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1. Introduction

A great differential geometer of twentieth century, Chern, say that Finsler geometry is only Riemannian geometry
without the quadratic restriction on its metrics [4]. In study of Finsler geometry, we mostly encounter long and
tangled calculations. However, often we consider Finsler metrics with certain symmetries, that would make things
much easier.

The concept of («, 3)-metrics was introduced by M. Matsumoto in 1972 [6] and studied by many authors ([11],
[12] and [17]), as a generalization of Randers metrics, and the Randers metrics was introduced by Randers [7]. The
(a, B)-metrics are of the form F = a¢(s), where ¢ is a C* positive function and s = g

The metrics in the form

F=a¢(b?s),s:=— (1)
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are called general (v, 3)-metrics, which were firstly introduced in 2012 by C. Yu and H. Zhu in [13], where ¢ = ¢(b?, 5)
is a O™ positive function, @ = y/a;;(z)y’ys is a Riemannian metric and 3 = b;(z)y’ is a 1-form on an n-dimensional
manifold M, and b := b(x) = ||3(x)||o is a norm of B with respect to «, b? := ||B]|2.
In particular, if ¢; = 0, then F' = a¢(s) are said to be («, 8)-metrics [5], where ¢ means derivative of ¢ w. r. to
first variable ¢ := b%2. We will denote by ¢o derivative of ¢ w. r. to second variable s.

This class of metrics not only generalize («, 3)-metrics, but also connect spherically symmetric metrics [8]. It
is to note that the general (a, §) metric includes an interesting family of metric constructed by Bryant [2]. Bryant
metrics are rectilinear Finsler metrics on the unit sphere S™ with flag curvature K = 1.

2. Preliminaries

Suppose M be n-dim C*°-manifold. Tangent space denoted by T, M at x € M and on M tangent bundle are denoted
by TM :=\J,cp TeM. The element of TM is of type (x,y), as x € M and y € T, M. Let TMy = TM \ {0}.

Definition 2.1. If a metric function F : TM — [0,00) on M satisfy the following conditions:

(i) F is C* on T My,

(ii) F is positively 1-homogeneous on fibers of tangent bundle TM and

(iii) the Hessian of %2 with components g;; = %a?;g;j is positive definite on T My, then pair F™ = (M, F) is called
a Finsler space of dimension n. F is called fundamental function and the tensor g with components g;; is called the
fundamental tensor of the Finsler space.

Proposition 2.2. [13] F = a¢(b?,s) is a Finsler metric on M, which is n-dimentional manifold, for some Rie-
mannian metric o and 1-form B with ||B||o < bo iff ¢ = ¢(b%,s) is a positive C* function satisfying

¢ — s¢s > 0,0 — shs + (b* — s%)¢ss >0, when n >3 (2)
or ¢ — sps + (b — 82)dss > 0, when n = 2, where s and b are arbitrary numbers with |s| < b < by.

Firstly L.Zhou [15] introduced spherically symmetric metrics, which are a specific class of general («, 3)-metrics
manifested by F' = a@(b?, s), where o = |y| is Euclidean metric and 3 =< z,y > is a 1-form in R". Nowdays, few
development has been made on spherically symmetric metrics ([9], [15] and [16]). It is clear that Berwald metric,
Funk metric and Bryant’s metric belong to spherically symmetric metrics with constant flag curvature K = 0,
K = —1 and K =1 respectively and they are locally projectively flat ([14] and [3]).

Proposition 2.3. [13] For a general (o, B)-metric F = a¢(b?,s), the fundamental tensor is written as
Gij = paij + pobib; + p1(bicvy; 4 bjayi) + pacyiay, (3)

where

p=¢(P—5Ps), po = pss + D2, p1 = (¢ — 505)bs — SPPss, p2 = —5p1.
Moreover, - B . N N N

gw — p—l {azg + nbzb] 4 noa—l(bzy] + b]yz) + 77104_211/111]} , (4)
where B ) _ )

(97) = (gij)ila (a") = (aij)717bl = a"b;,
Dss
(¢ - Sd)s + <b2 - 52)¢ss)7
no = — (¢ — 505) s — 50Pss
O T 0(0 — 50 + (B — 52)ds)

(56 + (0% — 5°)95) (¢ — 5¢5)ps — 5P
¢2(¢ - S¢s + (b2 - 32)¢ss) .

n=-

m=—-
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The spray coefficients G of general (o, 3)-metric F = a¢(b?,s) and spray coefficients G, of Riemannian met-
ric « are related by [13],

