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1. Introduction

The conformal theory which is based on the theory of Finsler spaces given by Matsumoto [10] and has been developed
by M. Hashiguchi [7]. Suppose F' and F be two metrics on a manifold as F' = ¢?(®) ', where ¢ is a scalar function
on manifold, then two metrics F' and F are conformally related. The conformal change is said to be a homothety
if o is a constant or o; = % = 0 and isometry if o = 0.

In 1979, H. Shimada [15] developed the theory of m-th root metrics and was later applied to ecology by Antonelli
[2]. A fourth root metric in form F' = /yly2y3y* is called Berwald-Modr metric [4], which is a crucial subject for
physicists. m-th root metrics have been studied by many authors ([3], [5], [6], [9], [11], [14] and [19]). Shen and Li

in [9] have studied the geometric properties of F' = /a;jri(x)y'y/y*y! and F = \/ aijr (@) Yyl yryt + by (z)yiyd.
In this paper, we suppose generalized Kropina conformal change of m-th root metric and for this, proved a

necessary and sufficient condition of locally projectively flat.

Suppose (M, F) be a Finsler space. We define a Finsler change as follows:

F($7y) %F(x’y) :f(F76)7
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where f(F, ) is a positively homogeneous function of F' and B(z,y) = b;(z)y’. A Finsler change F = %, called
generalized Kropina change of metric F.

In this paper, we suppose Finsler change, called generalized Kropina conformal change of metric F', as

Fk—i—l

F=e@ : (1.1)

where F = %/A is m-th root metric, A = a;,4,. 4, (2)y"y®..y* with a;,. ; symmetric in every indices [15] and
k is a positive real number.

We prove following Theorem:

Theorem 1.1. Suppose F = /A be m-th root metric on subset U C R™, where U is an open and A is irreducible.
Let F = (@) F;,jl is generalized Kropina conformal change of m-th root metric. Then F is locally projectively flat
iff there exists 0 = 0;(x)y' such that

1 m m
Azl =m (AH; + Alg) + 51410’0 + mAJOZ - mAO’Il + (k +1-— m)GAl, (].2)
k+1 k+1)?
By = ( -~ )Aobl + %Alﬁo ~+ Boi + biog (13)
and
BObl = 03

where AO = Axtyt; Al = Ayla BO = ﬁaﬁtyt7 50[ = ﬁztylytf by = ﬁl = ﬂyla 00 = O—thyta ool = Um‘ylyt'

In information geometry on Riemannian manifolds, Amari and Nagaoka [1] proposed the concept of locally dually
flat Riemannian metrics. The information geometry may be seen in the research of geometric structure of the
probability distributions and can be applied in various fields such as control system and statistical inference. In
[13], Shen enhanced the concept of locally dually flatness. A. Tayebi et.al. [17] studied on generalized m-th root
metric. Futher, we study locally dually flatness for metric (1.1), that is F = e”(w)% and proved following
Theorem:

Theorem 1.2. Suppose F' = /A be m-th root metric on subset U C R"™, where U is an open and A is irreducible.
— k —

Let F = e7(®) FBZI s generalized Kropina conformal change of m-th root metric. Then F is locally dually flat iff

there exists 0 = 0;(x)y' such that

1 m 2m
A =— (2 —m)A A 2A —A —— Ao 1.4
- 3m (/4;—‘1-3 m) 10+ Af; + l00+k+1 00l+k+1 oz, ( )
k+1 1
Bor = % (Aobi + AiBo) + Pou+ bioo (1.5)

and
Boby = 0.

n [17], A. Tayebi et. al. demonstrated that two metrics reduce to Riemannian metric, if a generalized m-th root
metric is conformal to m-th root metric. Further, B. Tiwari and M. Kumar [18] studied Randers change of m-th
root metric.

It is well known that every Riemannian metric of constant curvature is locally conformally flat. In Finsler
geometry, the Weyl Theorem states that the projective and conformal properties of a Finsler space determine the
metric properties uniquely ([8], [12]).

Here, in this paper, we call metric F' as generalized Kropina conformal change m-th root metric and (M, F) as
Finsler space of generalized Kropina conformal change, throughout the paper.

