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1. Introduction

Olver [11] introduced Lie symmetry analysis of differential equations and provided a powerful and fundamental
framework for the exploitation of systematic procedures that goes to the integration by quadrature of ordinary
differential equations (ODEs).

A new class of symmetries is introduced in [7, 6]. These symmetries are called A-symmetries, which are vector
fields depending on a function A. Recently, these symmetries have gained increasing importance. The exponential
terms are replaced by a new method of prolonging vector fields, in [7, 6]. This is identified as A-prolongation, which
leads to the notion of A-symmetries. If a system does not have a Lie point symmetry, we explain several of the
processes of reduction of order, by demonstrating in the invariance of the equation under A-symmetries. Hence, we
present the notion of a A-symmetry by the new technique of A-prolongations and by certain conditions of invariance.
Consequently, we gain a new method of reduction for ODEs.
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In [3], by horizontal one-form u = M\;dz® on first order jet space 7: JM) — M, where p is a compatible,
ie. D;A; — D;)\; = 0, this approach is applied PDE frame with p independent variables x = (x',...,2P) and
q dependent variables u = (u!,...,u9), which leads to pu-symmetries. Based on A-symmetries, the notion of the
variational problem and conservation law, and adapted formulation of the Noether’s theorem for the A-symmetry
of ODEs are presented in [8]. G. Cicogna and G. Gaeta [2] assert the result of A\-symmetries case to the case of
p-symmetries. The corresponding conservation law for the p-symmetry of the Lagrangian is called p-conservation
law.

The Camassa-Holm (CH) equation [1] is m; + 2mu, + myu = 0, where m = u — uy, is equivalent to

AU — Uggr + 3UlUy — 2UpUpy — Ulggy = 0, (1)

A nonlinear dispersive wave equation waves over a flat bed, beside the water waves moving over an underlying
shear flow. It models the propagation of unidirectional irrotational shallow water [1]. The CH equation (1) can
use in regarding some non-Newtonian fluids and models finite length, small amplitude radial deformation waves in
cylindrical hyperelastic rods. Due to [1], the CH equation (1) has a bi-Hamiltonian structure, which is completely
integrable. By substituting m = —u,, in Eq. (1), the short wave limit of the CH equation (1) becomes the
Hunter-Saxton (HS) equation as follows

A% Upyt + 2UpUgy + Uy = 0. (2)

The Hunter-Saxton equation represents the propagation of waves in a massive director field of a nematic liquid
crystal [4]. The field of unit vectors (cosu(x,t), sinu(x,t)) explains the orientation of the molecules, where z is the
space variable in a reference frame moving with the linearized wave velocity, and ¢ is a ’slow time variable’.

The liquid crystal state is a distinct phase of matter observed between the solid and liquid states. A nematic
liquid crystal is characterized by long rigid molecules that do not have any positional order but tend to point in
the same direction (along with the director). In Eq. (2), u(z,t) is a measure of the average orientation of the
medium locally around = at time ¢. Eq.(2) is a bi-variational, completely integrable system with a bi-Hamiltonian
structure, which indicates the existence of an infinite family of commuting Hamiltonian flows in addition to an
infinite sequence of conservation laws [5].

The outline of this paper is as follows. In Section 2, we express the Lie symmetry analysis, the optimal system
of 1-dimensional subalgebras, Lie invariants, and reduction of the CH equation (1) and the HS equation (2).
Nadjafikhah and Shirvani [10] attain the symmetry of the CH equation, and Nadjafikhah and Ahangari [9] attain
the symmetry of the HS equation. We state these results in section 2.

In Section 3, we compute the p-symmetry and order reduction of Eq. (1) and Eq. (2). Finally, in Section 4, we
obtain the Lagrangian of equations (1) and (2) in potential form, and by using it, we compute p-conservation laws
of equations (1) and (2).

