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ABSTRACT: For a character χ of a finite group G, the number χc(1) = [G:kerχ]
χ(1) is

called the co-degree of χ. Let Sol(G) denote the solvable radical of G. In this paper,
we show that if G is a finite non-solvable group with {χc(1)2 : χ ∈ Irr(G)} = {1, 2m}
for some positive integer m, then G/Sol(G) has a normal subgroup M/Sol(G) such
that M/Sol(G) ∼= PSL2(2n) for some integer n ≥ 2, [G : M ] is odd and G/Sol(G) .
Aut(PSL2(2n)).
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1. Introduction

Throughout this paper, G is a finite group, Fit(G) is the Fitting subgroup of G, Sol(G) is the solvable radical of G
and p is a prime number. Let Irr(G) be the set of irreducible characters of G. For a normal subgroup N of G, set
Irr(G|N) = Irr(G) − Irr(G/N). For ψ ∈ Irr(N), let Irr(G|ψ) be the set of irreducible constituents of the induced
character ψG and let IG(ψ) denote the inertia group of ψ in G. If n is a positive integer, we use np to show the
p-part of n.

For a character χ of G, the number χc(1) = [G:kerχ]
χ(1) is called the co-degree of χ (see [17]). Set Codeg(G) =

{χc(1) : χ ∈ Irr(G)}. In [4, 6, 5, 3, 2, 1, 7, 9, 8], [14] and [18], it has been shown how the co-degrees of irreducible
characters of G can explain the structure of G.

Let N be a normal subgroup of G. By [2, Theorem 1.6], if the co-degrees of elements of Irr(G|N) are square-free,
then N is a super-solvable group of derived length at most 2. In [10], the finite groups with non-trivial Fitting
subgroups such that the co-degrees of their irreducible characters whose kernels do not contain the Fitting subgroups
are cube-free have been studied. If G is a finite p-solvable group, then [2] and [9] show that the p-length of G is at
most Min{|A|, logp(B)}, where A = {χc(1) : χ ∈ Irr(G), p | χc(1)} and B = Max{χc(1)p : χ ∈ Irr(G)}. In [15], the
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previous result obtained in [9] has been improved and it has been shown that if G is a p-solvable group, then the
p-length of G is at most 2log2(logp(B)) + 3. In [1], we have found the upper for the p-length of a p-solvable group
in terms of the number of its irreducible character co-degrees which are divisible by p. In this paper, we prove the
following theorem:

Theorem 1.1. Let G be a finite non-solvable group. If {χc(1)2 : χ ∈ Irr(G)} = {1, 2m} for some positive integer
m, then G/Sol(G) has a normal subgroup M/Sol(G) such that M/Sol(G) ∼= PSL2(2n) for some integer n ≥ 2,
[G : M ] is odd and G/Sol(G) . Aut(PSL2(2n)).

2. The proofs of the main theorems

We first bring some lemmas that will be used in the proof of the main theorem.

Lemma 2.1. [17, Lemma 2.1] Let N be a normal subgroup of G. Then, Codeg(G/N) ⊆ Codeg(G). Also, if
θ ∈ Irr(N), then for every χ ∈ Irr(G|θ), θc(1) | χc(1).

Lemma 2.2. [17, Theorem A] Every prime divisor p of |G| divides some elements of Codeg(G).

Lemma 2.3. ([16] and [11, Theorem 2.1 and Lemma 2.2]) Let M = Sn be a non-abelian minimal normal subgroup
of a group G. Then, there exists a non-trivial irreducible character χ = α× · · · × α ∈ Irr(M) of p′-degree such that
[G : IG(χ)] is a p′-number and χ extends to IG(χ).

Lemma 2.4. [13, Theorem 1] Let G be a non-solvable group such that χ(1)2 = 1 or |G|2 for every χ ∈ Irr(G).
Then, there exists a minimal normal subgroup N of G such that N ∼= PSL2(2n) and G/N is an odd order group.

