ty) < cd(x,y) + (1 —c)d(A, B), (1)

forallz € A and y € B. For xg € A, define x,11 := Tx,, for each n > 0. Then there exists a unique fired point
r € A such that z,, = x.

In this paper, we introducefthe concept of noncyclic p-contractions as a generalization concept of noncyclic
contractions and study the existence, uniqueness and convergence of fixed points for such mappings in the framework
of uniformly convex Banach spages. Alsog'iterative algorithms are furnished to determine such fixed points. We
obtain existence results of the best proximity points for cyclic p-contractions as a consequence of our main theorems.
Here, we recall some definitions and facts,will‘be used in the next section.

Definition 1.3 ([10]). A Banach space X is said tobe uniformly convez if there exists a strictly increasing function
0 :[0,2] — [0,1] such that the following implication holds for all x,y,p € X, R > 0 and r € [0,2R]:

I~ ol R

T T
lv-rl <R 45 | TR o] < - sp)R
o=yl > r

Lemma 1.4 ([6]). Let A be a nonempty closed and. convez subsét and B be nonempty closed subset of a uniformly
convexr Banach space. Let {x,} and {z,} be sequences in A.and {y,} is a sequence in B satisfying

(a) |lzn —ynl — d(A, B);
(b) llzn = ynll = d(A, B).
Then ||z, — zn|| converges to zero.
Since the proof of next result was classic, we presented it separately.

Lemma 1.5. Let A and B be nonempty conver subsets of a uniformly conwer Banach space X such that d(A, B) >
0. Let {z,} and {z,} be sequences in A and {yn} is a sequence in B. Suppose that for each € > 0, there exists a
positive integer N such that for allm >n > N, ||z, — yn| < d(4, B) + € and ||z yn| < d(A, B) + €. Then for
every € > 0 there exists a positive integer k such that for all m >n >k, ||z, —2m| <.€.

Proof. We assume the contrary. Then there exists ¢y > 0 such that for each k& > 1, there exist my > n; > k such
that

[, = 2m, || = €0 (2)
On the other hand, for each € > 0, we have
[Zn, = Yn, | < d(A, B) +€ (3)
and
[Zmi = yni |l < d(A, B) + €. (4)

for all my, > nj > N. Choose 0 <y <1 such that < > d(A, B) and choose € such that

d(A, B)é(v)

. (€0
0<e< — —d(A, B), .
€ mm{,y ( ) T=907) }
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It follows from (2), (3), (4) and the uniform convexity of X that

< (1= 8o B + o

for all my, > ni > N. The choice of € and the fact that § is strictly increasing imply that

g<1_5<2>>(mAJﬂ+@

<(1=6()(d(A,B) +¢)

= (1 =6(7))d(A, B) + (1 = 8(7))e
< (1 =0(7))d(A, B) +6(v)d(4, B)
=d(A,B),

Ty, + 2
%,ynk

xnk + ka

2

— Yny,

1
1

z"k

for all my, > nj > N. Thus % ¢ A for all my, > nyi > N, this is a contradiction. O

2. Main results

To establish our resultsgwe intreduce the following new class of noncyclic maps.

Definition 2.1. Let A and/B be_nonempty subsets of a metric space (X,d) and let T: AUB — AU DB be a
noncyclic map. Suppose that ¢ :0, +e0) — [0, +00) is a strictly increasing map. The map T is said to be noncyclic
wp-contraction if for all x € A and y € B, we have

ATz, Ty)\< d(z;y) — (d(z,y)) + ¢(d(4, B)). (5)
It follows directly from the definition that if ¢(t)="(1"= c)t, then (5) reduces to (1). Also
w(d(A,B)) < p(d(z,y)) forall z€A and y€B (6)
and

d(Tz,Ty) < d(z,y) forall z€A and ye€ B. (7)

Example 2.1. Let X := R with the usual metric. For A =)0,1] and B&= [=1,0], define noncyclic map T: AUB —
AUB by

x
ifx e A,
T(@)=q 1 ifyeB
1—9y Y57
Ifcp(t):%fortZO. Then we have
T Y
AT Ty) =5, 1=
I
142 1-2
_ x—y—4xy
142w —y) —4day
(x—y)*
<(z—y)—- —H
< (@-y) 1+2(x—y)

= |z —y| — ¢(lz — y|) + ¢(0)
= d(z,y) — ¢(d(z,y)) + (d(A, B)),

forallx € A andy € B. Hence T is a noncyclic p-contraction map which is not noncyclic contraction.

