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1. Introduction

The study of symmetric designs invariant under primitive representations of finite simple groups has by now a vast
literature. However, for some time now the investigation of properties of self-dual symmetric 1-design invariant
under primitive groups has gained much interest given its connection with the study of linear codes, regular graphs
and other combinatorial configurations. The results presented by J. D. Key and J. Moori in [8] paved the way for new
explorations: for examples of applications of these results to individual simple groups, see ([8, 10, 13, 15, 16, 17, 18]),
and for illustrations of applications to some classes of finite simple groups, see ([19, 20, 22, 21]). These results allowed
among other things for the examination of questions such as: given the primitive permutation representations of
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the simple group PSL(2,q) what are the parameters of the 1-designs that admit PSL(2,¢q) as an automorphism
group, acting primitively on points and on blocks?

Using the methods presented in [8], Darafsheh [3] constructed designs invariant under PSL(2, ¢), for ¢ even and
a pair of its maximal subgroups of dihedral type.

In [12], the first and second authors considered all conjugacy classes of maximal subgroups of PSL(2,q) for
q = p™, where p is an odd prime and, using results of [8] constructed all primitive, self-dual and symmetric 1-designs
that admit PSL(2,¢) as a permutation group of automorphisms. The said article completed the construction of
PSL(2, g)-invariant designs obtained using the conjugacy classes of maximal subgroups of PSL(2, ¢).

However, in [9] J D Key and J Moori outlined a construction of 1-designs using a maximal subgroup say M
of a finite simple group G and a conjugacy class in G of some element x € M. This construction allowed for
the determination of parameters of 1-designs (not necessarily symmetric) invariant under finite simple groups. In
particular, in [21] Moori and Saeidi, using results of [8] and [9] constructed PSL(2, ¢)-invariant designs for ¢ > 2 a
power of 2 for the remaining maximal subgroups not considered in [3]. In [13] and [14], Moori applied results of [9]
to construct designs and codes from some maximal subgroups of PSL(2, ¢), for some prime powers of g.

For ¢ = p™ > 5 where p is an odd prime, the present article addresses the question of the determination of
PSL(2, g)-invariant 1-designs (not necessarily symmetric) using the construction method presented in [9] and thus
completing the study begun in [13] and [14].

Our notation for designs is as in [1]. Let D = (P, B,Z) be an incidence structure, i.e. a triple with point set P,
block set B disjoint to P and incidence set Z C P x B. If the ordered pair (p, B) € Z, then we say that p is incident
with B. It is often convenient to assume that the blocks in B are subsets of P so (p, B) € Z if and only if p € B.
For a positive integer ¢, we say that D is a t-design if every block B € B is incident with exactly k points and every
t distinet points are together incident with A blocks. In this case we write D = t-(v, k, A\) where v = |P|. We say
that D is symmetric if it has the same number of points and blocks.

2. Preliminaries

The aim of this section is to collect some facts and results about PSL(2,q), ¢ odd and its maximal subgroups
that will be applied in the sequel. For more details we refer the reader to [4, 6, 11]. Throughout this paper, let
G = PSL(2,q) where ¢ = p™ > 5 and p is an odd prime.

Theorem 2.1. The mazimal subgroups of G, up to conjugacy, are

(1) C;L:CqTfl, that is the stabilizer of a point of a projective line;

(2) D41, for g > 13;

(8) Dy, for g #7,9;

(4) PSL(2,qq), for ¢ = g} where r is an odd prime power;

(5) PGL(2,q0), for q = q3 (two conjugacy classes);

(6) As, for g = =1 (mod 10), where either ¢ =p or ¢ = p* and p = £3 (mod 10) (two conjugacy classes);
(7) Ay, for q=p=+3 (mod 8), ¢ > 3;

(8) Sy, forq=p==1 (mod 8) or ¢ =p* and 3 < p = +£3 (mod 8) (two conjugacy classes).

Proof. See [11, Corollary 2.2]. O

Notation. We use the following notation throughout the rest of the paper. Let t; = (¢ — 1)/2, t2 = (¢ + 1)/2 and
t3 = p”. We denote by B; the set of all elementary abelian subgroups of G of order ¢; and B; the set of all cyclic
subgroups of G of order ¢; for i = 2,3 .

