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ABSTRACT: In this paper, we define the warped generalized Lagrangian (WGL)
spaces and then examine some of their properties. In the following, we generalize the
“Tavakol-van den Bergh” condition in the theory of relativity(see [5]) in this space,
which is an example of the application of the warped generalized Lagrangian spaces in
relativity (Theorem 4.6). We show that condition EPS in these spaces holds provided

that the warped function f satisfies the condition
(
e2f
)i

= 0.
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1. Preliminaries

The notion of Lagrange spaces (or Lagrange geometry) was introduced and studied by J. Kern (see [3]). We study
the geometry of Lagrange spaces as a sub-geometry of the geometry of tangent bundle (TM, π,M) of a manifold
M , using the principles of Analytical Mechanics given by variational problem on the integral of action of a regular
Lagrangian, the law of conservation, Nöther Theorem, etc. Note that the Euler-Lagrange equations determine a
canonical semi-spray S on the manifold TM . Thus we study the geometry of the warped Lagrange space using this
canonical semi-spray S. In 1987, there some books were published on the Lagrange, Hamilton and the generalized
Lagrange spaces (see [7], [6] and [8]).

There is not much research on the results of the warped products of Lagrange and Finsler spaces (see [1], [11] and
[4]), and there is not any research on the warped product of the generalized Lagrangian spaces in our knowledge.

The Riemannian spaces class {Rn} is a subclass of the Finsler spaces class {Fn}, the class {Fn} is a subclass
of Lagrangian spaces class {Ln}, and this is a subclass of the generalized Lagrangian spaces {GLn}. So, we have
the following sequence of inclusions:

{Rn} ⊂ {Fn} ⊂ {Ln} ⊂ {GLn}.
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In this paper, we show that
{WRn} ⊂ {WFn} ⊂ {WLn} ⊂ {WGLn},

where the letter W denotes the warped product.

2. Introduction

Suppose that M is a real smooth manifold with the tangent bundle (TM, π,M) and
◦
TM := TM − {0}.

A differentiable Lagrangian is a mapping

L : TM → [0,∞)

of class C∞ on
◦
TM and continuous on the null section 0 : M → TM of the projection π : TM →M .

The Hessian of a differentiable Lagrangian L with respect to yi has the elements:

gij(x, y) :=
1

2

∂2L

∂yi∂yj
(1)

Evidently, the set of functions gij(x, y) are the components of a d-tensor field, symmetric and covariant of order 2.
Also, a differentiable Lagrangian L is called regular if:

rank
(
gij(x, y)

)
= n , on

◦
TM. (2)

A Lagrange space is a pair Ln = (M,L(x, y)) formed by a smooth, real n-dimensional manifold M and a regular

Lagrangian L(x, y) for which the d-tensor gij(x, y) has a constant signature over the manifold
◦
TM . The mapping

L(x, y) is called the fundamental function, and gij(x, y) the fundamental tensor. For example, every Riemannian
manifold (M, gij(x)) determines a Lagrange space Ln = (M,L(x, y)), where

L(x, y) = gij(x)yiyj .

One of the most important and practical examples is the electromagnetic space.

Example 2.1. The following Lagrangian from electrodynamics [7]

L(x, y) = mcγij(x)yiyj +
2e

m
Ai(x)yi + U(x)

where γij(x) is a pseudo-Riemannian metric, Ai(x) a co-vector field and U(x) a smooth function on M , m, c, e
begin the known constants from Physics, determine a Lagrange space Ln = (M,L(x, y)). It is called the Lagrange
space of electrodynamics.

A first natural generalization of the notion of Lagrange space is called a generalized Lagrange space. R. Miron and
M. Anastasiei introduced this notion (see[7] and [6]). A generalized Lagrange space is a pair

GLn = (M, gij(x, y)),

where gij(x, y) is a d-tensor field on the manifold
◦
TM of type 2, symmetric, of rank n, and has a constant signature

on
◦
TM . One easily sees that any Lagrange space Ln = (M,L(x, y)) is a generalized Lagrange space with the

fundamental tensor

gij(x, y) =
1

2

∂2L(x, y)

∂yi∂yj
. (3)

However, each space GLn is not a Lagrange space Ln. In fact if gij(x, y) is given, it may happen that the system
of PDE (3) does not admits solutions in L(x, y).

Theorem 2.1. ([7])

(1) A necessary condition in order that the system PDE (3) to admits a solution L(x, y) is the d-tensor field

Cijk =
1

2

∂gij
∂yk

, (4)

be completely symmetric.
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(2) If the condition (1) is verified and the gij(x, y) are 0-homogeneous with respect to yi, then the following function

L(x, y) = gij(x, y)yiyj +Ai(x)yi + U(x), (5)

is a solution of the system of PDE (3) for any arbitrary d-covector field Ai(x) and any arbitrary function
U(x) on the base manifold M .

