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The a-number of maximal curves of third largest genus
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ABSTRACT: The a-number is an invariant of the isomorphism class of the p-
torsion group scheme. In this paper, we compute a closed formula for the a-number

of yq + y = x
q+1
3 and

∑s
t=1 y

q/3t = xq+1 with q = 3s over the finite field Fq2 using
the action of the Cartier operator on H0(C,Ω1).
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1. Introduction

Let C be an irreducible, non-singular, projective algebraic curve defined over the finite field Fq2 with q2 elements.
The famous Hasse-Weil bound states that C can have at most q + 1 + 2g(C)√q points defined over Fq2 , where g(C)
denotes the genus of the curve C. The curve C is called Fq2-maximal if it attains the Hasse-Weil bound.

An important and well-studied example of an Fq2 -maximal curve is given by Hirschfeld, J.W.P., et al., see [9].
It is a plane curve, which the affine equation can define

yq + y = x
q+1
3 , (1)

where g(C) = (q−1)(q−2)
6 and p ≡ 2 mod 3. And there is a unique maximal curve C over Fq2 of genus g = q(q−3)

6 ,
which can be defined by the affine equation

s∑
t=1

yq/3
t

= xq+1 with q = 3s, (2)

provided that q/2 is a Weierstrass non-gap at some point of the curve. It is easy to see that a maximal curve C is
supersingular since all slopes of its Newton polygon are equal 1/2. This fact implies that the Jacobin X := Jac(C)
has no p-torsion points over F̄q2 . A relevant invariant of the p-torsion group scheme of the Jacobian of the curve is
the a-number.
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A few results on the rank of the Cartier operator (especially a-number) of curves are introduced by Kodama and
Washio [11], González [5], Pries and Weir [16], Yui [22], and Montanucci and Speziali [13] and, Nourozi, Tafazolian
and Rahmati [14, 15].

In this paper, we determine the a-numberof maximal curves of third largest genus.

2. The Cartier operator

Let k be an algebraically closed field of characteristic p > 0. Let C be a curve defined over k. The Cartier
operator is a 1/p-linear operator acting on the sheaf Ω1 := Ω1

C of differential forms on C in positive characteristic
p > 0.

Let K = k(C) be the function field of the curve C of genus g defined over k. A separating variable for K is an
element x ∈ K \Kp.

Definition 2.1. (The Cartier operator). Let ω ∈ ΩK/Kq
. There exist f0, · · · , fp−1 such that ω = (fp0 + fp1x+ · · ·+

fpp−1x
p−1)dx. The Cartier operator C is defined by

C(ω) := fp−1dx.

The definition does not depend on the choice of x (see [18, Proposition 1]).

We refer the reader to [18, 2, 3, 20] for the proofs of the following statements.

Proposition 2.2. (Global Properties of C). For all ω ∈ ΩK/Kq
and all f ∈ K,

• C(fpω) = fC(ω);

• C(ω) = 0⇔ ∃h ∈ K,ω = dh;

• C(ω) = ω ⇔ ∃h ∈ K,ω = dh/h;

• C(ω1 + ω2) = C(ω1) + C(ω2).

Remark 2.3. Moreover, one can easily show that

C(xjdx) =

{
0 if p - j + 1

xs−1dx if j + 1 = ps.

This operator C induces a map C : H0(C,Ω1)→ H0(C,Ω1) which is σ−1-linear, that is, it satisfies Proposition 2.2,
with σ−1 denoting the Frobenius automorphism of k. We are interested in the relation between the rank of the
Cartier operator, defined as dimkH

0(C,Ω1), and the genus g(C).
The important invariant is the a-number a(C) of curve C defined by

a(C) := dimkHom(αp, X[p]),

where αp is the kernel of the Frobenius endomorphism on the group scheme Ga (αp ' Spec(k[x]/xp) as a scheme),
and the group scheme X[p] is the kernel of multiplication-by-p on X. When X = J(C), the Jacobian variety of a
curve C, we write a(C) instead of a J(C) and refer to it as the a-number of C. Another definition for the a-number
is

a(C) = dimFp
(Ker(F ) ∩Ker(V )).

The following theorem is due to Gorenstein; see [6, Theorem 12].

Theorem 2.4. A differential ω ∈ Ω1 is holomorphic if and only if it is of the form (h(x, y)/Fy)dx, where H :
h(X,Y ) = 0 is a canonical adjoint.

Theorem 2.5. [13] With the above assumptions,

C(h
dx

Fy
) = (

∂2p−2

∂xp−1∂yp−1
(F p−1h))

1
p
dx

Fy

for any h ∈ K(X ).