Proposition 2.2. Let B; be as above, and suppose that B; € B; are chosen arbitrarily for 1 <1i < 3. Then

(i) every element of B; is a Hall subgroup of G; in particular every two elements of B; for a fized j are conjugate
n G;
(ii)) Ng(B1) = B1:2 = Dy_q;
(111) Ng(Ba) = B2:2 = Dgq1;
(iv) Na(Bs) = Bs:(%54).
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Proof. All parts follow from [11, Theorem 2.1]. O
For the rest of the paper, let = be a non-trivial element.

Lemma 2.3. Assume that B; € B; for 1 <i <3 and x € G is non-trivial. Then the following statements hold.
(i) if € By and o(z) # 2 then |2%| = q(q + 1);

(ii) if x € By and o(x) # 2 then |2¢| = q(q — 1);

(iii) if x € Bs then |2%| = w;

(iv) for o(x) =2 we have ?

q—1

G| _ a(g+l) .
2

(a) if 2 divides then |z ;

qg+1

: . -1
(b) if 2 divides Gl = %.

then |z

Proof. We use the orders of centralizers of elements in PSL(2, g). O

Remark 2.4. Let G be an arbitrary group and H be a subgroup of G. The subgroup H is called a trivial intersection
subgroup, for short TI-subgroup if for every g€ G, HNHY9 =1 or HNHY =H.

Lemma 2.5. All subgroups in B;, i € {1,2,3}, are TI-subgroups in G.
Proof. It follows from [5, Theorem 1.3]. O

Lemma 2.6. Let G = PSL(2,q), ¢ = p™ and p an odd prime. Then there are two conjugacy classes of elements of
order p and one conjugacy class of involutions.

Proof. See [4] and [6]. O

Lemma 2.7. Let G be a PGL(2,q), ¢ = p"™ and p an odd prime.

1) There are two conjugacy classes of elements of order 2. One class consists o M, and the other class
2

consists of @ )

(ii) All elements of order p are conjugate.
Proof. We refer the reader to [4] and [6]. O

Lemma 2.8. Let G be an arbitrary group and H be a subgroup of G. Then for each x € G, % N H is a union of
conjugacy classes of H.

Proof. The proof is straightforward. g

Lemma 2.9. Let G be a dihedral group of order 2n.

(i) if 2 | n then the number of involutions in G is equal to n + 1.
(i) if 21 n then the number of involutions in G is equal to n.
(iii) if o(z) =t and 2 # t | n then ¢ = {z,z71}.

Proof. The result follows from the structure of dihedral groups. O

Lemma 2.10. Let ¢ = p™ and p be an odd prime.
(1) if 2] 953 then 2§ 3%,
(2) if 2| L then 24 45

Proof. The proof is straightforward. O
Lemma 2.11. If ¢ = ¢, q odd, then %Tﬂ q;—l_

Proof. The proof is straightforward. U
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3. Constructing designs using Method 2

In this section, we determine the parameters of all possible designs obtained by Method 2 from PSL(2,q) , ¢ odd.
The following result is the method that we use to construct our non-symmetric 1-designs.

Lemma 3.1. (Method 2) Let S be a finite simple group, M a mazimal subgroup of S and x° a conjugacy class
of elements of order n in S such that M Nx° # (. Let B = {(M N x%)Y|y € S}. Then we have a 1 — (|z°|,|M N
23], xa () design D. The group S acts as an automorphism group on D, primitive on blocks and transitive (not
necessarily primitive) on points of D.

Proof. See [13, Theorem 12]. O

In Lemma 3.1 we consider S = PSL(2, q), for ¢ odd. Let us denote a design obtained using Lemma 3.1, D(x, M).
The following lemma shows that if we obtain two of the three parameters of the design, then the remaining parameter
is directly computed.

Lemma 3.2. [22, Lemma 4.2] Let D = (v, k, \) be a design obtained by Lemma 3.1. Then |G:M| = \v/k.

Definition 3.3. Let H be a subgroup of G. We say that H controls G-fusion in itself if each pair of elements in

H which are conjugate in G are also conjugate in H. Equivalently, if for x € H we have 2 N H = 2.

Lemma 3.4. Let G be a finite simple group with a maximal subgroup M and assume that M controls G-fusion in
itself. Then the designs constructed by Lemma 3.1 have parameters 1 — (|z%|, |zM|,|Cq(x) : Car(x)|), where x is a
non-trivial element of M.

Proof. See [22, Proposition 3.4]. O

By Lemma 3.4, if M is a maximal subgroup of G that controls G-fusion in itself then the parameters of designs
given by Lemma 3.1 can be easily computed.