G =G+ aQsh + {0(~20Qs0 + ron + 202 Rr) + aQ(ro + 50)} %
+ {¥(—2aQso + roo + 20°Rr) + oIl (ro + 50)} b' — a®R(r' + sY), (5)
where
_ bs o= <¢ — 505)0s — 5PPss
¢ - 5¢s7 2¢(¢ - 5¢s + (b2 - S2)¢ss) ’
R— d)b = (¢ - 5¢s)¢bs - 5¢’b¢ss
¢ — 505 (¢ — 505)(d — 505 + (b2 — 52)ss)
20y, s¢+ (b* — 5%)os
Q=" ~ " /7°7
¢ ® ’
. Ous

T 20(¢p — 565 + (17 — 52)¢as)

As 8 is a closed and conformal 1-form, that is satisfy b;; = ca;j, where b;; is covarient derivative of § w. r. to «
and ¢ = c¢(x) # 0 is a scalar function, then

roo = ca®, ro=cB, r=cb*r'=cb, sh=s9=5"=0. (6)
Substituting equation (6) in equation (5), we have
G' =G, + ca’El" + ca*HY', (7)
where

I— Pss — 2(P1 — 5¢s)
2(¢ — s¢s + (b2 — 52)¢ss)’

_ 95t 250y 5o+ (0° = 5%)¢s
2¢ ¢ '

E

3. The Cartan torsion of a general («, 3)-metric

Suppose
ps = pi(p1)s = =T,
where
p= (b((b - S(bs)v P11 = ((b - 5¢s)¢s — 850055, T = 305055+ OPsss-
Let

(po)s = T(p2)s = 8*T — p1,
where pg = ¢¢ss + ¢§7p2 = —Sp1.

The Cartan torsion is defined in [5] as

1 gij . . .
Cijk = 557;1@ and given by with the help of equation (3).
1 Yk Yk Yk Y Yi Yi Yk
Cijk = %0 Hﬂl(bk - SE)aij - STbibj; +(s°T — P1)biggj} + Tb;bjby, + s(3p1 — SZT)EZEJE} : (8)

Proposition 3.1. Suppose F = a¢(b?,s) be a general (o, B)-metric on M, then the Cartan torsion is given by
equation (8).
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4. Mean Cartan torsion of a general (a, 3)-metric
The Mean Cartan torsion is defined in [5] as

I; = ¢FCi;1, and given by with the help of Cartan torsion (8) and equation (4).

—1
I = /;7 {a?" + b " + noa L (VyF + bFyT) + ma 2yl yF )

a « a o o

{(pl(bk - s%)aij — ST’bibjyflC + (82T — pl)b1
(07 (67
Thus

I, = % {p7 p1 [(n+1)+3nb* = s*)] + (b° = s*)p ' T [1+ (> — s*)] } {bi - s%} . (9)

Proposition 4.1. Let F' = a¢(b?,s) be a general (a, 3)-metric on M, then mean Cartan torsion is given by
equation (9).

5. Landsberg curvature for a general (o, 3)-metric

The Landsberg curvature defined in [1] and expressed by

1 A
L = *iymgimBékz»

where ,
i . 63G1
Jkt = 3yj5'ykayl.

A metric is a Landsberg metric iff L, = 0.

o1 b 2,y
Liji = 2c¢)[L1bzb]bk+s(3L2 s f;)a o . o)
—+ {Lg(lh — sé)ajk — Slel'bjbk —+ (52[/1 — Lg)yzgjg}] s
where
Ly = ¢Psss + Qsss [¢5 + ¢s(b2 - 52)] + 3P ¢s,
L2 = _S¢Pss + ¢5(P - SPS) + [(]58 + (bs(b2 - 32)] (Qs - 3st)7
Q _ ¢ss - 2(¢b - 8¢bs)
2[¢ - S(bs + (b2 - 82)(1553]
and
¢s + 250 s¢ + (b2 - S2)¢s
P = — .
% 4 o

Proposition 5.1. Suppose F = ap(b?,s) be a general (a, B)-metric on M, then Landsberg curvature is given by
equation (10).
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6. Weak Landsberg curvature for a general (a, 8)-metric
A weaker non-Riemannian quantity .J = J;dz' than Landsberg curvature L, where
Ji = ¢"* Liji,
here J mean Landsberg curvature. A metric is said to be weak Landsberg metric if its mean Landsberg curvature

vanishes [10].
That is a metric is called Weak Landsberg if J = 0.

Now, J; = g?¥L;;1, is given by with the help of equation (4) and (10).

Ji=¢"%Lijy = —Cq#% [a? + b/ b" + noa™ (B y" + b5 y7) + ma 2y yF] x

leibjbk + $(3L2 — $2L1)%&yfk + Lg(bk — sy—k)aij — Sleibjbk —+ (82L1 — Lg)ylyijfk} .
a o o « a o
Thus
-1 )
Ji= = Ly {(n 1) + 300 — )} + La(B? — )1+ (0 — 52)] (b — L), (11)
where
Ll = ¢Psss + sts [QSS + ¢s(b2 - 52)] + 3Pss¢s
and

L2 - _depss + (bs(P - SPS) + [¢S + ¢s(b2 - 82)] (Qs - SQSS)'

Proposition 6.1. Suppose F' = a¢(b?,s) be a general (o, B)-metric on M, then mean Landsberg curvature is given
by equation (11).