2. Lie Symmetry method for the CH equation and the HS equation

Suppose A(z,u™) = 0 is a PDE, which involves p independent variables = = (z?,...,2P) and ¢ dependent variables
u = (ul,...,u9), defined over the total space M = X x U, whose coordinates represent the independent and
dependent variables and the space M(™ = X x U x U' x U? x ... x U™, the derivatives of dependent variables
up to order n is called the n-th order jet space on the underlying space X x U. Suppose f(z) : X — U is a
smooth real-valued function which contains p independent variables, then the n-jet or n-th prolongation of f is
Pr(”)f : X — U™ every point of U™ is shown by (™. The graph of Pr(")f(x) lies in the n-jet space M (™) and
a smooth solution of A(x,u™) = 0 is a smooth function u = f(z).

Suppose G is a local group transformation which acts on M, then a 1-parameter Lie group G: I x M — M is
as follows:

(e, (z,u)) — @(e) = (:rl + et (z,u) + O(E?), ..., u' +en'(z,u) +...),

where I C R, and C-curve is the graph of G on M, that in each its point the tangent vector

p

q
_ Zé_i(l‘7u)6xi + > 0% (@, u)dye,

=1 a=1

SO <

e=0

is an infinitesimal transformation of G in g acts on X x U x UM, G is a symmetry group of A(z,u™) = 0,
transforming solutions of PDE to other solutions of PDE. Here, we want to determine the symmetry group via the
classical infinitesimal symmetry condition. By acting n-th prolongation of v; i.e., Pr™v, on A(z,u™), we obtain

Pr(”)V[A(x,U(n))] =0 mod A(z,u™)=0,
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where Pr™v is

P p
Priy =v+ 3" {DJ(% RS §iuii] Dus, (3)
J i=1

a=1 i=1

and J = (j1,...,Jx) with 1 < k < p, and each D; is the total derivative with respect to x? [11]. If we solve this
system, we find the symmetry group of A(z,u(™). The equation (3) is equivalent to prWy = v+ S [Digl —
F e U1 mDi€™Dys , where @ = .
Suppose v = &(x,t,u)d, + 7(z,t,u)0 + @(x,t,u)d, is an infinitesimal generator of the classical Lie point
symmetry groups for the CH equation, then its third prolongation is

Pr(3)v =vVv+ prauz + ‘Ptaut + soa:;va + 4+ wtttau““

Ugx
where coefficients Pr(®)v are given by

¢©" = Dy — uy Dy — uy Dy, ¢' = Dy — uyp D€ — uy Dy,

TT

@ = Dy — Ugp Dp§ — uge Do, Sﬂttt = Dtiptt — Ut D€ — ugy Dy,

2.1. Lie Symmetry method for the CH equation

To compute the symmetry group of the CH equation, we substitute the Pr®)v on the Eq. (1), then we obtain
Pr(3)v[Au] = 0. Next, by substituting g — 3utly + 2UzUzy + UlUzee tO Uy, the remaining is a polynomial equation
including several derivatives of u(x,t) whose coefficients are certain derivatives of &, 7, and . Suppose any
coefficients is equivalent to zero, leads to & = ¢35, 7 = 1t + ¢2, and ¢ = —cyu, where ¢1,co and c3 are arbitrary
constants.

Corollary 2.1. The Lie algebra of infinitesimal projectable symmetries of the CH equation is spanned by the vector
fields vi = Oy, Vo = 0, V3 = t0; — u0y. U

The vector fields vy, ve, and vs generate the 1—parameter groups Gj,
Gy(x,t,u) = (x +¢e,t,u), Gz, t,u)=(x,t+e,u), Gs(x,t,u)=(x,te,ue”").

The entries give the transformed point exp(ev;)(z,t,u) = (#,1,4). Due to the fact that every G; is a symmetry
group, if u = f(z,t) be a solution of the Eq. (1), it implies that the functions u; = f(x —€,t), us = f(x,t —¢€) and
uz = f(x,te%)e~¢ are the solutions of the Eq. (1).

Lie groups are essential in finding the exact solutions of PDEs, and any transformation in the symmetry group
will take a solution to the other solution. Every l-parameter subgroup of the symmetry group of a PDE will
be correspond to a family of solutions, such solutions called, invariant solutions. Finding an optimal system of
subgroups equals to finding an optimal system of subalgebras. Classification problem 1-dimensional subalgebras is
the same as the classification of the orbits of the adjoint representations. Hence by taking a general component of
the Lie algebra and subjecting it to different adjoint transformations, one can simplify it as much as possible.