2. Preliminaries

Let M be n-dimensional C'*°-manifold. The tangent space at x € M are denoted by T,, M and the tangent bun-
dle of M denoted by T'M := J, ), To M. Every element of TM is of the form (z,y), where x € M and y € T, M.
Let TMy =TM \ {0}.

Definition: A metric on M is a function F' : TM — [0, 00) with the following properties:
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(i) F is C* on T My,
(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM and
2 2 2
(iii) the Hessian of £- with components g;; = %% is positive definite on T'Mj.
The pair F™ = (M, F) is called a Finsler space of dimension n. F is called fundamental function and tensor g
with components g;; is called fundamental tensor of Finsler space F™.
The normalized element I; and angular metric tensor h;; are defined, respectively as:
oF 0*F

oy YT dyioyi
Locally, geodesics of a metric F' = F(z,y) are given by

Pt o dat
— +2G"(z, —) = 2.1
26, ) =0, (21)

where G = 2" {[F?] ,x,iy* — [F?],.} are spray coefficient.
A metric F = F(z,y) is projectively flat on U C R™ iff

Fxtylyt - Fzz =0.
A metric F on U C R" is called locally dually flat if it satisfies the following condition

(FQ)Itylyt = 2(F2)xl .

3. Proof of Theorem 1.1

From equation (2.1), G(z,y) = P(x,y)y’, where P : TU = U x R™ — R is homogeneous (positively) of degree
one in y, that is P(z, A\y) = AP(z,y), A > 0. Here P is projective factor.
To prove Theorem, we use Lemma [3]:

Lemma 3.1. Let equation ®A> + VA + © = 0 is true, where ®, U, 0 are polynomials in y and m > 3. Then
>=0=0=0, [16].

By metric (1.1), we obtain

kel
[F] L :eU(ai)AB:'_‘—Q |:(k+1)ﬂ2AAzl _kﬁA251l+ﬁ2A2azl:| . (31)
z m
Similarly
_ A5 2 1
(7], = e 2 [ 82— kA% + %0
and

_ W AT 2 (k+1 k—m+1\ (k+1
Wbyw=f”[%ﬁ{(m)ﬁmm+( - )<n1>ﬁmm

—k <k7—;1> Ap <A0bl + (k;; 1)A150> — kBABoi + (k + 1)kA®Boby

+(k+1)

m

B2AA00 — kBA% b0 + 52A2001} ) (3.2)

Suppose F is locally projectively flat. Then we obtain

[F] v = [F] =0. (3.3)
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Therefore, from equations (3.1), (3.2) and (3.3), we obtain

_ _ A k k— k
I:F]wt zyt*[F]xz () i [( +1)ﬁ2AA < Z-i—l)( ;1>52A0Al
k(M) 4 <Aobl + E i ) = k8200 + K+ 1) 4260t

(k‘+ 1)

L B2AA 00 — EBA%bjo + BQA%O[}

[(k + 1)52AA — kBA%B, + 5%4%11} =0.

(3.4)
The equation (3.4) may be written as
”Aﬁ” (k+1) , k+1\ (k—=m+1Y\ .,
e [ (50) (S5 e
kE+1 E+1
—k ( 7—; ) Ap (Aobz + (E+ - )Azﬁo> — kBA*Bor + (k + 1)kA?Boby
+ (k i )ﬂ2AAl oy — kﬂAzblUQ + ﬁ2A20'01
(k+ )BQAA +kﬁA2ﬂxl ﬂ2A20x1:|0
Or
ﬂ,g _
@A TR D oo [ g (B LY 404+ Adyoy — A4,
pk+2 m m
E+1 (k+1)
N Ly L ABL—k(—=)(a A
o e+ as |k () (SR )
—kABy — kAbjoo 4+ kABu } + k(k + 1)A%Boby] = 0.
Using Lemma 3.1, we have
k—m+1 m
AA ———— | AgA; + AA AA, Aoy — —— A0, = .
Ol+< - ) 0A; + AAjog — Z+(k+1) %0 T ) o 0, (3.5)
1 1
—k (k:; ) (Aobl (k + )Alﬁ ) — kABys — kAbiog + kAR, = 0 (3.6)
and
k(k +1)A?Bob; = 0. (3.7)
Equations (3.5), (3.6) and (3.7) can be written as
m m
Al Ay — A+ A ——— Aoy — ——— Aoy | =(m—k—1)AcA .
m (01 at T lUO+(l€+1) ool (k+1) %) (m—k —1)AoA;, (3.8)
Aob+ EEY g6 ™ agy T Abey = —" A (3.9)
ol 180 i+ 1) ol (k+1) lo_(kJrl) ! - .
Using (3.9), we obtain equation (1.3) and
Bobr = 0.
If A is irreducible, then deg (A;) = m — 1 and there exist 1-form 6 = 6y’ as
Ao = 2mhA. (3.10)
That is
Aoyt = 2moA. (3.11)
Differentiating equation (3.11) with respect to y', we get
Aztylyt + A =2m (6, A+ Af).
This implies
Ay =2m (Ale + Aﬁl) — sz. (312)

