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1. Introduction

The study of nonlinear evolution equations has made significant progress in recent years. This is due to the
importance of these equations in various sciences including physics and engineering sciences [4, 10, 23]. It is
noteworthy that solving these equations is often not easy. The Lie symmetry method, known as the classical Lie
method, was initially introduced by Sophus Lie in the 19th century [17]. By this method, we can reduce the order
of ordinary differential equations and also reduce PDEs and convert them to ODEs in certain cases [3, 25]. Also,
by having symmetry and a specific solution of the equation, we can achieve a wide range of solutions. Indeed, the
application of Lie symmetry group theory in solving PDE systems have been one of the widely used branches of
study in analyzing and solving these equations [1, 2, 11, 13, 18, 26]. Since Lie classical symmetry method is not able
to find all similarity reductions for PDE equations, the motivation for new generalizations of this method arose. The
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history of the non-classical method for similarity reductions goes back to the research of Bluman and Cole in 1969
to obtained another exact solutions for the heat equation [6]. The interpretation of this method is mentioned in [8].
Also, a new approach to detection of non-classical symmetries was propound by Bild and Niesen in [5]. Over the
past three decades, the theory of non-classical symmetry has been extensively studied, and non-classical symmetry
techniques have been applied to find accurate solutions to many partial differential equations derived from physics,
mechanics, engineering and so on [12, 19, 24, 27]. Clearly, reducing the number of independent variables of nonlinear
equations has been the most significant application of classical and non-classical symmetry groups on these PDEs.
In this way, PDEs are converted to ODEs. Also, some symmetries may not reduce the order of the equations.
So other exact solutions are obtained by integration [20]. The number of determining equations in non-classical
method are less than of classical method, so the number of non-classical symmetries is much more than the classical
symmetries. Therefore, any classical symmetry is considered a non-classical symmetry. An important feature of
the determining equations corresponding to non-classical symmetries is their nonlinearity. That is, the space of
non-classical symmetries is generally not a vector space. In addition, Lie bracket of non-classical vector fields are
not usually a non-classical symmetry. In this paper, by applying the above method, non-classical symmetries of the
Kodryashov-Sinleschikov equation (K-S)

Uy + autty + bugy + Cugy + dus, = euoy, (1)
and modified Korteweg-de Vries-Zakharov-Kuznetsov equation (mKdV-ZK)
Uy + auzuz + Uggx + Ugyy + Upzz = 07 (2)

are obtained. Also, some of the group invariant solutions and the similarity reduced equations associated to non-
classical symmetry are obtained.

This article is set as follows. Section 2, is dedicated to recalling the principal definitions and theorems that are
helpful in the after sections. The non-classical symmetries, Lie invariants, similarity solutions and reduced equations
of the K-S and mKdV-ZK equations are calculated in sections 3 and 4, respectively.

2. Preliminaries

Suppose A(z,u™) = 0 be an n’th order system of differential equations consisting of p independent variable
x = (x,...,27) and ¢ dependent variable u = (u!,... u?) where u("’s denotes all the derivatives of u from order
0 to n. The one-parameter Lie group of infinitesimal symmetries given by

(@, a%) — (', u®) + e(C' (2, u), ¢ (2, u)) + O(e?),

where ¢ < 1 is a small group parameter and ¢’ and ¢* are the coefficients of infinitesimal transformation. The
infinitesimal symmetry operator is defined of the form

P

q
X = C(aw)dy + Y o™ (@,u)ye, L% €A, (3)

=1 a=1

where A is the space of differential functions. Also, the Lie characteristic functions of X described by

p a
Q (o u™) = ()~ Y Cle) S a=1 (W

i=1

The n’th prolongation of X is defined explicitly as

p
XM =N, w0+ Y Y o (@ ul™)dus, ®)
i=1 J

q
a=1

P
where its coefficients are 5, = D;p5 — > Di(Juii. Here, J = (j1, - ,jk), with 1 < ji < p. The total differential
J=1

operator with respect to 2° is determined as
q
D; =9/0x; + > Zuf}’ia/auﬁ.
a=1 J

Also, by (Theorem 2.36 of [22]), X (™) justify the invariance criterion, that is,
X™(A)=0 (mod A =0).
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3. Non-Classical Symmetries of the K-S Equation