Table 1 shows commutation table of Lie algebra g for the CH equation within vector fields vi,vs, and vs,
where i-th row and j-th column is defined as [v;,v;] = v;v; — v;v;. Note that the Lie algebra g is solvable.
Table 1 also shows the adjoint representation of the CH equation, where the adjoint action is a Lie series as
Ad(exp(evy))v; = v, —e[vi, vi] + % [vi, [vi, vi]] /2 — ...

Table 1: The commutator table and adjoint representation table of Eq.1

Vi,vi] | Vi va V3 Ad(exp(ev;)vj) | vi Vo V3
Vi 0 0 0 Vi Vi Vo V3
Vo 0 0 Vo Vo Vi Vo V3 — EVy
V3 0 —Vo 0 V3 Vi Vo + EVog V3

Theorem 2.2. An optimal system of 1-dimensional Lie algebras of Eq. (1) is provided by a1vi + vs, ai1vy + va
and vy.
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Proof. Suppose the vector fields vi, ve, and v3 span the symmetry algebra g of the CH equation. Let F7 : g — g
be a linear map which is defined by v — Ad(exp(ev;))v. The matrices M of F, i = 1,2, 3, with respect to basis
{Vl, Vo, Vg} are

100 1 0 0 1 0 0
Mi=(010], M=[01¢e¢]|, M=[0v¢e*0
00 1 00 1 0 0 1

A nonzero vector v .= ajvi + asvy + azvs determines a 1-dimensional subalgebra of g. Here a; are arbitrary
constants. By acting these matrices on v, we construct coefficients a; as simple as possible. We obtain 3 cases:

Case 1. Let ag # 0, then suppose that as = 1, acting M{ and M5 on v, the coeflicient of vy vanishes and the
coefficient of vi doesn’t change, then v reduces to v = a1vy + vs.

Case 2. Let ag = 0 and as # 0, then we can suppose that as = 1, acting M7 on v, the coefficient of v; doesn’t
change and v reduces to v = a1vy + vs.

Case 3. Let az = 0 and ag = 0, acting M on v, the coefficient of v; doesn’t change, in this case v = vy. O

If we integrate the characteristic equations, we can obtain the invariants associated with the symmetry operators.
For instance, the characteristic equation of the operator avy = ad, is dx/a = dt/0 = du/0, and its corresponding
invariants are y = ¢, w = u. The derivatives of u are given in terms of y and w(y) as uy = Wy, Ugy = Uy = Ugy =
Uzgz = 0. By substituting them into the Eq. (1), we obtain the ordinary differential equation w, = 0. Table 2 and
Table 3 show the results.

Table 2: Invariant of Eq.(1)

operator Y w U
avy t u w(y)

avi+vy x—ot U w(y)

avi +vs  te Y et/ p(y)e /e

Table 3: Reduction of Eq.(1)

operator reduced equations
avy wy =0
avy + Vo —QWy + QAWyyy — SWWy + Wwyy = 0
avi+vs  —as(y® +wywyyy + (Fwy® — 297 — Fwy’)wy, + (% — awywy + (& — 3wy =0

2.2. Lie Symmetry method for the HS equation

Here we want to compute the symmetry group of the HS equation. First, let the Pr®v on the Eq. (2) i.e.
Pr®)v[A®] = 0, then by substituting —2u, s, — Uliges tO Ugee, the remaining is a polynomial equation involving
the different derivatives of w(x,t) whose coefficients are certain derivatives of &, 7, and ¢. Now, suppose every
coefficient equals to zero. By solving these equations, we have £ = cix + ¢3, T = ¢, ¢ = cyu, where ¢, ¢3 and c3
are arbitrary constant. The following vector fields span the Lie algebra of infinitesimal projectable symmetries of
the HS equation

