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ABSTRACT: The Frobenius group was defined more than 120 years ago and has
been the center of interest for researchers in the field of group theory. This group has
two parts, complement and kernel. Proving that the kernel is a normal subgroup has
been a challenging problem and several attempts have been done to prove it. In this
paper we prove some character theory properties of finite Frobenius groups and also
give proofs of normality of the kernel in special cases.
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1. Introduction

Let G be a finite group acting on a finite set Ω, |Ω| > 1. Then G is called a Frobenius group if

(a) G acts transitively on Ω,

(b) Gα 6= 1 for any α ∈ Ω,

(c) Gα ∩Gβ = 1, for all α, β ∈ Ω, α 6= β.

Let H = Gα, for some α ∈ Ω, then for any β ∈ Ω, Gβ is conjugate to Gα, i. e. Gβ = Ggα = Hg, for some g ∈ G.
Therefore F = G \

⋃
g∈G

Hg is the set of elements of G that do not fix any element of Ω. We set K = F ∪ {1}, hence

K = (G \
⋃
g∈G

Hg) ∪ {1}. The subgroup H is called a Frobenius complement and it is clear that all subgroups of

G conjugate to H are Frobenius complement. It is shown in ([10]pp.195) that all Frobenius complements of G are
conjugate. The set K is called the Frobenius kernel of G. An equivalent definition of a Frobenius group is the
following: G is called a Frobenius group with complement H if 1 6= H � G, and H ∩Hg = 1 for all g ∈ G \H. In
[4] it is proved that the Frobenius kernel K is a normal subgroup of G. The proof by Frobenius uses the theory
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of characters in [4]. But since then attempts have been made to prove the normality of K without using character
theoretic methods. To see proofs of normality of K in G one is referred to [10], [5], [11], [8], [2], [6], [7] and [1],
where they use ideas of Frobenius in [4]. As we mentioned earlier no group theoretic method is known to prove

that K is a subgroup of G. But in a special cases that 2
∣∣∣|H| or H is a solvable group one can be referred to [10]

and [12]. Using a different approach in [3] it is proved K is a subgroup of G without using character theory. If we
consider the Frobenius group G as a permutation group of degree n, then in [9] using group theoretic arguments
it is proved that if the rank of G, rank(G) ≤ 3 +

√
n+ 1, then K is a subgroup of G. But another character free

group that K is a subgroup of G uses the Fourier-analytic approach given in [13].
In this paper our aim is to prove some character properties of the Frobenius groups and also prove the set K is

a subgroup of G using elementary group theory.

2. Character properties of the Frobenius group

Let G be a finite Frobenius group acting transitively on a set Ω of size n. Set

1 6= H = Gα � G, α ∈ Ω

and F = G \
⋃
g∈G

Hg, K = F ∪ {1}. Here we assume K is a subset of G. From the definition of K it is clear

that K is a normal subset of G, i. e. g−1Kg ⊆ K for all g ∈ G. It is easy to prove that NG(H) = H, hence
|
⋃
g∈G

Hg| = |H−1|× [G : H]+1 from which it follows that |K| = |G|+1−|H−1|× [G : H]−1 = [G : H] = |Ω| = n.

Therefore |G| = |K||H|.
By definition, the rank of a transitive permutation group on a set Ω is the number of orbits of a point stabilizer

on Ω.

Proposition 1. Let χ be the permutation character of H acting on K by conjugation. Then χ = sρH + 1H , where

ρH and 1H are the regular character and the identity character of H respectively and s =
|K| − 1

|H|
.

Proof. By definition of the Frobenius group H fixes 1 ∈ K and is fixed point free on K−{1} = F . The size of each

orbit of H on K − {1} is |H|, hence |H|
∣∣∣|K| − 1.

For h ∈ H, χ(h) is equal to the number of elements of K fixed by h, hence

χ(h) =

{
|K| , if h = 1;

1 , if h 6= 1.

Let 1H denote the identity character of H, then

(χ, 1H)H =
1

|H|
∑
h∈H

χ(h) =
1

|H|
(|K|+ |H| − 1) =

|K| − 1

|H|
+ 1 = s+ 1

and this is the number of orbits of H acting on K by conjugating which is the rank of G again acting by conjugation
on K. Further computation shows:

(χ, χ)H =
1

H

∑
h∈H

χ(h)χ(h) =
1

H
(|K|2 + |H| − 1)

=
|K|2 − 1

|H|
+ 1 = rank of H acting on K by conjugation

Therefore rank(H) = s(n + 1) + 1 = sn + rank(G). The character χ is faithful but not irreducible. Let ψ be a
non-identity irreducible character of H, then

(ψ, χ)H =
1

|H|
∑
h∈H

ψ(h)χ(h)

=
1

|H|
(ψ(1)|K|) +

1

|H|
∑

16=h∈H

ψ(h)

=
|K|
|H|

ψ(1)− 1

|H|
ψ(1)

=
|K| − 1

|H|
ψ(1) = sψ(1)

58



M. Darafsheh, AUT J. Math. Comput., 4(1) (2023) 57-61, DOI:10.22060/AJMC.2022.21224.1080

since (ψ, 1) = 0, we obtain
1

|H|
∑
h∈H

ψ(h) = 0 which implies
∑

16=h∈H
ψ(h) = −ψ(1). Summing up the above calculations,

we obtain

χ = (s+ 1)1H + s
∑

1H 6=ψ∈Irr(H)

ψ(1)ψ = sρH + 1H .