Now, for J; = 0, this implies from equation (11) that L; = 0 and Ly = 0. Therefore

PPyss + Quss [05 + ¢s(0° — )] +3Pssps =0 (12)
and
— 5¢Pss + §5(P — sPy) + [ds + 6, (° = 57)] (Qs — 5Qss) = 0. (13)
Let,
™= s+ s (b? — 5%) (14)
Ts = ¢ — 505 + s (b* — %) (15)
T=P—sP, (16)
Ts = —8Pss (17)
Tss = —[$Psss + Pas] (18)
(¢7)s = [8(P — sP)]s = ¢5(P — sPs) — 5¢Pss (19)
(9T)ss = Gss(P — 5P5) — 28¢5 Pss — ¢Pss — 5P Psss. (20)
Differentiating equation (13), we have
—@Pyss = 2505 Pss — 5¢Pass + ¢ss(P — sPs) + [¢ — 505 + 55 (0° — 57)] x (21)
(Qs = 5Qss) — 5 [05 + d5(b* = 57)] Q55 = 0.
Using equations (14), (15), (20) and (21), we get
(¢7)ss + s(Qs — 5Qss) — 5TQss5 = 0.
That is
Ts(Qs — 5Qss) = 5TQsss — (#T)ss- (22)
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Using equations (20) and (22)
Ts(Qs — $Qss) = sTQsss — Gss (P — $Ps) + 2505 Pss + ¢ Pss + $¢Psss
= $(Qsss + OPsss + 305 Pss) — ¢ss(P — 5P5) + ¢Pos — 5¢5 Pss.
Using equation (12)
Ts(Qs — 5Qss) = —¢ss(P — sPs) 4 Pus(¢ — 59s).

'/TS(QS - Sst) = - 7—¢ss + @Ts . (23)
Using equations (13) and (19), we have
(¢T)s + 7T(Qs - Sst) = 0. (24)
Therefore (67) 5 5
T)s Ts + QsT
Qs - Sst = = - . (25)
™ 7r
From (23) and (25), we have
T OTs + OsT _ |:T¢ss + (¢ - 5¢9) ol
™ s
" (mss o 2o Ts) — 7 (67 + GuT) = 0. (26)
s
Case I: When 7 = 0, from equation (16), we have P — sP; = 0.
After solving we obtain P = stg(b).
From equation (13) and (14), we get 7(Qs — sQss) = 0.
We obtain Q = s%t1(b) + t2(b).
Case II: When 7 # 0, (nowhere).
Multiplying equation (26) by %, we have
Ts
[(¢ — sps)m — sT59) . =5 (Tsps — TPss) -
Put the value of w and 7, we have
Ts
(665 — 562 = s694) [ (B = 5%) = — 5| =0, (27)
Case II(a): Let
(¢¢b - 5¢§ - 3¢¢ss) =0.
Put
M= ¢2 = Hs = 2¢¢s = Hss = 2 [¢¢ss + qj)i] .
Therefore
2005 — 25(¢dss + ¢7) = 0.
= s — Spiss = 0, = A(b) + B(b)s>.
That is
¢ =+/A(b) + B(s)s?.
The corresponding general (o, 3)-Finsler metric is Riemannian metric.
Put the value of ¢ in P and @), where
Ps + 25y ¢ + (b* — s%)¢s
P = -Q 28
% 3 (28)
e Dus — 201 — 561:)
58 b — SQbs
= ) 29
Q 2[¢ - s¢s + (b2 - 32)¢ss] ( )
Case II(b): Let
(¢¢s - 5¢’§ - 3¢¢ss) # 0. (30)
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We have —
p= CZ@# + scs(b). (31)
V2 2
Q= #scm n %co(b) + el (b). (32)
From equations (28), (29) and (31), we have
(rbs + 2s¢b ¢ss - 2(¢b - s¢bs) S¢ + (bz — 52)¢)s o CZ(b) b — 52
% W-set -l 6w o0 %)
From equations (29) and (32), we have
ss 2 - S - b2 — 52 2
5 f_ — fﬁ(be _Sﬁg))d)ss] = T s (0) + Scov) + ea0). (34)
From equations (33) and (34), we get
_ 2 2 2
Ps Jgjsqbb n \/be4 52 sea(b) — %co(b) ) W (35)
7 _ g2
_ ca(b) bg s + sea(b).
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