V] = 81, Vo = 3t, V3 = :17373 + u@u (4)
The vector fields v1, vo, and vg generate the 1-parameter groups Gj,
Gi(x,t,u) = (z+e,t,u), Go(x,t,u)=(z,t+e,u), Gs(x,t,u)=(xe, t,ue),

that the entries give the transformed point exp(ev;)(z,t,u) = (#,%,%). Since every G; is a symmetry group, by
putting u = f(x,t) as a solution of the Eq. (2), we have the functions u; = f(z — €,t), us = f(z,t — €) and
us = € f(xe™%,t) are solutions of the Eq. (2).
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Table 4 shows the commutation table of Lie algebra g for the HS equation between vector fields vy, vo, and
v3, where i-th row and j-th column is defined as [vi,vj} = v;v; — v;Vv;. Note that the Lie algebra g is solvable.
Table 4 also shows the adjoint representation of the HS equation, where the adjoint action is a Lie series as
Ad(exp(evy))v; = vj —elvi, vj] + 2 [vi, [vi, vl /2 — . ...

Table 4: The commutator table and adjoint representation table of Eq. (2)

Vi,vi] | vi va Vs Ad(expev;)v;) V1 Vo V3
Vi1 0 0 Vi Vi1 Vi Vo V3 —EVy
Vo 0 0 0 Vo Vi Vo V3
V3 —v; 0 0 V3 Vi+evy Vo V3

Theorem 2.3. An optimal system of one-dimensional Lie algebras of Eq. (2) is provided by aava + Vs, a1vy + va
and vy.

Proof. Suppose the vector fields vy, va, and vs span the symmetry algebra g of the HS equation. Let Ff : g — g
be a linear map which is defined by v — Ad(exp(ev;))v. The matrices MF of F7, i = 1,2, 3, with respect to basis
{v1,va,vs} are

1 0 ¢ 1 0 0 0 0
Mi=]101 0|, M;=1 0 1 0 |, M5 = 0 1 0
0 0 1 0 0 1 0 1
A nonzero vector v = a1vy + asve + azvsy determines a 1-dimensional subalgebra of g. Here a; are arbitrary

constants. By acting these matrices on v, we construct coefficients a; as simple as possible. We obtain 3 cases:

Case 1. Let ag # 0, then suppose as = 1, which M{ and M5 act on v, the coeflicient of v; vanishes and the
coefficient of vo doesn’t change, then v reduces to v = asvs + vs.

Case 2. Let ag = 0 and ag # 0, then we can assume that as = 1, acting M? on v, the coefficient of v; doesn’t
change and v reduces to v = a;vy + va.

Case 3. Let az = 0 and ay = 0, acting M; on v, the coefficient of v; doesn’t change. In this case, v = v;. O

Table 5 shows the calculation of the invariants associated with the symmetry operators and reduction of the
Eq. (2).

Table 5: Invariants and reduced form of Eq.(2)

operator Y, W, U Reduced equation
aviy tu,w(y) wy =0
vy + v x — at, u, w(y) —QWyyy + 2WyWyy + Wyyy = 0

ave + vz | e Y ue=t w(y)e*  (ayw — y*)wyyy + (Baw — 2y + ay)wy, + (3o + aw/y)wy = 0

3. pu-symmetry method for the CH equation and the HS equation

Suppose p = A\;dx' is a horizontal 1-form on first order jet space 7 : J®) — M which is compatible, i.e. D;\; —
D;\; = 0, where each D; is the total derivative with respect to z* and ); : JWM — R [3]. Muriel and Romero
[6] introduced a new technique to order reduction of ODEs. This method is called A-symmetry method to order
reduction of ODEs. In 2004, Gaeta and Morando extended this method of ODEs to p-symmetries method of PDEs
[3].

Suppose A = A(z,u(™) = 0 is a scalar PDE of order n, which includes p independent variables z = (z',. .., zP)
and one dependent variable v = u(z',...,2?). Suppose X = Y7 | &' (z,u)d, + ¢(z,u)d, is a vector field on M.
The vector field Y = X + >°_, U’/ 9,,, is p-prolongation of X on n-th order jet space J"M, if its coefficients
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satisfy the p-prolongation formula W/ = (D; + X)) U7 — uj,(D; + A;)E™, where W0 = ¢. Suppose S C JMM is
the solution manifold for A. If Y : § — T'S, then X is called a p-symmetry for A. In general, if 4 = 0, ordinary
prolongation and ordinary symmetry will arise.