Definition 3.5. Let H < G and k be a positive integer. We define

en§ (k) = {2z € H,o(z) = K}
Also we write ecng (k) := enfl (k). It is easy to see that if en$ (k) = cny (k) then for every x € H with o(x) = k we

have z¢ N H = 2.

3.1. Mazimal subgroups of type C}:Cq-—1

2
Lemma 3.6. Let M be a mazimal subgroup of G of type (1) in Theorem 2.1. Suppose that x € M and the order
of x is p. Then 2¢ N M = 2M.

Proof. Since a p-Sylow subgroup of M is normal and elementary abelian, the number of elements of order p in M

equals ¢ — 1. On the other hand, |Cp;(z)| = ¢. Then there are two conjugacy classes of elements of order p in M.

Also by Lemma 2.6, the number of conjugacy classes of elements of order p in G is 2. Hence cn§;(p) = cnas(p) = 2

and the result follows. O
Lemma 3.7. Let M be a mazimal subgroup of G of type (1) in Theorem 2.1. Suppose that x € M where 2 # o(x) |
L. Then |z¢ N M| = 2|zM].

—1
Proof. Assume that y € x9N M and o(x) = t where t | qT Clearly, the elements x and y are conjugate in G.

So there exist g € G such that y = x9. Let H and H' be two cyclic subgroups of M of order % such that x € H
and y € H'. Since M is a solvable group, all Hall subgroups of the same order are conjugate in M. Thus, there is an
element m € M such that H' = H™. So we have that y € H™ N HY. Therefore, mg~' € Ng(H) = H : (j) & Dy,
where j ¢ M of order 2. Hence, there are m,m’ € M and h,h’ € H such that g = hm or g = h'jm/. Thus,
y=a9=zhm =gm ory=g9 =zhi™ = (27)™. Now, using Lemma 2.8 we obtain 2 N M = ™ U (27/)M, O

Theorem 3.8. Let M be a mazimal subgroup of type (1) in Theorem 2.1,
(i) If o(z) = p then |zM| = |2¢ N M| = q;—l;
(ii) If 2 # o(x) =t and t|25* then [2¢ N M| = 2|2M| = 2¢.

(iii) If o(x) =2 and 2 | q—;l then |29 N M| = |2M| = q by Lemma 2.6.

Proof. The first and second statements follow immediately from Lemma 3.7. Now, assume that o(x) = 2. Since
en$;(2) = enpr(2) = 1, then 29 N M = 2M. O
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3.2. Mazimal subgroups of types Dy_1 and Dgyq

For M a maximal subgroup of the type Dy+1, the next two results allow for the determination of the parameters
of the designs obtained by direct application of Lemma 3.1.

Lemma 3.9. Let M be a mazimal subgroup of G of type Dgv1where 2 ¢ %. Then M controls G-fusion in itself.

Proof. Assume that x,y € M are non-trivial elements of order ¢ # 2. Suppose ¢ | qg—l and z = y9 where g € G.
We claim that x and y are conjugate in M. Since a subgroup of order % is normal in M, then there is a unique
subgroup H of order ¢ in G with z,y € H. On the other hand z = y9 so x € HY. Therefore x € H N HY. Now
by Lemma 2.5, we have H = HY which implies that g € Ng(H) = M and the result follows. Finally, assume that
t = 2. Since G and M have one conjugacy class of elements of order 2 the result follows. O

Theorem 3.10. Let M be a mazimal subgroup of G of type Dyx1. Then for x € M we have the following
(i) if 2 # o(z), then x° N M = 2™,

1 1

(i) if o(x) =2 and2f% then |[v¢ N M| = %

-1 1

113) if o(z) =2 and 2 972 then |26 N M :i.
2 2

1 3

w) if o(x) =2 and 2 iL‘hen “ N M :i,
2 2

Proof. By a Lemma 3.9, we have ¢ N M = 2™ for x € M and o(x) # 2. Now assume that o(z) = 2. Since all
elements of order 2 in G are conjugate, the number of elements in & N M equals the number of elements of order
2 in M. The result follows now by Lemma 2.9. O

3.8. Mazimal subgroups of G of type PSL(2, qo)

In this section, we deal with the maximal subgroups of type PSL(2, go) where ¢ = ¢fj, r is an odd prime.

Lemma 3.11. Let M = PSL(2,qq), where ¢ = ¢}, be a maximal subgroup of G. Then M controls G-fusion in
itself.