The differential operator ∇ is defined by

∇ =
∂2p−2

∂xp−1∂yp−1
,

has the following property

∇(
∑
i,j

ci,jX
iY j) =

∑
i,j

cip+p−1,jp+p−1X
ipY jp. (3)
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3. The a-number of Curve X

In this section, we assume that the curve X is given by the equation yq + y = x
q+1
3 of genus g(X ) = (q−1)(q−2)

6 ,
with q = ps and q ≡ 2 mod 3 over Fq2 . From Theorem 2.4, one can find a basis for the space H0(X ,Ω1) of
holomorphic differentials on X , namely

B = {xiyjdx | 1 ≤ q + 1

3
i+ qj ≤ g}.

Proposition 3.1. The rank of the Cartier operator C on the curve X equals the number of pairs (i, j) with q+1
3 i+

qj ≤ g such that the system of congruences mod p{
kq + h− k + j ≡ 0,

(p− 1− h)( q+1
3 ) + i ≡ p− 1,

(4)

has a solution (h, k) for 0 ≤ h ≤ bp−13 c, 0 ≤ k ≤ h.

Proof. By Theorem 2.5, C((xiyj/Fy)dx) = (∇(F p−1xiyj))1/pdx/Fy. So, by applying the differential operator ∇
to

(yq + y − x
q+1
3 )p−1xiyj =

p−1∑
h=0

h∑
k=0

(p−1h )(hk)(−1)h−kx(p−1−h)(
(q+1)

3 )+iykq+h−k+j (5)

for each i, j such that q+1
3 i+ qj ≤ g.

From the Formula (3), ∇(yq + y − x
q+1
2 )p−1xiyj 6= 0 if and only if for some (h, k), with 0 ≤ h ≤ bp−13 c and

0 ≤ k ≤ h, satisfies both the following congruences mod p:{
kq + h− k + j ≡ 0,

(p− 1− h)( q+1
3 ) + i ≡ p− 1.

(6)

Take (i, j) 6= (i0, j0), in this situation both ∇(yq + y − x
q+1
3 )p−1xiyj and ∇(yq + y − x

q+1
3 )p−1xi0yj0 are nonzero.

We claim that they are linearly independent over k. To show independence, we prove that, for each (h, k) with
0 ≤ h ≤ bp−13 c and 0 ≤ k ≤ h there is no (h0, k0) with 0 ≤ h0 ≤ bp−13 c and 0 ≤ k0 ≤ h0 such that{

kq + h− k + j = k0q + h0 − k0 + j0,

(p− 1− h)( q+1
3 ) + i = (p− 1− h0)( q+1

3 ) + i0.
(7)

If h = h0, then j 6= j0 by i = i0 from the second equation, therefore k 6= k0. We may assume k > k0. Then

j − j0 = (q − 1)(k − k0) > q − 1, a contradiction as j − j0 ≤ (q−1)(q−2)
6q . Similarly, if k = k0, then h 6= h0 by

(i, j) 6= (i0, j0). We assume that h > h0. Then i− i0 = q+1
3 (h− h0) > q+1

3 , a contradiction as i− i0 ≤ (q−1)(q−2)
3(q+1) .

�

For the rest in this Section, As := A(X ) denotes the matrix representing the p-th power of the Cartier operator
C on the curve X with respect to the basis B, where q = ps. Now we are able to compute the a-number of curve X .

Theorem 3.2. If q = ps for odd s ≥ 1, p > 2 and p ≡ 2 mod 3, then the a-number of the curve X equals

(q − 1)(q − 2)− (3q − 8)(ps−1 − 1)

6
.

Proof. First we prove that, if q = ps, s ≥ 1 and be odd where p ≡ 2 mod 3, then rank(As) =
(3q − 8)(ps−1 − 1)

6
.

In this case, q+1
3 i+ qj ≤ g and System (4) mod p reads{

h− k + j ≡ 0,
−h

3 −
1
3 + i ≡ p− 1.