The computation of p-symmetries of a given equation A = 0 like the ordinary symmetries. Let X be a vector
field which acts in M then its u-prolongation Y of order n acts in J™ M. Later proceed it to apply Y to A, restricts
the obtained expression to the solution manifold Sx € J™ M. The result is A* up to &, 7, ¢, and A;. Let \; be
functions on J*) M, then the dependences on u; are precise, and one obtains a system of determining equation.
This system complemented with the compatibility conditions within \;. If we define a priori form of u, we have a
system of linear equations of £, 7, ¢. Similarly, if we fix a vector field X and try to find the px to have a p-symmetry
of A, we have a system of quasilinear equation for the A; [3].

Let X be a vector field on M and V = exp ( Ik ,u)X be an exponential vector field. Then V is a general symmetry
of A if and only if X be a p-symmetry of A.

Theorem 3.1. [3] (order reduction of PDEs under u-symmetry method) Let A be a scalar PDE of order n for
u=u(z!,...,2P). Let X = £ (x,u)0,i + @(x,u)dy be a vector field on M, with characteristic Q = ¢ — uw;&*, and
let Y be the p-prolong of order n of X. If X is a u-symmetry for A, thenY : Sx — TSx, where Sx € J"™ M is
the solution manifold for the system Ax made of A and of Ey := D;Q =0 for all J with | J |=0,1,...,n—1. O

Here, we want to compute p-symmetry of the Eq. (1). Suppose p = A\jdx + Aadt is a horizontal 1-form with
the compatibility condition D;A; = D A2, whenever A, = 0. Suppose X = £, + 70; + p0, is a vector field on M.
In order to calculate p-prolongation Y of order 3 of X,we can use of (4), then we have Y = X + %9, + ¥'9,, +
U, + -+ U, . In this case, the coefficients of Y are given by

ttt©

\I/z = (D;E + Al)@ - uw(Dw + Al)f - ut(Dm + A1)7-7
' = (Dy + A2)@ — u(Dy + A2)€ — us(Dy + A2)T,

: ()
U = (Dy + X)W — wyp (Dy + Ao)E — gy (Dy + Ao)T.

To achieve p-symmetry method of the CH equation, by applying Y to Eq. (1) and substituting u; + 3uu, —
2UplUpy — Ulgpy 1N Uges, We Teach to the following system

—3&u =0, 27, =0, 474 = 0, —uty + &, =0, e (6)
Suppose A1 and Ao are any choice of the type
M = Dg[f(z, )] +9(x), Ao =Dy[f(x,t)] + h(t).

where satisfy to the compatibility condition, i.e. DiA1 = D Ao, and f(x,t), g(z) and h(t) are arbitrary functions.
For simplicity in calculating p-symmetry of the Eq. (1), suppose g(z) = 0,h(t) = 0 and f(z,t) = —In(F(z,t)) in
A1 and Ao, Let F := F(z,t) be an arbitrary positive function, then by substituting Ay = —F,/F and Ay = —F};/F
into the system of (6) and solving them, we obtain £ = F, 7 = 0, ¢ = 0. Consequently, the vector field X = F9,
is p-symmetry of Eq. (1) and the vector field V = exp ([ Mdz + Aadt) X = exp ( [ —L2dr — Ltdt) X is a general
symmetry of exponential type corresponds to X. In this case, by using Theorem 3.1, the order reduction of Eq. (1)
is Q = ¢ — Euy — Tup = —Fuy. These three cases are shown in Table 6 where f(x,t) = —In(F(x,1)).
By applying Y to Eq. (2) and substituting —2u, s — Utigps 10 Uzgr , We get the system

—36u=0, —2r,=0, —dru=0,  .... (7)

Suppose A1 = D,[f(x,t)] + g(x) and Ay = Dy[f(x,t)] + h(t) satisfy the compatibility condition, i.e. DiA; = DyAa.
Similar to p-symmetry method for the CH equation, we consider these three cases in Tables 7, where f(x,t) =
—In(F(z,t)).