The Kudryashov-Sinelshchikov (K-S) equation plays a dominant role in studying the process of nonlinear waves in
viscoelastic tubes [16]. The K-S equation is

Us + autly + busy + gy + dus, = eua,, (6)

where a, b, c,d and e are non-singular constants. Classical Lie symmetries and some group invariant solutions of
this equation have been already obtained, as well as the optimal system of subalgebras and the classification of its
invariant solutions by Nadjafikhah and Shirvani [21]. We now compute the non-classical symmetries of the K-S
equation that similar to the method applied by Cai and Guoliang et al., to find the non-classical symmetries of the
Burgers-Fisher equation [7].

This method is constructed by adding invariance surface condition to the assumed equation and then applying the
classical symmetry method to it. This concept can be clearly expressed as follows for (6),

X®A1|ana,—0 = 0. (7)
Assume the symmetry generator for (3) is written as
X =((x,t,u)0y + 7(x,t,u)0: + @(z,t, 1) 0.
Then, the fifth prolongation of X becomes
X® =X+ ¢ 0u, + @' 0u, + ¥ Oy, + 9",

+ 0% Oy, + o+ @wt48u + gatsauts.

ztd

Also A1 and A, are given as follows
A1 = uy + auug + bugy, + cugy + dusgy — ey, Ag := Cug + Tug — @. (8)

Without losing integrity, we turn to case 7 = 1 and 7 = 0.
case (1): Assume 7 = 1. With this condition, Ay can be revised as u; = ¢ — Cu,. Then, we calculate the total
derivation Dy of (6), we have

Dyi(u) = —aupuy — autiyy — buggr — Clger — dusgs + Uogt. (9)
By substituting u; = ¢ — Cu, in (9), we obtain the following relation

Dt(‘P - Cuac) = (Cur - @)aur - aUDr(SD - Cur) - bDrm(SD - Cur)
- Cszwac(Sp - Cuw) - dDwzwxa:(@ - Cux) - ewa(@ - Cuw)

By adding Cu,: to both sides, we have
o' = alu? — apu, — aup® + aulug, — ep®® + efuzy — bp™®
+ b§u4w - C<P4x + C§u5a: - d‘PM + dfuﬁw + Cua:t~
Due to the

D, (ut) = Dy(—auu, — bus, — cugy — dus, + eusy),

2
Upt = —QU, — QUUE + €Usy — bUay — cusy — dUeg,
we obtain the following equation,

©' + apuy + aup” — ep® + bp®” + cp™ + dp®” = 0.

LTLTXITIT

Also ©t, %, P%F, PTTT HTETT and are given by

' = Dy(p — Cuy — Tug) + Cuar + Tuge = Dy(p — Cug) + gy,
0" = Dy(p — Qug — Tug) + QUga + Tz = Do(@ — Cug) + (g,
P = Dxx(@ — QUgy — Tut) + QUgps + TUize = Dacac(‘ﬂ - Cux) + CUgzas
©* = Dyga (¢ — Cua — TUy) + CUagae + TUizze = Do (9 — Cue) + Cesaa,
O = Dygaa (@ — Qe — TUt) + QUazzee + TUizzze = Dazze (@ — CUa) + Cesaaa,

LTI

SD = szzzm (<P - Cum - Tut) + Cuzzzzmx + TUtzzzax = Dzzzmr(‘p - Cuz) + Cuzzmmxx
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Table 1: Lie invariants, Similarity solutions, Reduced equations.