Lemma 2.2. Let A and B be nonempty subsets of a metric space (X,d) and let T : AUB — AU B be @ cyclic
p-contraction map. Then T? is a noncyclic p-contraction map.
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Proof. Applying (7) and the cyclic ¢-contraction property of T', we obtain
d(T%z,T%y) < d(Tz,Ty) < d(z,y) — p(d(z,y)) + @(d(A, B)),
for all@# € A and y € B. (]

The follewing example illustrates Lemma 2.2.

Example 2.2. Let X := R with the usual metric. For A= B =10,1], define noncyclic map T : AUB - AUB
by Te =T 1f o(t) = % fort > 0. By Example 2 of [4], T is a cyclic p-contraction map. Also, we have
r oy |
1+2x 142y
|z —yl
(1+2x)(1+ 2y)
[z —y|
T l4+z+y
|z —y
Tt lr—yl

T2 = T2 = |

|z —y|?
L+ [z -yl
= |z —y[ — p(|z — y|) + ¢(0),

=lz—y|l-

for allz € A and y € B. Hence T? is a noncyclic p-contraction map.
The following result will be needed to prove the'main theorems of this section.

Lemma 2.3. Let A and B be nonempty subsets of'a uniformly convex Banach space X and letT : AUB — AUB
be a noncyclic p-contraction map. For xg € A, define x,,41 = Tx,, and for yo € B, define y,1+1 := Ty, for each
n>0. Then

(a) |xn — ynl| = d(A, B) as n — oo;
(b) if A is convex, then ||z, — zpt1] = 0 as n — oo;
(¢) if B is convex, then ||yn — yns1| — 0 as n — oo;

(d) if A and B are convez, then for each € > 0, there exists a positivedntegers Ny such that for all m > n > Ny,
|Xm — ynll < d(A, B) + €.

Proof. (a) Let d,, := ||x,, — yn|| for each n > 0. It follows from (7)ithat {d,} is decreasing and bounded. Thus
lim,,—, o0 dy, = do for some dy > d(A, B). If d,, = 0 for some ny > 0, there is nothing to prove. So assume that
d,, > 0 for each n > 0. Because T is a noncyclic ¢-contraction, we have

dny1 < dp — @(dn) + @(d(A, B)).
Hence by using (6), we get

for each m > 0. On the other hand, since ¢ is strictly increasing and d,, > do > d(A, B) for ea¢h n > 0, it follows
from (8) that

¢(d(A, B)) < ¢(do) < @(dn) < dp — dny1 + p(d(A, B)),

lim o(d,) = ¢(do) = ¢(d(A, B)).

n—roo

As ¢ is strictly increasing, we have dy = d(A4, B).
(b) From (a), we get
zn — yull — d(A, B),
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as n — oo. By reusing (a), with starting point 2 instead of z(, we obtain
[#n+1 = ynll = d(A, B),
as w'— o0o. So by Lemma 1.4, we get ||z, — Tpt1]] = 0 as n — oo.
(€) Proof of (c) is similar to (b).
(d)Suppose the contrary. Then there exists €y > 0 such that for each k > 1, there are my, > ny > k satisfying
[Zme = yni |l = d(A, B) + €0 (9)
and
| Zme—1 — Yn, || < d(A, B) + eo.
Using the triangle inequality, for every k > 1, we have
[T = Ynill < N2y = Zmgall + 2mrr = Ynerall £ 19ne1 = vne|l-