Proof of Theorem 1.1. We complete the proof by induction on |G|. First let Sol(G) 6= 1. Since G/Sol(G) is non-
solvable, 2 | |G/Sol(G)|. It follows from Lemma 2.2 that 2 | χc(1) for some χ ∈ Irr(G/Sol(G)). On the other hand,
Lemma 2.1 guarantees that Codeg(G/Sol(G)) ⊆ Codeg(G). This shows that G/Sol(G) satisfies the assumption of
the theorem. Note that Sol(G/Sol(G)) = 1. So, the theorem follows from the induction on |G|. Now suppose that
Sol(G) = 1. Let M be a minimal normal subgroup of G. Then, M is non-abelian. Hence, M = St for some non-
abelian simple group S and a positive integer t. Thus, Lemma 2.3 forces the existence of a non-principal character
χ ∈ Irr(M) of odd degree such that 2 - [G : IG(χ)] and χ is extendible to IG(χ). Note that CG(M) ≤ IG(χ)
and M ∩ CG(M) = 1. Hence, we can assume that χ is extendible to µ ∈ Irr(IG/CG(M)(χ)). Set ψ = µG/CG(M).
Then, ψ ∈ Irr(G/CG(M)) and 2 - ψ(1). We have G/CG(M) . Aut(M) and M ∼= MCG(M)/CG(M) is the
unique minimal normal subgroup of G/CG(M). If kerψ 6= 1, then since kerψ E G/CG(M), MCG(M)/CG(M) ≤
kerψ, a contradiction. This shows that kerψ = 1. Hence, |G/CG(M)|2 = ψc(1)2. If 2 | |G/MCG(M)|, then
Lemma 2.2 guarantees the existence of ϕ ∈ Irr(G/MCG(M)) such that 2 | ϕc(1). As ϕc(1) | |G/MCG(M)|
and 2 | |MCG(M)/CG(M)|, we get that 1 < ϕc(1)2 < ψc(1)2. However, Codeg(G/CG(M)) ⊆ Codeg(G). So,
ϕc(1), ψc(1) ∈ Codeg(G) with distinct and non-trivial 2-parts. This is a contradiction. This yields that 2 -
|G/MCG(M)|. Consequently, 2 - θ(1) for every θ ∈ Irr(G/MCG(M)). Also, MCG(M)/CG(M) is the unique
minimal normal subgroup of G/CG(M). So, if χ ∈ Irr(G/CG(M)|MCG(M)/CG(M)), then kerχ = 1. By the
assumption of the theorem, χc(1)2 = 1 or

χc(1)2 = ψc(1)2 = |G/CG(M)|2 = |MCG(M)/CG(M)|2 = |M |2. (1)

Therefore, χ(1)2 = |G/CG(M)|2 or χ(1)2 = 1, for every χ ∈ Irr(G/CG(M)). So, Lemma 2.4 shows that

M ∼= MCG(M)/CG(M) ∼= PSL2(2n) (2)

for some integer n ≥ 2, [G/CG(M) : MCG(M)/CG(M)] is odd and G/CG(M) . Aut(PSL2(2n)). If CG(M) 6= 1,
then we can assume that G has a minimal normal subgroup N such that N ≤ CG(M). Arguing by analogy as
above, N ∼= PSL2(2l) for some integer l ≥ 2 and for every θ ∈ Irr(G/CG(N)|NCG(N)/CG(N)), θc(1)2 = 1 or
|N |2. This forces |N |2 = |M |2 and hence, l = n. We have M ×N EG. As M and N are non-solvable, there exist
non-principal characters µ1 ∈ Irr(M) and µ2 ∈ Irr(N) such that 2 - µ1(1), µ2(1), by Ito-Michler’s theorem. Then,
η = µ1µ2 ∈ Irr(M ×N) and kerη = 1. So, |M |22 = |MN |2 = ηc(1)2. It follows from Lemma 2.1 that |M |22 | βc(1) for
every β ∈ Irr(G|η). Using (1) and the assumption of the theorem which says that {χc(1)2 : χ ∈ Irr(G)} = {1, 2m}, we
deduce that |M |22 ≤ |M |2, a contradiction. This forces CG(M) = 1 and hence, (2) implies that PSL2(2n) ∼= M EG,
[G : M ] is odd and G = G/CG(M) . Aut(PSL2(2n)), as desired.
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