The proof of the previous statement is not complicated. When the system (3) does not admit solutions in the
functions L(x, y), we say that the generalized Lagrange space GLn = (M, gij(x, y)) is not reducible to a Lagrange
space.

Remark 2.2. The Lagrange spaces Ln with the fundamental function (3) give important classes of Lagrange spaces,
including the Lagrange space of electrodynamics (see Example 2.1).

Example 2.2. (1) The pair GLn = (M, gij) with the fundamental tensor field

gij(x, y) = eσ(x,y)γij(x) (6)

where the function σ :
◦
TM :→ R is a class C∞ and γij(x) is a pseudo-Riemannian metric on the manifold M

is a generalized Lagrange space if the d-covector field ∂σ
∂yi no vanishes. It is not reducible to a Lagrange space.

R. Miron and R. Tavakol [9] proved that GLn = (M, gij(x, y)) defined by (3) satisfies the Ehlers - Pirani -
Schilds’ axioms (or EPS axioms) of General Relativity. Also, in [10] R. Miron, R. K. Tavakol, V. Balan, and
I. Roxburgh present the Einstein and Maxwell equations for the generalized Lagrange space (6) and characterize
the case of vanishing mixed curvature tensor field of the canonical linear d-connection.

(2) The pair GLn = (M, gij(x, y)) with

gij(x, y) = γij(x) +
(

1− 1

n2(x, y)
yiyj

)
, yi = γij(x)yj (7)

where gij(x) is a pseudo-Riemannian metric and n(x, y) > 1 is a smooth function (n is a refractive index).
It gives us a generalized Lagrange space GLn which is not reducible to a Lagrange space. R. G. Beil calls it
Miron’s metric from Relativistic Optics (see [2]).

3. The warped generalized Lagrange space (WGL)

Let GLm = (M, gij(x, y)) and GL
n

= (M, gα,β(u, v)) be two generalized Lagrange spaces of dimension m and n,
respectively, and f ∈ C∞(M) be a positive function. We define the warped generalized Lagrange space as follows

WGLm+n = (M ×f M, g̃ab := gij + f2gαβ). (8)

For example let (M,L(x, y)) and (M,L(u, v)) be Lagrangian spaces and L̃ : TM̃ ∼= TM ⊕ TM → R is defined as
follows

L̃(x, u, y, v) := L(x, y) + f2(x)L(u, v),

then (M ×f M,L(x, u, y, v)) is a WGL space whose fundamental tensor is

g̃ab(x, u, y, v) =
1

2

∂2L̃(x, u, y, v)

∂yi∂yj
+ f2(x)

1

2

∂2L̃(x, u, y, v)

∂vα∂vβ

=
1

2

∂2L(x, y)

∂yi∂yj
+ f2(x)

1

2

∂2L(u, v)

∂vα∂vβ
.

Notation. In this paper, a local coordinates system in M̃ is denoted by xa = (xi, uα), where (xi) and (uα) are
local coordinates system in M and M , respectively. Also, the indexes {i, j, · · · }, {α, β, · · · } and {a, b, · · · } run over
the ranges {1, 2, · · · ,m}, {1, 2, · · · , n} and {1, 2, · · · ,m,m+ 1, · · · ,m+ n}, respectively.

Suppose Ñ is a warped non-linear connection on TM̃ = TM⊕TM whose local coefficients are Ñ = (Ñ i
j , Ñ

i
β , Ñ

α
j , Ñ

α
β )

(see Section4). Next, V (
◦
TM̃) kernel of the differential of the product projection map

π̃ = (π, π) :
◦
TM ⊕

◦
TM →M ×f M
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is known as vertical bundle on the tangent bundle
◦
TM̃ is considered. Hence, we have

V (
◦
TM̃) = span

{ ∂

∂yi
,
∂

∂vα

}
.

So, using the coefficients of non-linear Ñ , the warped non-holonomic vector fields are defined as

δ∗

δxi
:=

∂

∂xi
− Ñ j

i

∂

∂yj
− Ñβ

i

∂

∂vβ
, (9)

δ∗

δuα
:=

∂

∂uα
− Ñ j

α

∂

∂yj
− Ñβ

α

∂

∂vβ
, (10)

which enable us to construct a warped complementary vector subbundle H(
◦
TM̃) to V (

◦
TM̃) in T (

◦
TM̃) that is

locally:

H(
◦
TM̃) = span

{ δ∗
δxi

,
δ∗

δuα

}
.

