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1. Introduction

A great differential geometer of twentieth century, Chern, say that Finsler geometry is only Riemannian geometry
without the quadratic restriction on its metrics [4]. In study of Finsler geometry, we mostly encounter long and
tangled calculations. However, often we consider Finsler metrics with certain symmetries, that would make things
much easier.

The concept of (α, β)-metrics was introduced by M. Matsumoto in 1972 [6] and studied by many authors ([11],
[12] and [17]), as a generalization of Randers metrics, and the Randers metrics was introduced by Randers [7]. The
(α, β)-metrics are of the form F = αφ(s), where φ is a C∞ positive function and s = β

α .
The metrics in the form

F = αφ(b2, s), s :=
β

α
(1)
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are called general (α, β)-metrics, which were firstly introduced in 2012 by C. Yu and H. Zhu in [13], where φ = φ(b2, s)
is a C∞ positive function, α =

√
aij(x)yiyj is a Riemannian metric and β = bi(x)yi is a 1-form on an n-dimensional

manifold M , and b := b(x) = ||β(x)||α is a norm of β with respect to α, b2 := ||β||2α.
In particular, if φ1 = 0, then F = αφ(s) are said to be (α, β)-metrics [5], where φ1 means derivative of φ w. r. to
first variable t := b2. We will denote by φ2 derivative of φ w. r. to second variable s.

This class of metrics not only generalize (α, β)-metrics, but also connect spherically symmetric metrics [8]. It
is to note that the general (α, β) metric includes an interesting family of metric constructed by Bryant [2]. Bryant
metrics are rectilinear Finsler metrics on the unit sphere Sn with flag curvature K = 1.

2. Preliminaries

Suppose M be n-dim C∞-manifold. Tangent space denoted by TxM at x ∈M and on M tangent bundle are denoted
by TM :=

⋃
x∈M TxM. The element of TM is of type (x, y), as x ∈M and y ∈ TxM. Let TM0 = TM \ {0}.

Definition 2.1. If a metric function F : TM → [0,∞) on M satisfy the following conditions:
(i) F is C∞ on TM0,
(ii) F is positively 1-homogeneous on fibers of tangent bundle TM and

(iii) the Hessian of F 2

2 with components gij = 1
2
∂2F 2

∂yi∂yj is positive definite on TM0, then pair Fn = (M,F ) is called
a Finsler space of dimension n. F is called fundamental function and the tensor g with components gij is called the
fundamental tensor of the Finsler space.

Proposition 2.2. [13] F = αφ(b2, s) is a Finsler metric on M, which is n-dimentional manifold, for some Rie-
mannian metric α and 1-form β with ||β||α < b0 iff φ = φ(b2, s) is a positive C∞ function satisfying

φ− sφs > 0, φ− sφs + (b2 − s2)φss > 0, when n ≥ 3 (2)

or φ− sφs + (b2 − s2)φss > 0, when n = 2, where s and b are arbitrary numbers with |s| ≤ b < b0.

Firstly L.Zhou [15] introduced spherically symmetric metrics, which are a specific class of general (α, β)-metrics
manifested by F = αφ(b2, s), where α = |y| is Euclidean metric and β =< x, y > is a 1-form in Rn. Nowdays, few
development has been made on spherically symmetric metrics ([9], [15] and [16]). It is clear that Berwald metric,
Funk metric and Bryant’s metric belong to spherically symmetric metrics with constant flag curvature K = 0,
K = −1 and K = 1 respectively and they are locally projectively flat ([14] and [3]).

Proposition 2.3. [13] For a general (α, β)-metric F = αφ(b2, s), the fundamental tensor is written as

gij = ρaij + ρ0bibj + ρ1(biαyj + bjαyi) + ρ2αyiαyj , (3)

where

ρ = φ(φ− sφs), ρ0 = φφss + φ2s, ρ1 = (φ− sφs)φs − sφφss, ρ2 = −sρ1.