4. p-conservation laws of the CH equation and the HS equation

The concept of variational problem and conservation law in the case of symmetries to the case of A-symmetries of
ODEs has developed by Muriel, Romero, and Olver [8]. They suggested an adapted formulation of the Noether’s
Theorem for A\-symmetry of ODEs. The results of [8] are generalized by Cicogna and Gaeta [2]. They extended
the case of A-symmetries for ODEs to the case of p-symmetries for PDEs and they also extended the Noether’s
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Table 6: p-symmetry, symmetry of exponential type and order reduction of Eq.(1)

Case | g(x)  h(t) A1 A2 ¢ T ¥
1 0 o I —% F 0 0
2 0 tjcl _% + t—cy 0 F t:gl
3 0 cltcjrc2 _% + clt+c2 ﬁ F _cﬁtfcz
p-symmetry : X symmetry of exponential type : V' order reduction
X =Fo, V =exp (— [ Exdz 4 Fodt) x —Fu, =0
X =F (0 — 7% 0u) V =exp (- Mﬂﬂf L)dt) X —(u+ 75)F =0
X=F(— 350, +0 — 24=0.) V=exp(— [ 54+ (5 + mtm)dt)x —(u + @ity — ey e F =0
Table 7: p-symmetry, symmetry of exponential type and order reduction of Eq.(2)
Case | g(z) h(t) M A2 § T @
1 0 i _% + t—cy 0 F t_}cff
2 0 h(t) — L —LZe4n(ty F 0 h(t)F
3 z—}c(t) _wk—l(ft()t) —F+ m—}f(t) —-% - wk—l(ct()t) o0 Z:IZ/((Z))
p-symmetry @ X symmetry of exponential type VvV order reduction
X =F(0 — % 0,) V=exp ([ —frde— (F + Z5)dt) X —Fue+ 75) =0
X =F(0, + h(t)0y) V:exp(f—&d:c Ff+h )dt) X (h(t) —ug)F =0
X=F0,+2580,) V=exp([(-5 + e — (5 — Eyanx  (EY —u)F=0

Theorem for A-symmetry of ODEs to the Noether’s Theorem for p-symmetry of PDEs [2]. Also, the conservation
law called p-conservation law in the case of p-symmetry of the Lagrangian.

A conservation law of PED is a divergence expression DivP := D;P* = 0, where P = (P,... PP) is a p-
dimensional vector. Suppose y = \;dx’ is a horizontal 1-form with D;\; = D;\;. A p-conservation law is a relation
as (D; + \;)P* = 0, where M-vector P is a (Matrix-valued) vector. This vector is called a p-conserved vector.

Theorem 4.1. [2] (Ezist of M-vector) Consider the n-th order Lagrangian £ = L(x,u™), and vector field X,
then X is a u-symmetry for L, i.e. Y[L] = 0 if and only if there exists M —vector P' satisfying the u-conservation

Here, we calculate the M-vector P? as [2]. To this aim suppose £ = L(x,u(?) is a second order Lagrangian, and

the vector field X = ¢ 9, is a u-symmetry for £. The M-vector P’ will be as follows

; 8£ 8£ oL
)

A system admits a variational formulation if and only if its Frechet derivative is self-adjoint. Indeed, we have the
following theorem.

Theorem 4.2. [11] Let A = 0 be a system of differential equations. Then A is the Euler-Lagrange expression
for some variational problem £ = [ Ldx, i.e. A = E(L), if and only if the Frechet derivative D is self-adjoint:
D% = Da. In this case, a Lagrangian for A can be explicitly constructed using the homotopy formula Llu] =
Jo wADu]dA. O

4.1. p-conservation laws of the CH equation
The CH equation (A°), Eq. (1), is of odd order, so it does not admit a variational problem. But the CH equation
in potential form admits a variational problem.
The Frechet derivative of the Eq. (1) is
Dac = 3y — Ugzz + Dy + (3u — 2uzy) Dy — 2u, D2 — uD2 — D2D;.
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Clearly, the CH equation does not admit a variational problem since Di. # Daec. If we substitute u = v, then
the related transformed the CH equation is AS = vzt — Vpzat + 3VzVzz — 2V52Vzze — VzVzeze = 0. In this case, AS
is called “the CH equation in potential form”, and the Frechet derivative of the A¢ is