We call H(
◦
TM̃) the warped horizontal distribution on T (

◦
TM̃), and we have

T (
◦
TM̃) = H(

◦
TM̃)⊕ V (

◦
TM̃).

Now, we define the following new operators (see [11]):

∂∗

∂yi
:=

∂

∂yi
+ Ñα

i

∂

∂vα
, (11)

∂∗

∂vα
:=

∂

∂vα
+ Ñ i

α

∂

∂yi
, (12)

and we put V ∗(
◦
TM̃) := span{ ∂

∗

∂yi ,
∂∗

∂vα }. It follows that V ∗(
◦
TM̃) ∼= V (

◦
TM̃), and so, the tangent bundle of

◦
TM̃

admits the decomposition

T (
◦
TM̃) = H(

◦
TM̃)⊕ V ∗(

◦
TM̃). (13)

Let us assume that (TM ⊕f TM, π̃ = (π, π),M ×f M) is endowed with a non-linear connection Ñ . Then
every vector field X on M ×f M determine on unique vector field Xh∗ on TM ⊕f TM such that dπ̃(Xh∗) =
(dπ, dπ)(Xh∗) = X. The vector field Xh∗ is called the warped horizontal lift of X ∈ χ(TM ⊕f TM). In order to

derive a local representation for Xh∗ , we put
(

∂
∂xi + ∂

∂uα

)h∗
= δ∗

δxi + δ∗

δuα . Therefore, using (13) the non-linear

connection Ñ induces a decomposition of every X ∈ TM ⊕f TM as a sum of its warped horizontal and vertical

parts X = h∗X + v∗X = Xh∗ +Xv∗ . It follows that a linear connection D̃ on TM̃ = TM ⊕f TM is a d-connection
if and only if one of the following conditions holds:

(i) v∗D̃Xh
∗Y = 0, h∗D̃Xv

∗Y = 0,

(ii) D̃XY = h∗D̃Xh
∗Y + v∗D̃Xv

∗Y,

(iii) D̃Xh
∗ = 0, D̃Xv

∗ = 0.

Here, h∗ := δ∗

δxi ⊗dx
i+ δ∗

δuα ⊗du
α and v∗ := ∂

∂yi ⊗δ
∗yi+ ∂

∂vα ⊗δ
∗vα are the warped horizontal and vertical projector

associated with Ñ , respectively, and X,Y ∈ TM̃ ([11]). A tensor field T of type (p + r, q + s, p′ + r′, q′ + s′) on

TM̃ = TM ⊕f TM is said to be the warped d-tensor field or M̃ -tensor field of type

[
p+ p′ r + r′

q + q′ s+ s′

]
on TM̃ if

T
(
ω1, · · · , ωp, ω′1, · · · , ω′p′ , X1, · · · , Xq, X

′
1, · · · , X ′q′ ,

ωp+1, · · · , ωp+r, ω′p′+1, · · · , ω′p′+r′ , Xq+1, · · · , Xq+s, X
′
q′+1, · · · , X ′q′+s′

)
=

T
(
h∗ω1, · · · , h∗ωp, h∗ω′1, · · · , h∗ω′p′+r′h∗X1, · · · , h∗Xq, h

∗X ′1, · · · , h∗X ′q′ ,

v∗ωp+1, · · · , v∗ωp+r, v∗ω′p′+1, · · · , v∗ω′p′+r′ , v∗Xq+1, · · · , v∗Xq+s, v
∗X ′q′+1, · · · , v∗X ′q′+s′

)
.
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Locally, a warped d-tensor field of type

[
p+ p′ r + r′

q + q′ s+ s′

]
may is written in the form

T = T
i1···ipα1···αp′ j1···jrβ1···βr′
k1···kqλ1···λq′ l1···lsµ1···µs′

δ∗

δxi1
⊗ · · · ⊗ δ∗

δxip
⊗ δ∗

δuα1
⊗ · · · ⊗ δ∗

δuαp′
⊗

∂∗

∂yj1
⊗ · · · ⊗ ∂∗

∂yjr
⊗ ∂∗

∂vβ1
⊗ · · · ⊗ ∂∗

∂vβr′
⊗

dxk1 ⊗ · · · ⊗ dxkq ⊗ duλ1 ⊗ · · · ⊗ duλq′⊗
δ∗yl1 ⊗ · · · ⊗ δ∗yls ⊗ δ∗vµ1 ⊗ · · · ⊗ δ∗vµls .