Ki {ri,si} U; Reduced equation
, / —32df® + 16¢f™ — 8bfB) —
K1 {t* — 2z, au — t} a-i-f(?") 4ef”+2aff/:—é
K2, K5 {t,u} f(r) fi(r)y=0
, ¢ —32df®) +16cf@ — 8bf® — def”
K3 {t* 4+ 2t — 2z, au + t} EJrf(r) +2aff'+2(t+1)f':*2
K4, K9 {t,atu — x} % + f(r) f(r)y=0
K6, K8 {tz,u} f(r) aff —ef”" +bf® +cf® +df® =0
K7 {t,er(lth)au} a(t_i_fl)‘i’f(r) f(’f’) :O
10 {t—o,u} 1) —aff' = ef" = bf©) +ef D —af® =0

Then, we gain the determining equations of K-S equation. By solving the resulted system, applying the classical
symmetry method, non-classical symmetries for the K-S equation are concluded as follows,
C1
¢=at+c, Y= (10)
In the following, we will analyze the possible cases:
Assume ¢; = 1 and ¢y # 1, the characteristics of symmetries are given by

1
K1 = — — tUuy — Uy, Ko = Ug.
a
Assume ¢; = ¢p = 1, then we have
1
Ky = — — TUyp — Uy — Uy
a

Assume ¢ # 1, co # 1 and ¢1 # ¢, the characteristics of symmetries are

1
Kg4 = p — tuyg, K5 = Ug, Kg = Ut.

Assume ¢ # 1, c3 # 1 and ¢; = ¢z, then we have

1
kr = — — (t + Duy, Kg = Ut.
a

Assume c¢; # 1, ¢ = 1, the characteristics of symmetries are

Kg = E—tum, K10 = Uy + Ug.

Using the obtained characteristic equations, Lie invariants, similarity solutions and reduced equations for K-S equa-
tion are computed. The results are shown in Table (1).

case (2): Let 7 = 0. Without reducing the totality, suppose ¢ = 1. Then we have u, = . Also, assume
A((E»t7 u) = —auy — b@xm — CPrzx — d@mzzz + EPrx-
By substituting A(z,t,u) in the following determining equation,

A@u"“pt_Au@_Az:Ov
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we obtain

o1 + 2a0% + aupyP + bporu® + P3P + dPazuP + EPruP — AUPP, — bparpy,
—CP3xPu — d§04w90u — €V Py T aUP, + b@xwx + COrrar + d‘pxwxwx — EPrx = 0.

Suppose ¢ = p(z,t). Therefore, the above equation is written as follows

(Pt + 2(1902 + aUSD:c + bcpxzm + C@zmmm + d‘pzmmmz - e@mz - 0

Solving this equation we have ¢ = . So the following solution is obtained

1
2at + ¢

4. Non-Classical Symmetries of the mKdV-ZK Equation
the mKdV-ZK equation is
U + Oé’LLQ’U/I + Uggr + Uz yy + Ugz = 0,

where « is a scattering coefficient.

(11)

The mKdV-ZK equation has a significant role in the study of physical phenomena and the evolution of acoustic
ion disorders in magnetic plasma [9]. Lie classical symmetries and some invariant solutions of this equation have

been obtained in some studies [14, 15]. Using the non-classical symmetry method for it, we have
X®A|a, 20,050 =0,
where X is defined as
X =((z,y,2,t,u)0; + n(z,y,2,t,u)0 + Y(z,y, 2, t,u)0, + 7(x,y, 2,t,u)0 + p(x,y, 2,1, 1)y,

and A; and Ay are given as follows

Ay = up + auuy + Uppe + Ugyy + Uzzz = 0, Ag = — Quz — MUy — YU, — TU.
Without losing integrity, we choose 7 = 1. so Ay = 0 will become

up = ¢ — Qug — Ny — Pu..
First, the total differentiation D; of above equation gives
Di(p — Cugz — nuy — Yu,) = —20U gt — au2ua:t — Uggat — Uzyyt — Uzzat-
Then we have
Dy(ur) = —20(p = Cug — nuy — Yuz Jugu — au’ Dy(p — Cug — 1y — Pus)