Proof. By Lemma 2.6, cn§;(2) = cnps(2) = 1 and en§;(p) = cnpr(p) = 2. Then for all elements of order 2 and p

respectively, the statement holds. Now suppose that 2 # o(z) =t | @ and y € 2% N M. Then there is g € G such
that y = a9. Since o(z) = o(y) =t and t divides qo;Fl, there are two cyclic subgroups, say H; and K7 of order ‘”’TJH
such that x € H; and y € K;. By Lemma 2.2, there is an element m € M such that K; = H{", and thus y € H{".
It is clear that @ | %1. So there is a cyclic subgroup H such that H; < H. Clearly, y € H™ N HY. Therefore
H9 = H™ from Lemma 2.5. Hence mg~—' € Ng(H) = H : (j) for some j € M. Then we have mg~! = j'h for some
he€ H and i € {0,1}. Since j € M and H is cyclic, we obtain y = 29 = gh™'m = zi'm — zm We conclude that
z and y are conjugate in M. O

Theorem 3.12. Let M = PSL(2,q), where ¢ = qf, be a mazimal subgroup of G. We have
(i) for o(x) =2

(*) if 2| 7q02—1 then |2¢ N M| = |2M| = 7‘10(‘1‘2)*1) :

(**) if 2| qo;rl then |2€ N M| = |zM| = qa(qg—l),.
i) — G — — (go+D(g0—=1) .

(ii) if o(z) = p then |z N M| = |¢M] = =) 00=2)

(iii) if 2 # o(z) | 25+ then |2 N M| = |zM| = go(go + 1);

(iv) if 2 # ofa) | ©F then [¢€ N M| = 24| = g0(qo - 1),

Proof. The proof is straightforward using Lemma 3.11 and Lemma 2.3. 0
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3.4. Mazimal subgroups of G of type PGL(2,qp)
In this section, we consider the maximal subgroups of type PGL(2,qo) where ¢ = ¢3.

Lemma 3.13. Let M = PGL(2,qy), where ¢ = ¢, be a maximal subgroup of G. Then we have the following
statements:

(i) if o(x) = 2 then |2 N M| = ¢;
(ii) if o(x) # 2 then €N M = zM.

Proof. (i) Since all involutions are conjugate in G, then |z N M| equals the number of involutions in M. By
20(g0=1) .. q 90(g0+1)
2 2

Lemma 2.7, M has two conjugacy classes of involutions of orders , respectively. Then

|xG nM| = QO(QS—U + qO(q§+1) _ qg.
(ii) Since all elements of order p are conjugate in M, we conclude that ¢ N M = z™ where o(x) = p. The
arguments used for the proof of Lemma 3.11 work for the remaining cases.

([l
Theorem 3.14. Let M = PGL(2,qo), where ¢ = g3, be a mazimal subgroup of G. We have
(i) if o(x) = 2 then |29 N M| = ¢;
(ii) if o(w) = p then [2 1 M| = [¢] = (go + 1)(qo — 1);
(iii) if 2# o(x) | qo — 1 then |29 N M| = |a™| = qo(qo +1);
(iv) if 2 # o(x) | o + 1 then |2¢ N M| = |2M]| = qo(q0 — 1).
Proof. The proof follows straightforwardly using Lemma 3.13 and Lemma 2.3. (]

3.5. Mazimal subgroups of types Az, Ay and Sy
In this section, we deal with the remaining types of maximal subgroups of G.

Lemma 3.15. Let M be a mazimal subgroup of G of type As. Then
(i) if o(x) = 2, then |2 N M| = |zM| = 15;

(ii) if o(x) = 3, then |v¢ N M| = [2M| = 20;

(iii) if o(z) = 5, then |2 N M| = |z™| = 12.

Proof. Since cn§,(2) = cnp(2) =1 and cnps(3) = 1, then 2% N M = 2. Tt is known that A5 has two conjugacy
classes of elements of order 5. Also it is easy to check that PSL(2, ¢) has two conjugacy classes of elements of order
5 where G has elements of order 5. We conclude that cn§;(5) = cnps(5) = 2 for M =2 A5. Now it is a simple matter
to compute the number of ™ for z € M. O

Lemma 3.16. Assume that M = Ay is a maximal subgroups of G and x € M. Then

(i) if o(z) = 3, then |z N M| = 2|2M| = 8;
(i) if o(z) = 2, then |z N M| = 3.

Proof. If G has a maximal subgroup of type A4 then 3 < ¢ = p = +3 (mod 8).