Corollary 3.1. We can associate to every warped d-connection on TM̃ two new operators of h∗-covariant deriva-

tion and v∗-covariant derivation in the algebra of warped d-tensor fields of type

[
p+ p′ r + r′

q + q′ s+ s′

]
on TM̃ . Indeed,

it is clear that any warped d-connection D̃ on TM̃ leads to the composition

D̃XY = D̃h∗XY + D̃v∗XY, ∀X,Y ∈ χ(TM̃ = TM ⊕f TM). (14)

We put, D̃h∗

X Y := D̃h∗XY and D̃v∗

X Y := D̃v∗XY . The operators D̃h∗ and D̃v∗ are called the warped h-covariant
derivation or h∗-covariant derivation and the warped v-covariant derivation or v∗-covariant derivation, respectively.

It is obvious that for every X,Y ∈ χ(TM̃), we have

(i) v∗D̃h∗

X h∗Y = 0, h∗D̃h∗

X v∗Y = 0, v∗D̃v∗

X h
∗Y = 0, h∗D̃v∗

X v
∗Y = 0,

(ii) D̃h∗

X Y = h∗D̃h∗

X h∗Y + v∗D̃h∗

X v∗Y, D̃h∗

X Y = h∗D̃v∗

X h
∗Y + v∗D̃v∗

X v
∗Y. (15)

Therefore, if X = Xi δ∗

δxi +
·
X
α
δ∗

δuα and Y = Y i ∂
∗

∂yi +
·
Y
α
∂∗

∂vα then we have

(i) D̃h∗

X = XiD̃ δ∗
δxi

+
·
X
α

D̃ δ∗
δuα

,

(ii) D̃v∗

Y = Y iD̃ ∂∗
∂yi

+
·
Y
α

D̃ ∂∗
∂vα

. (16)

Now D̃ be a d-connection on the tangent bundle TM̃ = TM ⊕f TM , thus there exists a unique system of
functions

(L̃ab c) = (L̃ij k, L̃
i
β k, L̃

i
j λ, L̃

i
β λ, L̃

α
j k, L̃

α
β k, L̃

α
j λ, L̃

α
β λ)

and
(C̃ab c) = (C̃ij k, C̃

i
β k, C̃

i
j λ, C̃

i
β λ, C̃

α
j k, C̃

α
β k, C̃

α
j λ, C̃

α
β λ)

such that {
(1) D̃ δ∗

δxk

δ∗

δxj = L̃ij k
δ∗

δxi + L̃αj k
δ∗

δuα

(2) D̃ δ∗
δxk

δ∗

δuβ
= L̃iβ k

δ∗

δxi + L̃αβ k
δ∗

δuα

{
(3) D̃ δ∗

δuλ

δ∗

δxj = L̃ij λ
δ∗

δxi + L̃αj λ
δ∗

δuα

(4) D̃ δ∗
δuλ

δ∗

δuβ
= L̃iβ λ

δ∗

δxi + L̃αβ λ
δ∗

δuα
(17)

and  (1) D̃ ∂∗
∂yk

∂∗

∂yj = C̃ij k
∂∗

∂yi + C̃αj k
∂∗

∂vα

(2) D̃ ∂∗
∂yk

∂∗

∂vβ
= C̃iβ k

∂∗

∂yi + C̃αβ k
∂∗

∂vα

{
(3) D̃ ∂∗

∂vλ

∂∗

∂yj = C̃ij λ
∂∗

∂yi + C̃αj λ
∂∗

∂vα

(4) D̃ ∂∗
∂vλ

∂∗

∂vβ
= C̃iβ λ

∂∗

∂yi + C̃αβ λ
∂∗

∂vα
(18)

The real functions
(
L̃ca b(x, u, y, v)

)
and

(
C̃ca b(x, u, y, v)

)
are called the warped horizontal and vertical (respectively)

local coefficients of D̃ with respect to the adapted local frame { δ
∗

δxi ,
δ∗

δuα ,
∂∗

∂yi ,
∂∗

∂vα }.
Also, the warped torsions of d-connection D̃Γ = (L̃, C̃) are given by

T̃ ca b := L̃ca b − L̃cb a , S̃ca b := C̃ca b − C̃cb a , P̃ ca b :=
∂∗Ñ c

a

∂yb
− L̃ca b, (19)
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where ∂∗

∂yb
= ( ∂

∗

∂yi ,
∂∗

∂vα ).
For example, let

T = T ijαβklλµ

δ∗

δxi
⊗ · · · ⊗ δ∗yl ⊗ δ∗

δuα
⊗ · · · ⊗ δ∗vµ

be a warped d-tensor field of type

[
1 + 1 1 + 1
1 + 1 1 + 1

]
, then its h∗-covariant and v∗-covariant derivatives are respectively;