Dae = (3040 — Vgawe) Dy + (305 — 20402) D2 + Dy Dy — 20, D3 — D3Dy — v, D

)

which is self-adjoint, i. e., DA. = Dac. Using Theorem 4.2, the A{ has a Lagrangian of the form

1

1

Lv] = / v AL M]dA = ~5 (vmvt + VgVt + Vg2, + vg) + Div P.
0

Therefore, Lagrangian of the A, up to Div-equivalence is
1
Lv] = ~3 (vxvt + VppVpt + V02, + vi)
Now, we compute p-conservation law of the AS = E(L[v]). Suppose X = ¢0, is a vector field for L[v] and
1 = Aidx + Aadt is a horizontal 1—form with the condition Di;A; = DzAs2 in case of AS = 0. With the aim of

calculating p-prolongation of order 2 of X. Therefore, Y = ¢d, + ¥*9,, + V'9,, + ¥**9, . + ¥v*9, , + ¥¥j,
and the coefficients of Y are given by

tt)

U= (D +M)p, U = (Dt Ao,
U™ = (D + MU, U = (D + M) T®, B = (D + Ag) T (9)

By putting — (v, 'vppvee + 02, + v2) instead of v, and substituting it and (9) into Y and also admitting the
p-prolongation Y on the L[v], we have the following

(=1/2)pp =0, —(1/2)pw =0, Mp+@, =0, .... (10)

Put ¢ = F(z,t) into the system (10), where F(z,t) is an arbitrary positive function satisfying £[v] = 0. By solving
the system, a special solution presented as
Ft (xv t)
— 11
F(z,t)’ (11)

Ay =

In this case, A; and Ay satisfy the condition DiA; = D, \o. Consequently, X = F(z,t)d, is a uy-symmetry for L[v].
With the help of Theorem 4.1, there exists M —vector P which satisfies in the p-conservation law (D; + \;)P* = 0.
By using (8), we achieve the M —vector P? for L[v] as follows

F(x,t)

(vt — QU — vfm + 3”3 — 2vmvmm), P? = fTvz. (12)

F(z,t)
2

pl=—
So, (Dg + A1) P! + (D + \2) P? = 0 is a p-conservation law for second order Lagrangian L[v].
The results of what we expressed above, are as follows
Corollary 4.3. u-conservation law for the CH equation in potential form A = E(L[v]) is D, P!+ Dy P? + X\ P* +
Ao P? = 0. In this case P! and P? are the M—vector P* of (12). O
We use the Noether’s theorem for p-symmetry which is given in [2] and so we have

Remark 4.4. The CH equation in potential form satisfying to the Noether’s Theorem for p-symmetry and pu-
conservation law, i.e.

(Di + X))P" = (Dy 4+ A1) P + (D; + A\p) P?
= F(:L'7 t) (Umt — Uzaat + 3vmvmx - 2vzzvzmx - Urvmzmm) = QE(‘C[U])

By using the CH equation in potential form A¢, one can determine p-conservation law of the CH equation A€,
(Eq.1). The A¢ is agree with D, (2v; — 20144 + 302 — 02, — 20,V ) = 0, which equals to 2v; — 2v4,, + 302 — v2, —
20,V = g(t), where g(t) is an arbitrary function. By substituting 2g(t) + 2045 — 302 + v2, + 20,Vsz, instead of
vy and u instead of v, into (12), one get M —vectors P! and P? as
F(z,t)

4

So we have the following results

pl=—

(2g(t) — 2u, + 3u® — Ul — 2uum), P?=— u. (13)
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Corollary 4.5. The p-conservation law of the CH equation, Eq. (1), is in the form D,Pl4+D;P?4+ X\ P*4+ )\ P? = 0.
Here, P! and P? are the M —vector P* of (13).

Remark 4.6. The CH equation satisfies to the characteristic form, i.e.