(i) By the structure of A4 and G, we have cn§;(3) = 1 and cnps(3) = 2. We conclude that the number of elements

of order 3 in 2% N M equals the number of all elements of order 3 in M. Since M has two conjugacy classes of
elements of order 3, so |z N M| = 2|zM|.

(ii) Assume that o(z) = 2. Since all elements of order 2 are conjugate in G. Then the number of involutions in
% N M equals the number of elements of order 2 in M. But there are 3 elements of order 2 in M, and so
|z¢ N M| = 3.

O

Lemma 3.17. Suppose that M = S, is a mazximal subgroups of G and x € M. Then
(i) if o(x) = 3, then |x% N M| = |2M| =8;
(ii) if o(x) = 4, then |[v¢ N M| = |2M| = 6;
(i) if o(z) = 2, then |z€ N M| = 9.
Proof. Since cnps(3) = 1 and cnyy(4) = 1, then 29 N M = 2™. By the structure of M, the statements (i) and
(ii) hold. Now assume that o(x) = 2. Since all involutions are conjugate in G, then |z N M| equals the number of

elements of order 2 in M. By the structure of M, we easily obtain that the number of all elements of order 2 in M
is 9. So |9 N M| =9. O
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3.6. Main Theorem
By using results in Section 2 and Subsections 3.1, 3.2, 3.3, 3.4 and 3.5, we are able to state and prove our main

result in Theorem 3.18. This subsection ends with Table 1, which gives the parameters of the constructed designs.

Theorem 3.18. Let M;, (1 < i < 8) be a maximal subgroup of G of type (i) as in Theorem 2.1 and let x € M; be a
non-trivial element. Then the parameters of all non-trivial 1-designs D(x, M;) = (v, k, \) are as given in Table 1.

Proof. By Lemma 3.1, D(z, M;) = (|2%|, |M; N 2|, xas, (). The first parameter |z| is given by Lemma 2.3. By

the results of this section, either |M; N 2%| or xar, (z) are known, and the other can be directly computed using
Lemma 3.2. The proof of the theorem is now complete. O

Table 1: Non-trivial designs from G = PSL(2,¢q), ¢ odd, using construction Method 2

’ Max | t=o(= | v=1zC [ k=[Mna% | Xx=xu(2) ]
My=Cp:Coa | t=2|%1 | 42D q 2
M, 20" :Cq t=p (‘1*1)2(11“) Q;Ql 1

D - 5
My =Cp:Con | 24|50 | qlg+1) 2q 2
S METTE e B
S EPIE S = G
My = Dy 2#£t| 45 q(g+1) 2 1
T TS
M3 = Dyya t:2j|(zz Zqz ] % qT
Mgqu+1 2#t 5 qq—l 2 1
M; =PSL(2,q0) | t=2|%% | 4D 2o+l =t
M; =PSL(2.q0) | t=2|%% | 420 o T
M, = PSL(2, qo) t— ((1—1)2(Q+1) ((10—1)2((10+1) qio
My =PSL(2,q0) | t]%" q(q+1) go(q0 + 1) =
M, = PSL(2, q0) t] 5t q(q—1) qo(qo — 1) qifl
Ms = PGL(2,q0) | t=2]%" Lq;l) % 90
M;5 = PGL(2, q0) =p UGt T (gg — 1) (go + 1) 9
Ms; = PGL(2,q0) |2#t|g—1| qlg+1) qo(qo + 1) %l
Ms =2 PGL(2,q0) |2#t|qg+1 | ql¢g+1) qo(qo — 1) 21
Mg = As t=2]%! 4@t 15 1
Mg = As p=2| ¢l | 2ol 15 ol
Mg = As t=3]%" | qlg+1) 20 e
Mg = As t=3] 41 q(g —1) 20 =l
Mg = As t=3]q | {&=hlatl 20 g
Mg = Ay tzﬂ% (g +1) 12 ql;fi
M Ay | t—2|nl | 4D 5 21
My = Ay t=2] 2t e 3 ol
M; = Ay t=3] L1 q(qg+1) 8 e
My = A, t=315% | qlg—1) 8 %
Mg = S, t=2] q%l 11(11;-1) 9 3(q8—1)
M8 ~ S4 t=2 | % Q(‘I;l) 9 3(‘1;1)
My = S, t=3[%1 | qlg+1) 8 o
Ms = S, t=31% | ql¢—1) 8 T
Mg~ S, t=4] 52 Ll 6 !
Mg = S, t=4]2! 2(g-1) 6 ol
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