(1)D̃h∗

δ∗
δxt

T = T ijαβ

klλµ
∗
|t

δ∗

δxi ⊗ · · · ⊗ δ
∗yl ⊗ δ∗

δuα ⊗ · · · ⊗ δ
∗vµ

(2)D̃h∗
δ∗
δuτ

T = T ijαβ

klλµ
∗
|τ

δ∗

δxi ⊗ · · · ⊗ δ
∗yl ⊗ δ∗

δuα ⊗ · · · ⊗ δ
∗vµ,


(3)D̃v∗

∂∗
∂yt

T = T ijαβ

klλµ
∗
‖t

δ∗

δxi ⊗ · · · ⊗ δ
∗yl ⊗ δ∗

δuα ⊗ · · · ⊗ δ
∗vµ

(4)D̃v∗
∂∗
∂vτ

T = T ijαβ

klλµ
∗
‖τ

δ∗

δxi ⊗ · · · ⊗ δ
∗yl ⊗ δ∗

δuα ⊗ · · · ⊗ δ
∗vµ,

where

T ijαβ

klλµ
∗
|t

=
δ∗T ijαβklλµ

δxt
+ T rjαβklλµ L̃

i
rt + T irαβklλµ L̃

j
tr + T ijγβklλµ L̃

α
γt + T ijαγklλµ L̃

β
tγ

−T ijαβrlλµ L̃
r
kt − T

ijαβ
krλµL̃

r
tl − T

ijαβ
klγµ L̃

γ
λt − T

ijαβ
klλγ L̃

γ
tµ, (20)

T ijαβ

klλµ
∗
|τ

=
δ∗T ijαβklλµ

δuτ
+ T rjαβklλµ L̃

i
rτ + T irαβklλµ L̃

j
τr + T ijγβklλµ L̃

α
γτ + T ijαγklλµ L̃

β
τγ

−T ijαβrlλµ L̃
r
kτ − T

ijαβ
krλµL̃

r
τl − T

ijαβ
klγµ L̃

γ
λτ − T

ijαβ
klλγ L̃

γ
τµ, (21)

T ijαβ

klλµ
∗
‖t

=
∂∗T ijαβklλµ

∂yt
+ T rjαβklλµ C̃

i
rt + T irαβklλµ C̃

j
tr + T ijγβklλµ C̃

α
γt + T ijαγklλµ C̃

β
tγ

−T ijαβrlλµ C̃
r
kt − T

ijαβ
krλµC̃

r
tl − T

ijαβ
klγµ C̃

γ
λt − T

ijαβ
klλγ C̃

γ
tµ, (22)

T ijαβ

klλµ
∗
‖τ

=
∂∗T ijαβklλµ

∂vτ
+ T rjαβklλµ C̃

i
rτ + T irαβklλµ C̃

j
τr + T ijγβklλµ C̃

α
γτ + T ijαγklλµ C̃

β
τγ

−T ijαβrlλµ C̃
r
kτ − T

ijαβ
krλµC̃

r
τl − T

ijαβ
klγµ C̃

γ
λτ − T

ijαβ
klλγ C̃

γ
τµ, (23)

Definition 3.2. By using (11) and (12), we notice that there exists on TM̃ = TM ⊕ TM the warped vertical field

L := yk
∂∗

∂yk
+ vγ

∂∗

∂vγ
, (24)

which does not vanish on the manifold
◦
TM̃ and is independent of any Riemannian metric on the base manifold

M̃ = M ×f M . It is called the warped Liouville vector field.

Corollary 3.3. Let WGLm+n = (M ×f M, gij + f2gαβ) be a WGL space. Then the tensors

g̃ab(x, u, y, v) = gij(x, y) + f2(x)gαβ(u, v)

are 0-homogeneous with respect to (yi, vα) if yk ∂
∗g̃ab
∂yk

= yk
∂gij
∂yk

+ f2ykÑλ
k

∂gαβ
∂vλ

= 0

vµ ∂
∗g̃ab
∂vµ = vµÑk

µ
∂gij
∂yk

+ f2vµ
∂gαβ
∂vµ = 0.

(25)

It is obvious that if the tensors g̃ab(x, u, y, v) are 0-homogeneous with respect to (yi, vα), i.e., the system equations
(25) are hold, then the tensors gij(x, y) and gαβ(u, v) are not necessarily 0-homogeneous with respect to yi and vα,
respectively.
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The following theorem comes immediately from Corollary 3.3.