(Di + X)) P" = (Dy 4+ A1) Pt + (Dy + A\2) P?

= F(z,t)(ut — Ugat + Utz — 2UpUpy — Ullgyy) = QAC.

4.2. p-conservation laws of the HS equation

While the HS equation (A?®), Eq. (2), is of odd order, it does not admit a variational problem. But the HS equation
in potential form admits a variational problem. The Frechet derivative of the Eq. (2) is Das = Ugge + 2Upe Dy +
2u,D? +uD3 + D2D;.

Since DA. # Das, the HS equation does not admit a variational problem. If we substitute v = w,, then the
related transformed the HS equation is AY) = Waawt + 2WepWagy + WeWaaze = 0. In this case, A is called “the
HS equation in potential form”, and the Frechet derivative of the A% is DAs = Wazaa Do + 2Wa00 D2 4 2wee D3 +
D3 Dy + w, D%, which is self-adjoint, i. e., D*Af,, = Das . Using Theorem 4.2, the A7, has a Lagrangian of the form

1
1
Llw] = / w.A [Aw]dA = i(wmwzt —|—wlw§l) + Div P.
0

Therefore, Lagrangian of the A, up to Div-equivalence is

Llw] = %(wmwmt + wmwiw)
For calculating the p-conservation law for the A = E(L[w]), suppose X = ¢0,, is a vector field for L[w], and
i = Aidz + Aadt is a horizontal 1-form with the condition DiA; = DAy in case of A = 0. With the purpose
of calculating p-prolongation of order 2 of X, by using (??), we obtain Y = ¢d,, + ¥*9,,, + U0y, + V¥, +
U, , + U'9,,,. In this case, the coefficients of Y are as (9). By putting these coefficients into ¥ and applying
the p-prolongation Y on the L[w], and also, substituting —w,w,, instead of w,; into it, we get the following

(1/2)pw =0, (1/2)pww =0, (1/2)(A1@ +¢z) =0, ceee (14)

Put ¢ = F(z,t) into the system (14), where F(xz,t) is an arbitrary positive function satisfying L[w] = 0. By solving
this system, a special solution presented as

Fy(z,1)
F(z,t)’

_Ft(ﬂf,t)

A= F(z,t)’

Ay =

(15)

where A; and Ay are satisfying to D;A; = DyAo. Hence, X = F(x,t)0,, is a p-symmetry for Llw]. With the help
of Theorem 4.1, there exists M —vector P* satisfying in the p-conservation law (D; + \;)P® = 0. By using (8), we
achieve the M —vector P? for L[w] as follows

F(z,t)

pl=—
2

(2wmt +w?, + 2wxwmz), P2 =0. (16)
So, (D, + A1) P + (D¢ + A\3) P? = 0 is a p-conservation law for second order Lagrangian £[w].
The results of what we expressed above, are as follows

Corollary 4.7. u-conservation law for the HS equation in potential form AS = E(L[w]) is of DyP' + D;P? +
M Pt + XoP%2 =0. In this case, P* and P? are the M—vector P* of (16). O

We use the Noether’s theorem for py-symmetry which is given in [2] and so we have

Remark 4.8. The HS equation in potential form A3 satisfying to the Noether’s Theorem fro p-symmetry and
w-conservation law, i.e.

(D; + \;) P’ = (Dy + M) P! + (Dy + Ag) P?
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For computing the p-conservation law of the HS equation, Eq. (2), we substitute u instead of w, into (16).
Thus, M —vectors P! and P? are obtained as the following

Pl — _F(.’L‘,t)

(2um +ul + 2uum), P2 =0. (17)

So we have the following results

Corollary 4.9. The p-conservation law of the HS equation, Eq. (2), is in the form Dy P'+D;P?+\; P1+ o P? = 0.
In this case P! and P? are the M—vector P* of (17).

Remark 4.10. The HS equation, Eq. (2), satisfies to the characteristic form, i.e.
(D + X\)P" = (Dy+ \)P*+ (Dy + \p) P?
= F(x,t)(Uppt + 2UpUpy + Ullges) = QA®.
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