So by (6), and the noncyclic p-contraction property of 7', we obtain

mek - ynk” < ||xmk - xkarl” + Hirmk - ynkH - @(”xmk - ynk”)
+ o(d(A, B)) + [[yny+1 = Yne |l
< mek - xmk-‘rl” + mek - ynkH + ”ynk-i-l - ynk”

Hence, for every k > 1, we get

0< Hmmk - xmk-i-l“ N @(mek - ymcH) + @(d(A’ B)) + ||ynk+1 — Yny ”
< ||$mk - xmk+1H + ||ynk+1 — ynk”

A and B are convex. Letting k — oo andrusing (b) and (¢), we obtain
and hence
o[z, = yn, |l) =@(d(AB)). (10)
—00
Since ¢ is strictly increasing, it follows from (9) and (10)that
P(d(A.B) + ) < lim @1, — un ) = @A, B)) <Po(d(4, B) + o).
which is absurd. O

Now we are ready to prove our main first result in this section.

Theorem 2.4. Let A and B be nonempty subsets of a uniformly convex Banach space X such that A is closed.
Let T : AUB — AU B be a noncyclic p-contraction map. For xog € A define vp1+1 :=TLx, for each n > 0. If
d(A,B) =0, then T has a unique fixed point x € AN B and x, — © as n — oo.

Proof. By lemma 2.3, with starting point x; instead of xq, we get
[ — gl = 0, (11)
as n — oo and with starting point y; instead of yg, we get
[#n = Yniall =0, (12)
as n — oo. It follows from (11), (12), the triangle inequality and Lemma 2.3(a) that
[#n = &ngall = 0 and  |lyn — ynall = 0. (13)
Let € > 0 be given. From (13), similarly to Lemma 2.3(d), we can deduce that there exists Ny such that
[2m = ynll <, (14)
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for all m > n > N;. By Lemma 2.3(a), there exists No such that
[0 — yull <e, (15)
for all > N5. Let N := max{Ny, Na}. It follows from (14), (15) and the triangle inequality that
[2m = Znll < 2m = ynll + 20 — ynll < 2e,

fora@ll m > n > N. Thus {z,} is a Cauchy sequence in A. Now, the completeness of X and the closedness of A
imply that x,#~ = as n — oco. Because ||z, — yn|| = 0 as n — oo, hence y, — = as n — oco. Also from (7),
T2z — yn|l< |2 =yn—1]|, hence y,, = Tx as n — oo. So x is a fixed point of T and hence x € ANB. If z€ ANB
is another fixed point of. T, from Lemma 2.3(a), we obtain

|z =2l = lim 7"z — ya|l =0,
n—oo
and so z = . O

Lemma 2.5. Let A and B be nonempty convex subsets of a uniformly convex Banach space X such that A is closed
and let T : AU B —3A U B_be a noncyclic p-contraction map. For xo € A, define xp1 := Tx, for each n > 0.
Then {z,} is a Cauchy sequences

Proof. If d(A, B) = 0, the'result follows from Theorem 2.4. So we assume that d(A, B) > 0. For yo € B, define
Yn+1 := Ty, for each n > 0. By Lemma.2.3(a), for each € > 0 there exists Ny such that

2 — ynll < d(A, B) + e,
for all n > Ny. Also, by Lemma 2.3(d) fhere exists Ny such that
||xm v ynH < d(AaB) +e

for all m > n > Na. Let N := max{Ny, Na}. Itfollows from Lemma 1.5, for every e > 0 there exists a positive
integer k such that for all m > n >k, ||z, — Zm|| < €. So {z,} is a Cauchy sequence. O

Now we are ready to prove our main second resultiin this section:

Theorem 2.6. Let A and B be nonempty convex subsets.of a uniformly convex Banach space X such that A is
closed and let T : AU B — AU B be a noncyclic p-contraction map. For o € A, define x,41 = Tx, for each
n > 0. Then there exists a unique fized point x € A such that x5 x.