- Dmmw(@ — Qug — Nuy — ¢UZ) - Dzyy(‘P — Qug — Nuy — 1/’Uz)
- szz(QO — CQugy — Nuy — q/JUZ)
Substituting (ug¢, nuy: and Yu, to both sides, we get
! = —2apuny + 2auu? + 20uuuyn + 200Ut u, — aule® — et — pTYY
_(pxzz + auzguzx + augnuwy + auzwuwz + Cuzxa:w + NUzzay + wuwwwz
+<uza:yy + NUzyyy + wumyyz + Cuwa:zz + NUzzzy + wuxzzz~

Due to

Dz(ut) = Dw(_aUQU:v — Ugzz — Uzyy — uzzz)a
Dy(ut) = Dy(*auzux — Uggy — Ugyy — Uzzz),

Dz(ut) - Dz(_auzux — Ugpgax — Uzyy — uwzz);
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we have
= _9 2 2
Ugt = —2QULU — QU U2 — Uggrs + ua::z:yy — Uzzzz,
2
Uyt = —20UyULU — QU Ugy — Uggry — Usyyy — Uryzz
2
Uzt = —2O[UZUIU, — QU Ugyz — Uggzrz — uwzyy — Ugzzz-

By substituting the above relations in (14), we have

QDt + O(UQQOI + OZQOQUQ: 4 (pmzz _ (pxyy _ (pmzz =0. (15)

x rzz

Also @t %, %% ¥ and ®*% are given by

©" = Dy — Cuy — nuy — huz) + Qg + Nuye + YUz,

" = Dy — Qug — My — Yuz) + QUas + Mgy + YUz,
O = Dy (p — Qug — Nty — Yuz) + QUazzz + Mgzay + Vlzzzz,
™ = Dmyy (90 — Uy — nuy — wUZ) + Cuzmyy + NUzyyy + wuacyyzv
0" = Doz (0 — Qug — Ny — Yuz) + CUgrzz + Mzzzy + YUszzzz.

By substituting these coeflicients in (15) we obtain the determining equations. By solving these equations, the
non-classical symmetries of equation (11) are obtained as follows

C(w,y,z,t,u) = ca, n(z,y,z,t,u) = c1z + cz, (16)
w(xaywzat?u) = —c1y + cs, ga(x,y,z,t,u) =0.
Ife; =1,i=1,---,4, then the associated symmetry is obtained as

k1= —ug — (2 + Duy — (1 — y)u, — uy.
If ¢; # 1, then the associated symmetries are obtained as
Ko = —uy — (2 + 1uy — (1 —y)u., K3 = Ug.
If c3 =c4 =1 and ¢; = ¢o # 1, then the associated symmetries are obtained as
K4 = —Up — Up — Uy, ks = —(2+ 1)uy + yu..
If ¢ = co =1 and ¢3 = ¢4 # 1, then the associated symmetries are obtained as
Kg = —Ug — Uy, kr = —(z 4+ Duy + yu, — w.
If c; = c3 =1 and c3 = ¢4 # 1, then the associated symmetries are obtained as
Kg = —Ug — Uy, Ky = —zuy — (1 — y)u, — uy.
If ¢; =c3# 1 and co = ¢4 = 1, then the associated symmetries are obtained as
K10 = —Ug — Uy — Us, ki1 = —2uy — (1 — y)u,.
If ¢4 =1 and ¢; = co = c3 # 1,then the associated symmetries are obtained as
K1g = —Uz — Ug, k13 = —(z + Duy — (1 — y)u,.
If ¢ = co = ¢c3 =1 and ¢4 # 1, then the associated symmetries are obtained as
K14 = —Ug, ks = (2 + Duy + (1 — y)u. + uy.
If co = ¢c3 =c4 # 1 and ¢; = 1, then the associated symmetries are obtained as
K16 = —Ug — Uy — Uz, K17 = —2Uy + YU, — Uy.
If co = c3 =c4 =1 and ¢; # 1, then the associated symmetries are obtained as
K18 = —Ug — Uy — Uy — Uy, K19 = —2Uy + YU,.