Theorem 3.4. If the WGL space WGL = (M ×f M, gij + f2gαβ) is reducible to Lagrangian space, then the

generalized Lagrangian spaces GL = (M, gij) and GL = (M, gαβ) are not necessarily reducible to a Lagrangian
spaces.

Corollary 3.5. If WGL = (M ×f M, gij + f2gαβ) is reducible to Lagrange space then, the function

L̃(x, u, y, v) := gij(x, y)yiyj +Ai(x, u)yi

+ f2(x)gαβ(u, v)vαvβ + f2(x)Bα(x, u)vα + Ψ(x, u) (26)

is a solution of the PDE

g̃ab(x, u, y, v) =
1

2

∂2L̃

∂yi∂yj
+

1

2

∂2L̃

∂vα∂vβ
,

where Ai(x, u) and Bα(x, u) are two covector fields, and Ψ(x, u) is a smooth function on M ×f M .

4. Geometry of warped generalized Lagrangian space

In this section, we will consider a WGL space

WGL = (M̃ = M ×f M, g̃ = g + e2fg),

where M̃ is a warped pseudo Riemannian manifold, γ̃ab(x, u) := γij(x) + e2f(x)γαβ(u) a warped metric tensor field

on M̃ , and f : M → R a function of class C∞ on M . If we denote the Christoffel symbols of M̃ , M , and M by
Γ̃ab c, Γij k and Γ

α

β λ, respectively. Then we have(
Γ̃ab c

)
=
(

Γ̃ij k, Γ̃
i
j λ, Γ̃

i
β λ, Γ̃

α
j k, Γ̃

α
j λ, Γ̃

α
β λ

)
,

where  Γ̃ij k(x, u) = Γij k(x), Γ̃ij λ(x, u) = 0, Γ̃iβ λ(x, u) = −(e2f(x))iγβλ(u)

Γ̃αj k(x, u) = 0, Γ̃αj λ(x, u) = fj(x)δαλ , Γ̃αβ λ(x, u) = Γ
α

β λ(u).
(27)

Here, fi := ∂f
∂xi and (e2f )i := γij ∂e

2f

∂xj .
Now, we will assume that the following axioms hold:

A1- The warped fundamental tensor field g̃ab(x, u, y, v) has the form

g̃ab(x, u, y, v) = e2σ(x,y)γij(x) + e2f(x) · e2ρ(u,v)γαβ(u), (28)

where σ : TM → R and ρ : TM → R are two C∞ functions on
◦
TM and

◦
TM , and continuous on the null sections

of tangent bundles TM and TM , respectively.
A2- The space WGL = (M ×f M, g̃ab(x, u, y, v)) is endowed with the non-linear connection Ñ , whose coefficients
are (

Ña
b

)
=
(
Ñ i
j(x, u, y, v), Ñ i

β(x, u, y, v), Ñα
j (x, u, y, v), Ñα

β (x, u, y, v)
)
,

where {
Ñ i
j := Γ̃ij ky

k + Γ̃ij λv
λ, Ñ i

β := Γ̃iβ ky
k + Γ̃iβ λv

λ

Ñα
j := Γ̃αj ky

k + Γ̃αj λv
λ, Ñα

β := Γ̃αβ ky
k + Γ̃αβ λv

λ.
(29)

A3- The WGL space is endowed with the canonical warped metrical d-connection WDΓ(N).

Corollary 4.1. By using (27) and (29) we have

Ñ i
j = Γij ky

k = N i
j(x), Ñ i

β = −(e2f )iγβλv
λ, (30)

Ñα
j = fjv

α, Ñα
β = Γ

α

β λv
λ + fky

kδαβ . (31)
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The important point is that axiom A1 show that the WGL space with the warped metric tensor (28) has the same
conformal structure as the warped Riemann space specified by γij(x) + e2(f+ρ−σ)γαβ(u). Also, axiom A2 and (41)

implies that the auto-parallel curves of the warped non-linear connection Ñ with the coefficients (30) and (31) are
coincident with the auto-parallel curves of the warped Riemannian space (M ×f M,γij(x) + e2fγαβ(u). Therefore,
under axioms A1, A2 and A3, the warped generalized Lagrange space WGL represents a convenient relativistic
model.