Proof. Fix yg € B, define y,,+1 := Ty, for each n > 0. If d(A,B) = 0, thewesult follows from Theorem 2.4. So we
assume that d(A4, B) > 0. By Lemma 2.5, {x,} is a Cauchy sequence and hencex,, — = € A as n — oo. From (7)
and the triangle inequality, we have

[Tz = yull < |z = yn-1ll < |z — Zp—1]] +HEa—a™ Yn—1|
and
[z = yull < llz — znll + 20 — ynull-

So, from Lemma 2.3(a), we get || Tz — y,|| — d(A, B) and ||z — y,|| — d(A, B) as n — oco. Iiémma 1.4, implies that
Tx = x. To show that uniqueness of x, suppose that there exists another fixed point z & of T'. For y, € B, define
Ynt1 := Ty, for each n > 0. By Lemma 2.3(d), there exists Ny such that

[ = yn, [l < d(A, B) + ¢,
for all ni, > Np. Also, there exists Ny such that
12 = yni || < d(A, B) + e,
for all ng, > Ny. Let N := max{Ny, No}. Applying Lemma 1.5, we obtain z = x. O

Corollary 2.7. Let A and B be nonempty closed and convex subsets of a uniformly convex Banach space X and
let T : AUB — AU B be a noncyclic p-contraction map. Then, T has a unique optimal pair of fixed points
(x*,y*) € A X B that is

Tz*=z% Ty " =y* and d(z*,y*)=d(A,B).
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Example 2.3. All conditions of Theorem 2.6 are satisfied in Example 2.1, and x = 0 is the unique best proximity
point of T in A.

In the following, we obtain Theorems 6 and 8 of [4] as special cases of Theorems 2.4 and 2.6, respectively.

Corollary 2.8 ([4, Theorem 6]). Let A and B be nonempty subsets of a uniformly convex Banach space X such
thatdA lis closed. Let T : AUB — AU B be a cyclic p-contraction map. For xy € A define ©,11 := Tz, for each
w> 0/ If d(A,B) =0, then T has a unique fized point x € AN B and x,, — x as n — co.

Proof. Erom Lemma 2.2, T2 is a noncyclic p-contraction map. So by Theorem 2.4, T2 has a unique fixed point
x € JAM B suchnthat x, — = as n — oo. Applying the cyclic p-contraction property of T', we obtain

lz = Tzl = |T%x - Tz|| < ||z = Tzl - ¢(|z — Tz[]) + ¢(0),
hence p(|la — Tz||)«<"p(0) Since ¢ is strictly increasing, it follows ||z — Tz|| =0,s0 t =Tz and x € ANB. O

Before stating the next result, let me remind you of one point. At the end of the proof of Lemma 2 of [4], the
authors mentioned that ||xont3 — Zan41]| — 0 is obtained in a similar way, and since 2,43 and 2,41 are in B, B
must be convex. For thisareason; in [4] theorems 5, 7 and 8, B must also be convex.

Corollary 2.9 ([4, Theorem 8]).. Let A and B be nonempty convex subsets of a uniformly conver Banach space
X such that A is closed. Let T:"AU Be— AU B be a cyclic p-contraction map. For xg € A define xp41 := Tz,
for each n > 0. Then there exists a uniquex € A such that xa, — z, T?z = x and ||z — Tz|| = d(A, B).

Proof. From Lemma 2.2, T? i§'a nongyelic p-contraction map. So by Theorem 2.6, T2 has a unique fixed point
x € A such that z9, — x. Applying/the cycli¢ p=contraction property of T', we obtain

lz = Tl| = | 220 —Lz|| < ||z — Tz|| - p(|z — Tx])) + ¢(d(4, B)),

hence (||l — Tz||) < ¢(d(A, B)). Sincewp is strictly increasing, it follows ||z — T'z|| = d(A4, B). O
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