Because all the possible states for ¢;, i = 1,...,4 have been considered, there is no other state left to investigate.
Next, Using the resulted symmetries, the differential invariants and reduced equations for the mKdV-ZK equation
are obtained. These results are listed in Tables (2) and (3).
1—
Y .where a = (1+2)2+(1—-9)%, B=0+2)2+y%, vy=22+(1—y)? and n = y* + 2%

V222241

where p =
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Table 2: Lie invariants for symmetries of the mKdV-ZK equation

ry | fwyr ki)

k1 | {y? + 2% + 22 — 2y, — arctan p,t — arctan p}
ko | {22 —y® + 22 — 2y, — arctan p, t}

k3 | {z,y,2}

ke | {z—2y,2z—t}

ks | {x,y% + 22 + 22,1}

ke | {z—z,y,t}

kr | {x,y% + 22 + 22, t — arctan A}

V14224 22

~y,

K8 {:E -Y tv Z}
ko | {x,y*+ 22 — 2y,t — arctan
ko | {z—yy—tz}
ki1 | {z, v + 2% + 2y, t}
K12 {LE - t? Y, Z}
K13 {.’IJ, y2 + Z2 + 22— 2?}7 t)
ke |u=F(t)=c
k15 | {z,y% + 2% + 22 — 2y,t — arctan p}
K16 {l’fy,yfz,t)
k17 | {x,2% +y?, t + arctan y}
z
K18 {x—y,y—z,z—t}
K19 {$7y2 +223t}

Table 3: Similarity reductions of the mKdV-ZK equation

k;j | Similarity reduced equations

K1 ft+af2f7“+f3r+4af3w+4af2w+

1

E(fw?r + fw2k) =0
1

K2 fk+af2fr+f3r+4af3w+afw2r:O

K3 O‘fow+f3w+fw2r+fw2k:0

ke | —fe +afifuw+ 2f3w + fuzr + fuzk =0
K5 fk+af2fw+f3w+46fw2r20

k6 | e+ af*fu+2f3w + fuzr =0

1
g fk + af2f11) + f3w + 4(1 + y2)f1112r + 2fwr + Bfw2k =0
kg | fr+af?fu+2f3w + furr =0
2 1 z(1—y)
K9 fk+af fw+f3w+4'7fw2r+4fwr+;fw2k+4T

k1o | —fr+ af2f1v + 2f3w + fw2r + fuw2r =0

K11 fk+af2fw+f3w+4((1+y)2+22)fw2r+4fwr:0
k12 | —fuw+ af?fu + faw + fwor + fwk =0

K13 fk+af2fw+f3w+4afw2r+4fwr:O

kia | fr =0 1

K15 fk+af2fw+f3w+4afw2r+4fwr+awak:0
K16 fk+af2fw+f3w+f2w+f2r+fw2rTO

K17 fk+af2fw+f3w+47]fw2r+4fwr+Efw2k:0

kis | —fr + af? fu + 2f3w + fwzr + fuw2e =0
K19 fk+af2fw+f3w+4nfw2r+4fwr:O

fwk::O

Remark 4.1. Compared to the previous works on these two equations, it can be said that the present study has
investigated more symmetries of the equations, which results in finding new solutions of the equations. In fact,
non-classical symmetries include a wider group of symmetries of the equation, and this leads to finding more group
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invariant solutions of the equation.

5. Conclusions

In this article, using the non-classical symmetry method, which is a kind of generalization of Lie symmetries, we
have obtained the non-classical symmetries of K-S and mKdV-ZK equations, which are two important equations in
physics. In fact, these symmetries do not constitute an algebra because their determining equations are nonlinear.
Also, using these resulted symmetries, some group invariant solutions and the similarity reduced equations have
been investigated. Some of these invariant solutions are not obtained from the classical Lie method, and this
highlights the importance of these symmetries.
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