In the WGLm+n space, endowed with a nonlinear connection Ñ we can introduce the d-connection D̃Γ =(
L̃abc, C̃

a
bc

)
. The coefficients of the warped canonical metrical d-connection are given by the warped generalized

Christoffel symbols: 

L̃ijk := 1
2g
il
(
δ∗glj
δxk

+ δ∗gil
δxj −

δ∗gjk
δxl

)
L̃iβk := 1

2g
il
(
δ∗glk
δuβ

)
=: L̃ikβ

L̃iβλ := − 1
2g
il
(
δ∗e2fgβλ

δxl

)
L̃αjk := − 1

2e
−2fgαλ

(
δ∗gjk
δuλ

)
L̃αβk := 1

2e
−2fgαλ

(
δ∗e2fgβλ
δxk

)
=: L̃αkβ

L̃αβλ := 1
2g
αµ
(
δ∗gµβ
δuλ

+
δ∗gλµ
δuβ

− δ∗gβλ
δuµ

)
(32)

and 

C̃ijk := 1
2g
il
(
∂∗glj
∂yk

+ ∂∗gil
∂yj −

∂∗gjk
∂yl

)
C̃iβk := 1

2g
il
(
∂∗glk
∂vβ

)
=: C̃ikβ

C̃iβλ := − 1
2g
il
(
∂∗e2fgβλ

∂yl

)
C̃αjk := − 1

2e
−2fgαλ

(
∂∗gjk
∂vλ

)
C̃αβk := 1

2e
−2fgαλ

(
∂∗e2fgβλ
∂yk

)
=: C̃αkβ

C̃αβλ := 1
2g
αµ
(
∂∗gµβ
∂vλ

+
∂∗gλµ
∂vβ

− ∂∗gβλ
∂vµ

)
(33)

where gij(x, y) := e2σ(x,y)γij(x) and gαβ(u, v) := e2ρ(u,v)γαβ(u).

Corollary 4.2. By using (32), (33), and Corollary 4.1 it results that

L̃ijk = Γijk + δikσ|j + δijσ|k − gkj σ̇i = Lijk

L̃iβk = δik

(
e2f
)l

∂σ
∂yl

γβµv
µ

L̃iβλ = − 1
2

(
e2f
)i
e−2σ+2ργβλ

(
1− vµ ∂ρ

∂vµ

)
L̃αjk = −e2f

(
e2f
)l

∂σ
∂yl

gjke
−2ρvα

L̃αβk = ∂f
∂xk

δαβ

(
1− vµ ∂ρ

∂vµ

)
L̃αβλ = Γ

α

βλ + ρ|∗λδ
α
β + ρ|∗βδ

α
λ − gβλρα

−fjyj
(
∂ρ
∂vλ

δαβ + ∂ρ
∂vβ

δαλ − gβλρ̇α
)

= L
α

βλ − fjyj
(
∂ρ
∂vλ

δαβ + ∂ρ
∂vβ

δαλ − gβλρ̇α
)

and 

C̃ijk = σ̇kδ
i
j + σ̇jδ

i
k − σ̇igjk = Cijk

C̃iβk = Ñ j
β σ̇jδ

i
k

C̃iβλ = −e2fgβλgilÑ
µ
l ρ̇µ

C̃αjk = −e−2fgαµÑ l
µσ̇lgjk

C̃αβk = Ñλ
k ρ̇λδ

α
β

C̃αβλ = ρ̇λδ
α
β + ρ̇βδ

α
λ − ρ̇αgβλ = C

α

βλ
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where σ|k := δσ
δxi = ∂σ

∂xi −N
j
i
∂σ
∂yj , σ̇i := gikσ̇k, σ̇i := ∂σ

∂yi , ρ̇α := ∂ρ
∂vα , ρ̇α := gαβ ρ̇β, and ρ|∗λ := ∂ρ

∂uλ
− Ñµ

λ
∂ρ
∂vλ

.

Corollary 4.3. Suppose the function ρ is 0-homogeneous with v, and
(
e2f(x)

)i
= 0. Then by using Corollaries 4.1

and 4.2, we have
L̃iβk = 0, L̃iβλ = 0, L̃αjk = 0, L̃αβk = Γ̃αβk,

and
C̃iβk = 0, C̃iβλ = 0, C̃αjk = 0, C̃αβk = 0.

In what follows, we shall deal with the warped normal d-connections D̃Γ which is compatible with the warped
fundamental tensor of the WGL space WGL = (M̃ = M ×f M, g̃ = g + e2fg).

Proposition 4.4. The following properties hold

gij∗
|h

=
δ∗gij
δxh
− gikL̃khj − gkjL̃kih = 0,

gij∗
|λ

=
δ∗gij
δuλ
− gikL̃kλj − gkjL̃kiλ = 0,

gαβ∗
|h

=
δ∗gαβ
δxh

− gαµL̃
µ
hβ − gµβL̃

µ
αh = −2 ∂f

∂xh
gαβ ⇒

(
e2fgαβ

)
∗
|h

= 0,

gαβ∗
|λ

=
δ∗gαβ
δuλ

− gαµL̃
µ
βλ − gµβL̃µαµ = 0.