Moreover,
gij = ρ−1

{
aij + ηbibj + η0α

−1(biyj + bjyi) + η1α
−2yiyj

}
, (4)

where
(gij) = (gij)

−1, (aij) = (aij)
−1, bi = aijbj ,

η = − φss
(φ− sφs + (b2 − s2)φss)

,

η0 = − (φ− sφs)φs − sφφss
φ(φ− sφs + (b2 − s2)φss)

,

η1 = − (sφ+ (b2 − s2)φs)(φ− sφs)φs − sφφss
φ2(φ− sφs + (b2 − s2)φss)

.
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The spray coefficients Gi of general (α, β)-metric F = αφ(b2, s) and spray coefficients Giα of Riemannian met-
ric α are related by [13],

Gi = Giα + αQsi0 +
{

Θ(−2αQs0 + r00 + 2α2Rr) + αΩ(r0 + s0)
} yi
α

+
{

Ψ(−2αQs0 + r00 + 2α2Rr) + αΠ(r0 + s0)
}
bi − α2R(ri + si), (5)

where

Q =
φs

φ− sφs
, Θ =

(φ− sφs)φs − sφφss
2φ(φ− sφs + (b2 − s2)φss)

,

R =
φb

φ− sφs
, Π =

(φ− sφs)φbs − sφbφss
(φ− sφs)(φ− sφs + (b2 − s2)φss)

,

Ω =
2φb
φ
− sφ+ (b2 − s2)φs

φ
Π,

Ψ =
φss

2φ(φ− sφs + (b2 − s2)φss)
.

As β is a closed and conformal 1-form, that is satisfy bi|j = caij , where bi|j is covarient derivative of β w. r. to α
and c = c(x) 6= 0 is a scalar function, then

r00 = cα2, r0 = cβ, r = cb2, ri = cbi, si0 = s0 = si = 0. (6)

Substituting equation (6) in equation (5), we have

Gi = Giα + cα2Eli + cα2Hbi, (7)

where

H =
φss − 2(φ1 − sφbs)

2(φ− sφs + (b2 − s2)φss)
,

E =
φs + 2sφb

2φ
−H sφ+ (b2 − s2)φs

φ
.

3. The Cartan torsion of a general (α, β)-metric

Suppose
ρs = ρ1(ρ1)s = −sT,

where
ρ = φ(φ− sφs), ρ1 = (φ− sφs)φs − sφφss, T = 3φsφss + φφsss.

Let
(ρ0)s = T (ρ2)s = s2T − ρ1,

where ρ0 = φφss + φ2s, ρ2 = −sρ1.

The Cartan torsion is defined in [5] as

Cijk =
1

2

gij
∂yk

and given by with the help of equation (3).

Cijk =
1

2α

[{
ρ1(bk − s

yk
α

)aij − sTbibj
yk
α

+ (s2T − ρ1)bi
yk
α

yj
α

}
+ Tbibjbk + s(3ρ1 − s2T )

yi
α

yj
α

yk
α

]
. (8)

Proposition 3.1. Suppose F = αφ(b2, s) be a general (α, β)-metric on M , then the Cartan torsion is given by
equation (8).
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4. Mean Cartan torsion of a general (α, β)-metric

The Mean Cartan torsion is defined in [5] as

Ii = gjkCijk and given by with the help of Cartan torsion (8) and equation (4).

Ii =
ρ−1

2α

{
ajk + ηbjbk + η0α

−1(bjyk + bkyj) + η1α
−2yjyk

}
{(
ρ1(bk − s

yk
α

)aij − sTbibj
yk
α

+ (s2T − ρ1)bi
yk
α

yj
α

)
+ Tbibjbk + s(3ρ1 − s2T )

yi
α

yj
α

yk
α

}
.

Thus

Ii =
1

2α

{
ρ−1ρ1

[
(n+ 1) + 3η(b2 − s2)

]
+ (b2 − s2)ρ−1T

[
1 + η(b2 − s2)

]}{
bi − s

yi
α

}
. (9)

Proposition 4.1. Let F = αφ(b2, s) be a general (α, β)-metric on M , then mean Cartan torsion is given by
equation (9).

5. Landsberg curvature for a general (α, β)-metric

The Landsberg curvature defined in [1] and expressed by

Ljkl := −1

2
ymgimB

i
jkl,

where

Bijkl :=
∂3Gi

∂yj∂yk∂yl
.

A metric is a Landsberg metric iff Ljkl = 0.