(8)

First assume that s = 1, for q = p, we have p+1
3 i+ pj ≤ g and System (8) becomes{

j = k − h,
i = p+ h

3 −
2
3 ,
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in this case p+1
3 i+pj ≤ g that is, h(1−16p)

3 + 6kp ≤ −3p
2−13p+8

3 then h ≥ −3p
2−13p+8
1−16p a contradiction by Proposition

3.1. As a consequence, there is no pair (i, j) for which the above system admits a solution (h, k). Thus, rank(A1) = 0.

Let s = 3, so q = p3. For p3+1
3 i + p3j ≤ g, the above argument still works. Therefore, (p−1)(p−2)

6 + 1 ≤
p3+1

3 i+ p3j ≤ (p3−1)(p3−2)
6 and our goal is to determine for which (i, j) there is a solution (h, k) of the system mod

p {
h− k + j ≡ 0,

−h
3 −

1
3 + i ≡ p− 1.

Take l,m ∈ Z+
0 so that {

j = lp+ k − h,
i = mp+ p+ h

3 −
2
3 .

In this situation, i < 3g
p3+1 = (p3−1)(p3−2)

2(p3+1) , so mp + p + h
3 −

2
3 ≤

(p3−1)(p3−2)
2(p3+1) ≤ 3p3−8

6 . Then m ≤ 3p3−8
6 . And

j < (p3−1)(p3−2)
6p3 , so lp+ k − h < (p3−1)(p3−2)

6p3 ≤ p2 − 1, Then l < p2 − 1. In this way, (p2−1)(3p3−8)
6 suitable values

for (i, j) are obtained, whence rank(A2) = (p2−1)(3p3−8)
6 .

For s ≥ 5, rank(As) equals rank(As−1) plus the number of pairs (i, j) with (ps−1−1)(ps−1−2)
6 + 1 ≤ q+1

3 i+ qj ≤
(ps−1)(ps−2)

6 such that the system mod p {
h− k + j ≡ 0,

−h
3 −

1
3 + i ≡ p− 1,

has a solution. With our usual conventions on l,m, a computation shows that such pairs (i, j) are obtained for

0 ≤ m ≤ (ps−1)(ps−2)
2(ps+1) from this we have ps−2(p− 1)− 1 ≤ m ≤ ps−2(p− 1), and 0 ≤ l ≤ (ps−1)(ps−2)

6ps from this we

have 3(ps−1−1)(p+1)−5
6 − 1 ≤ t ≤ 3(ps−1−1)(p+1)−5

6 . In this case we have

(3(ps−1 − 1)(p+ 1)− 5)ps−2(p− 1)

6

choices for (h, k). Therefore we get

rank(As) = rank(As−1) +
(3(ps−1 − 1)(p+ 1)− 5)ps−2(p− 1)

6
.

Now our claim on the rank of As follows by induction on s. Hence

a(X ) =
(ps − 1)(ps − 2)

6
− (3ps − 8)(ps−1 − 1)

6

=
(ps − 1)(ps − 2)− (3ps − 8)(ps−1 − 1)

6
.

�

4. The a-number of Curve Y

In this section, we consider the curve Y is given by the equation
∑s

t=1 y
q/3t = xq+1 of genus g(Y) = q(q−3)

6 ,
with q = 3s and p = 3 over Fq2 . With the simple computation, we have div(x) = q/3P1 and div(y) = (q + 1)P1 so
one can find a basis for the space H0(Y,Ω1) of holomorphic differentials on Y, namely

B = {xiyjdx | (q + 1)i+
q

3
j ≤ 2g − 2}.

Theorem 4.1. If q = 3s and s ≥ 1, then the a-number of the curve Y equals

q(q + 1)

18
.

Proof. We want to find (i, j) that C(xiyjdx) = 0. We know that 0 ≤ i ≤ 2g−2
q+1 and 0 ≤ j ≤ 3(2g−2)

q . Therefore
this follows from the fact that

q

9
− 1 <

2g − 2

q + 1
<
q

9
,
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there are q
9 choices of i and from the fact that

q + 1

2
− 1 <

3(2g − 2)

q
<
q + 1

2
,

there are q+1
2 choices of j. Hence

a(Y) =
q(q + 1)

18
.

�

Example 4.1. consider the curve Y with function field K(x, y) given by

y + y3 = x10.

It is easily seen that a basis for H0(X ,Ω1) is given by

B = {dx, xdx, x2dx, x3dx, x4dx, x5dx, ydx, xydx, x2ydx}.

Let us compute the image of C(ω) for any ω ∈ B. It is straightforward to see that

C(dx) = C(xdx) = C(x3dx) = C(x4dx) = 0.

Also,
C(ydx) = C((x(x3)3 − y3)dx) = 0.

It is also straightforward to see that
C(x2dx) = dx, C(x5dx) = xdx.

Finally,
C(xydx) = x3dx,C(x2ydx) = −ydx.

Hence, a(Y) = 5.
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