Let G be a Frobenius group with complement H, and [G : H] = n. Let

Ω = {Hx | x ∈ G}

be the set of left cosets of H in G. Let π be the permutation character of G acting by right multiplication on Ω.
Then clearly (π, 1G)G = 1, (π, π) = rank(G) and for g ∈ G, π(g) is the number of fixed points of g on Ω. Using
the properties of the Frobenius groups, we obtain π(1) = [G : H] = n and π(g) = 0 if g ∈ K −{1}. With the above
notation and character χ of H in Proposition 1 we obtain:

Proposition 2. Let ρGH and χ denote the induction of the character ρH and χ of H to G respectively. Then:

(a) (ρGH , π)G = n

(b) χG = sρGH + π

(c) (χG, π)G = sn+ rank(G)

Proof. Since ρH is the regular character of H, Then

ρH(h) =

{
|H| , if h = 1;

0 , otherwise.

Calculation show that:

(ρGH , π)G = (ρH , π |H)H =
1

|H|
∑
h∈H

ρH(h)π |H (h) =
1

|H|
|H|n = n

and this proves (a).
By Proposition 1: χ = sρH + 1H which implies χG = sρGH + 1GH = sρGH + π proving (b).
Therefore (χG, π)G = s(ρGH , π) + (π, π) = sn+ rankG. Finally (c) is proved.

The next result is devoted to introducing a character of G whose kernel is K in a special case proving K is a
subgroup of G.

Theorem 3. Let G be a Frobenius group with kernel K. Suppose all elements of K commute. Then K EG.

Proof. We consider K as a subset of G which is of course a normal subset, so that G acts on it by conjugation. Let
η be the permutation character associated to this action. For g ∈ G the value of η(g) is the number of k ∈ K such
that kg = k. We have η(1) = |K| and in general if g 6= 1 and kg = k, then k ∈ CG(g) ∩K = CK(g). We know that
G = K

⋃
g∈G

Hg, hence we distinguish the following cases:

(i) 1 6= g ∈ K, kg = k =⇒ k ∈ CK(g) =⇒ η(g) = |CK(g)|
(ii) 1 6= g ∈

⋃
g∈G

Hg =⇒ g belongs to some conjugate of H we may take g ∈ H, kg = k =⇒ g = gk ∈ H ∩Hk =⇒

k ∈ H ∩K = 1 =⇒ η(g) = 1

Therefore

η(g) =


|K| , if g = 1;

1 , if 1 6= g ∈ {Hx | x ∈ G},
|CK(g)| , if 1 6= g ∈ K.

Now by assumption all elements of K commute, from which it follows that:

η(g) =

{
|K| , if g ∈ K;

1 , if 1 6= g ∈ {Hx | x ∈ G}.

Now we see that kerη = K EG proving that K is a normal subgroup of G.
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3. A group theoretic proof that Frobenius kernel is a subgroup

As we mentioned earlier several attempts have been done to prove the Frobenius kernel is a normal subgroup. In
this section we are going to prove the Frobenius kernel is a normal subgroup in a special case using only group
theoretical arguments. Therefore we assume G is a finite Frobenius group with complement H and

K = (G \
⋃
g∈G

Hg) ∪ {1}.

We use the fact that NG(H) = H and |K| = [G : H].

Lemma 4. If N EG, G = NH, N ∩H = 1, then N ≤ K.

Proof. Let 1 6= n ∈ N . Assume n /∈ K. Then by definition of K we have n ∈ Hg for some g ∈ G. Therefore
ng

−1 ∈ H ∩N = 1 which imply ng
−1

= 1, hence n = 1 a contradiction.

Next we will use a theorem of Burnside whose proof can be found in [?].

Lemma 5 (Burnside). If G is a finite group and P is a Sylow p-subgroup of G such that NG(P ) = CG(P ), then P
has a normal complement in G, i.e. there is N EG such that G = NP , and N ∩ P = 1.

Theorem 6. Let G be a finite Frobenius group with complement H and kernel K. Assume that H is an abelian
p-group. Then K is a normal subgroup of G.

Proof. From NG(H) = H and the fact that H is abelian we obtain

H = NG(H) ≥ CG(H) ≥ H.

Therefore NG(H) = CG(H). But it is easy to see that (|H| : [G : H]) = 1 from which it follows that H is a Sylow
p-subgroup of G. Hence by Burnside’s theorem H has a normal complement N in G, i.e. G = NH, N ∩H = 1,
and N E G. Now by Lemma 4, N ⊆ K. But from G = NH we obtain |N | = [G : H], and since |K| = [G : H], it
follows |N | = |K|. This implies that K = N EG.

Corollary 7. Let G be a finite Frobenius group with complement H and kernel K. Suppose H is centralized by a
Sylow p-subgroup of G. Then K is a normal subgroup of G.

Proof. By assumption H ≤ CG(P ) where P is a Sylow p-subgroup of G. But it can be proved that if 1 6= x ∈ H,
then CG(〈x〉) ≤ H, therefore CG(P ) ≤ H, it follows that CG(P ) = H = NG(P ). Now by Burnside’s theorem
there is a normal subgroup N of G such that G = NP . Therefore |N | = [G : P ], By Lemma 4, N ⊆ K, hence
|N | = [G : P ] ≤ |K| = [G : H]. Therefore |P | ≥ |H| implying P = H and by Theorem 6, K is a normal subgroup
of G.
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