Lijk = −1

2
cφ
[
L1bibjbk + s(3L2 − s2L1)

yi
α

yj
α

yk
α

+
{
L2(bi − s

yi
α

)ajk − sL1bibjbk + (s2L1 − L2)yi
yj
α

yk
α

}]
,

(10)

where

L1 = φPsss +Qsss
[
φs+ φs(b

2 − s2)
]

+ 3Pssφs,

L2 = −sφPss + φs(P − sPs) +
[
φs+ φs(b

2 − s2)
]

(Qs − sQss),

Q =
φss − 2(φb − sφbs)

2[φ− sφs + (b2 − s2)φss]

and

P =
φs + 2sφb

2φ
−Qsφ+ (b2 − s2)φs

φ
.

Proposition 5.1. Suppose F = αφ(b2, s) be a general (α, β)-metric on M , then Landsberg curvature is given by
equation (10).
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6. Weak Landsberg curvature for a general (α, β)-metric

A weaker non-Riemannian quantity J = Jidx
i than Landsberg curvature L, where

Ji = gjkLijk,

here J mean Landsberg curvature. A metric is said to be weak Landsberg metric if its mean Landsberg curvature
vanishes [10].
That is a metric is called Weak Landsberg if J = 0.

Now, Ji = gjkLijk is given by with the help of equation (4) and (10).

Ji = gjkLijk = −cφρ
−1

2

[
ajk + ηbjbk + η0α

−1(bjyk + bkyj) + η1α
−2yjyk

]
×[

L1bibjbk + s(3L2 − s2L1)
yi
α

yj
α

yk
α

+ L2(bk − s
yk
α

)aij − sL1bibjbk + (s2L1 − L2)yi
yj
α

yk
α

]
.

Thus

Ji = −cφρ
−1

2

[
L2

{
(n+ 1) + 3η(b2 − s2)

}
+ L1(b2 − s2)(1 + η(b2 − s2))

]
(bi −

syi

α
), (11)

where
L1 = φPsss +Qsss

[
φs+ φs(b

2 − s2)
]

+ 3Pssφs

and
L2 = −sφPss + φs(P − sPs) +

[
φs+ φs(b

2 − s2)
]

(Qs − sQss).

Proposition 6.1. Suppose F = αφ(b2, s) be a general (α, β)-metric on M , then mean Landsberg curvature is given
by equation (11).

Now, for Ji = 0, this implies from equation (11) that L1 = 0 and L2 = 0. Therefore

φPsss +Qsss
[
φs+ φs(b

2 − s2)
]

+ 3Pssφs = 0 (12)

and
− sφPss + φs(P − sPs) +

[
φs+ φs(b

2 − s2)
]

(Qs − sQss) = 0. (13)

Let,
π = φs+ φs(b

2 − s2) (14)

πs = φ− sφs + φss(b
2 − s2) (15)

τ = P − sPs (16)

τs = −sPss (17)

τss = −[sPsss + Pss] (18)

(φτ)s = [φ(P − sPs)]s = φs(P − sPs)− sφPss (19)

(φτ)ss = φss(P − sPs)− 2sφsPss − φPss − sφPsss. (20)

Differentiating equation (13), we have

−φPss − 2sφsPss − sφPsss + φss(P − sPs) +
[
φ− sφs + φss(b

2 − s2)
]
× (21)

(Qs − sQss)− s
[
φs+ φs(b

2 − s2)
]
Qsss = 0.

Using equations (14), (15), (20) and (21), we get

(φτ)ss + πs(Qs − sQss)− sπQsss = 0.

That is
πs(Qs − sQss) = sπQsss − (φτ)ss. (22)
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Using equations (20) and (22)

πs(Qs − sQss) = sπQsss − φss(P − sPs) + 2sφsPss + φPss + sφPsss

= s(πQsss + φPsss + 3φsPss)− φss(P − sPs) + φPss − sφsPss.

Using equation (12)

πs(Qs − sQss) = −φss(P − sPs) + Pss(φ− sφs).

πs(Qs − sQss) = −
[
τφss +

(φ− sφs)
s

τs

]
. (23)

Using equations (13) and (19), we have
(φτ)s + π(Qs − sQss) = 0. (24)

Therefore

Qs − sQss = − (φτ)s
π

= −φτs + φsτ

π
. (25)

From (23) and (25), we have

πs
φτs + φsτ

π
=

[
τφss +

(φ− sφs)
s

τs

]
.