Using equations (3.8), (3.10) and (3.12), we obtain equation (1.2).
30



A. Singh et al., AUT J. Math. Comput., 3(1) (2022) 27-33, DOI:10.22060/AJMC.2021.20561.1070

4. Proof of Theorem 1.2

From metric (1.1), we obtain

2642 o
_ o % + 2
[F =€ s [(k+ Lgraa, 2h¥ﬁ@ﬂ+muw%¥]
n o(x AZI:IQ -2 (2k + 2)
[F)a = 7 [ -~ WAAﬂ—%A%&w+%ﬁﬁAﬂ
and
_ AT [ (2k 4 2) (2k +2) (2k +2)
2 2

[F ]myz y'=e” o) 2R+2 { m pB=AAg + <m - 1) <m> X

@m&—ﬂ(@ﬁvammw+m&r&wﬂ&l

2(2k +2)
m

+2]€(2k’ + 1)A2ﬂ0bl + AAlﬂQO'Q — 4]€ﬂA2leO + 252A2001:| .

Consider metric F is locally dually flat, then
72 72
[F ]W y' —2[F?] =0

Therefore, from equations (4.1), (4.2) and (4.3), we obtain
{(21@—&-2)521414 ((2l<:+2)_1) <(2k+2)>ﬁ2AoAz
m m

—2k <(2]€7:2)> AB (Aobr + AiBo) — 2kBA? Bor + 2k(2k + 1) A* Boby

+MAA152UO — 4kBA% b0 + 262 A%y,
m

2k+2 _
20(3:) AT
/62k+2

— {(anj 2)62AA —2kA%BB, + 2awlﬁ2A2H =0

The equation (4.4) may be rewritten as

2k+2
QU(I)A m |:(2k+2)/82{AA <(2k—’_2)1) AOAZ+2AAIO—O
m

B2k+2
2m 4m
+mz4 oo — 2AAL_(2/€+2) Ul}
2k(2k + 2
+ApB {—(m) (Aoby + ABo) — 2kABo

—4k Abiog + 4kABy} + 2k(2k + 1) A2Boby| = 0.

Using Lemma 3.1, we have

(2k+2) 2m
AAg + < m 1) AgA; + 2AA100 + 2k + 2)A ool
4m
—24AA, — ——— A? =
2l (2]{1 n 2) Oyl O7
2k(2k +2)

—T (Aobl + Al,Bo) - 2]€AB01 - 4]{1Ab50'0 + 4]§ABII =0

and
2k (2k + 1)A?Boby; = 0.
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Equations (4.5), (4.6) and (4.7) can be written as

<2Azl ~ Aoy — 24500 — 2" Ao + m)Aazl)

(2k + 2) (2k +2
_ <(2k +2) _ 1) AAy, (4.8)
m
(2/{1 + 2) (Aoby + A1 Bo) + mABy + 2mAbjog — 2mAB, = 0. (4.9)

Using (4.9), we obtained equation (1.5) and
Bobr = 0.

If A is irreducible, then deg (A;) = m — 1 and there exist 1-form 6 = 63’ as
Ao = 0A. (4.10)

That is
Ayt = 0A. (4.11)

Differentiating equation (4.11) with respect to y', we get
Apeyyt + Ay = A+ A,

This implies
Ag = A0+ A0, — A, (4.12)

Using equations (4.8), (4.10) and (4.12), we obtain equation (1.4).
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