(34)

and 

gij∗
‖h

=
∂∗gij
∂yh
− gikC̃khj − gkjC̃kih = 0,

gij∗
‖λ

=
∂∗gij
∂vλ
− gikC̃kλj − gkjC̃kiλ = 0,

gαβ∗
‖h

=
∂∗gαβ
∂yh

− gαµC̃
µ
hβ − gµβC̃

µ
αh = 0,

gαβ∗
‖λ

=
∂∗gαβ
∂vλ

− gαµC̃
µ
βλ − gµβC̃µαµ = 0.

(35)

Corollary 4.5. It follows from Proposition 4.4 that the WGL space

WGL = (M ×f M, g̃ab(x, u, y, v) = gij(x, y) + e2f(x)gαβ(u, v)),

is the warped metrical, i.e.,

g̃ab∗
|h

= gij∗
|h

+
(
e2fgαβ

)
∗
|h

= 0, g̃ab∗
|λ

= gij∗
|λ

+
(
e2fgαβ

)
∗
|λ

= 0, (36)

and

g̃ab∗
‖h

= gij∗
‖h

+
(
e2fgαβ

)
∗
‖h

= 0, g̃ab∗
‖λ

= gij∗
‖λ

+
(
e2fgαβ

)
∗
‖λ

= 0. (37)

Theorem 4.6 (The Main Theorem). The WGL space with the metric (28) to satisfy the EPS conditions, that

is,
(
L̃abc

)
=
(

Γ̃abc

)
if and only if

1 the function ρ is 0-homogeneous with respect to vµ and
(
e2f
)i

= 0 (⇔ ∂f
∂xk

γik = 0) for any i = 1, · · · ,m;

2 the function σ(x, y) is h-constant on M , i.e.,

σ|i =
∂σ

∂xi
− Γ(x)kijy

j ∂σ

∂yk
= 0; (38)

3 the function ρ(u, v) is h∗-constant on M̃ = M ×f M , i.e.,

ρ|∗λ =
∂ρ

∂uλ
− Ñµ

λ

∂ρ

∂vλ
= 0. (39)
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We call relationships (38) and (39) the warped Tavakol-Van den Bergh conditions.

Let c : t ∈ [0, 1] 7→ (xi(t), uα(t), yi(t), vα(t)) ∈ TM ⊕ TM be a curve of class C∞ then, its tangent vector field
dc
dt can be written in the following form

dc

dt
=
dxi

dt

δ∗

δxi
+
duα

dt

δ∗

δuα
+
δ∗yi

dt

∂

∂yi
+
δ∗vα

dt

∂

∂vα
, (40)

where, δ∗yi := dyi + Ñ i
jdx

j + Ñ i
βdu

β and δ∗vα := dvα + Ñα
j dx

j + Ñα
β du

β are the dual basis of the adapted basis(
δ∗

δxi ,
δ∗

δuα

)
. The curve c is an (warped) auto-parallel of the warped non-linear connection Ñ if

δ∗yi

dt = dyi

dt + Ñ i
j
dxj

dt + Ñ i
β
duβ

dt = 0, yi = dxi

dt ,

δ∗vα

dt = dvα

dt + Ñα
j
dxj

dt + Ñα
β
duβ

dt = 0, vα = duα

dt .
(41)

The warped vector field DdcX, where

dc = dxi
δ∗

δxi
+ duα

δ∗

δuα
+ δ∗yi

∂

∂yi
+ δ∗vα

∂

∂vα
, (42)

will be denoted by DX and will be called the warped covariant differentiation of X ∈ χ(TM̃).

Corollary 4.7. Suppose that σ̃ := σ ◦ P1 and ρ̃ := ρ ◦ P2 are the lift of σ and ρ to TM̃ = TM ⊕ TM , respectively,
where P1 : TM ⊕ TM → TM and P2 : TM ⊕ TM → TM are projection maps. If the functions σ and ρ apply to
condition the warped Tavakol-Van den Bergh, then σ̃ and ρ̃ are constant on the warped auto-parallel curves of the
warped non-linear connection Ñ given by (29). In particular, the warped absolute energy of the WGL space

ε̃(x, u, y, v) := ε(x, y) + ef(x)ε(u, v)

= e2σ(x,y)γij(x)yiyj + e2f(x)e2ρ(u,v)γαβ(u)vαvβ , (43)

is the warped h∗-constant, and consequently it is constant on the warped auto-parallel curves of the warped non-linear
connection given by (29).

Data Availability
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