π

(
τφss +

φ− sφs
s

τs

)
− πs (φτs + φsτ) = 0. (26)

Case I: When τ = 0, from equation (16), we have P − sPs = 0.
After solving we obtain P = st0(b).
From equation (13) and (14), we get π(Qs − sQss) = 0.
We obtain Q = s2t1(b) + t2(b).

Case II: When τ 6= 0, (nowhere).
Multiplying equation (26) by 1

τ , we have

[(φ− sφs)π − sπsφ]
τs
τ

= s (πsφs − πφss) .

Put the value of π and πs, we have (
φφs − sφ2s − sφφss

) [
(b2 − s2)

τs
τ
− s
]

= 0. (27)

Case II(a): Let (
φφs − sφ2s − sφφss

)
= 0.

Put
µ = φ2 ⇒ µs = 2φφs ⇒ µss = 2

[
φφss + φ2s

]
.

Therefore
2φφs − 2s(φφss + φ2s) = 0.

⇒ µs − sµss = 0, µ = A(b) +B(b)s2.

That is
φ =

√
A(b) +B(s)s2.

The corresponding general (α, β)-Finsler metric is Riemannian metric.
Put the value of φ in P and Q, where

P =
φs + 2sφb

2φ
−Qsφ+ (b2 − s2)φs

φ
(28)

and

Q =
φss − 2(φb − sφbs)

2[φ− sφs + (b2 − s2)φss]
. (29)

Case II(b): Let (
φφs − sφ2s − sφφss

)
6= 0. (30)
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We have

P =
c2(b)

√
b2 − s2
b2

+ sc3(b). (31)

Q =
−
√
b2 − s2
b4

sc2(b) +
s2

2
c0(b) + c1(b). (32)

From equations (28), (29) and (31), we have

φs + 2sφb
2φ

− φss − 2(φb − sφbs)
2[φ− sφs + (b2 − s2)φss]

sφ+ (b2 − s2)φs
φ

=
c2(b)

√
b2 − s2
b2

+ sc3(b). (33)

From equations (29) and (32), we have

φss − 2(φb − sφbs)
2[φ− sφs + (b2 − s2)φss]

=
−
√
b2 − s2
b4

sc2(b) +
s2

2
c0(b) + c1(b). (34)

From equations (33) and (34), we get

φs + 2sφb
2φ

+

[√
b2 − s2
b4

sc2(b)− s2

2
c0(b)− c1(b)

]
sφ+ (b2 − s2)φs

φ
(35)

=
c2(b)

√
b2 − s2
b2

+ sc3(b).

References

[1] A. Ala, A. Behzadi, and M. Rafiei-Rad, On general (α, β)-metrics of weak Landsberg type, 2017. preprint.

[2] R. Bryant, Finsler structures on the 2-sphere satisfying K = 1, in Finsler Geometry (Seattle, WA, 1995),
vol. 196, Amer. Math. Soc., Providence, RI, 1996, pp. 27–41.

[3] , Projectively flat finsler 2-spheres of constant curvature, Sel. math. (New ser.), 3 (1997), pp. 161–203.

[4] S.-S. Chern, Finsler geometry is just Riemannian geometry without the quadratic restriction, Notices Amer.
Math. Soc., 43 (1996), pp. 959–963.

[5] S.-S. Chern and Z. Shen, Riemann-Finsler geometry, vol. 6 of Nankai Tracts in Mathematics, World Sci-
entific Publishing Co. Pte. Ltd., Hackensack, NJ, 2005.

[6] M. Matsumoto, On C-reducible Finsler spaces, Tensor (N.S.), 24 (1972), pp. 29–37.

[7] G. Randers, On an asymmetrical metric in the fourspace of general relativity, Phys. Rev. (2), 59 (1941),
pp. 195–199.

[8] S. F. Rutz, Symmetry in Finsler spaces, in Finsler geometry (Seattle, WA, 1995), vol. 196 of Contemp. Math.,
Amer. Math. Soc., Providence, RI, 1996, pp. 289–300.
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