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1. Introduction

Roughly speaking, a Finsler metric F on a manifold M is a C∞ function F on the slit tangent bundle TM0 :=
TM\{0}, whose restriction to each tangent space TxM is a Minkowski norm. The pair (M,F ) is called a Finsler
manifold. Finsler geometry is the geometry of exploring Finsler manifolds.

An important approach in studying Finsler geometry is navigation problem. For a pair (F, V ) on a manifold
M , where F = F (x, y) is a Finsler metric and V is a vector field with F (x, Vx) < 1, there is a unique solution
F̃ = F̃ (x, y) > 0 to the following equation

F

(
x,
y

F̃
+ Vx

)
= 1.

We say F̃ is a navigation Finsler metric with respect to (F, V ).
For example, if (M,h) is a Riemannian manifold, then the navigation Finsler metric F with respect to (h, V ) is

a Randers metric where V is a vector field on M with h(x, Vx) < 1.
Recall that a Randers metric F on a manifoldM is a Finsler metric in the form F = α+β, where α =

√
aij(x)yiyj

is a Riemannian metric and β = bi(x)yi is a 1-form with ‖β‖x < 1 for any point x. A typical example of Randers
metrics is defined on the unit ball Bn ⊂ Rn:

F :=

√
|y|2 − (|x|2|y|2 − 〈x, y〉2)

1− |x|2
+
〈x, y〉

1− |x|2
(1.1)

The metric F in (1.1) is called the Funk metric on Bn. This Finsler metric is produced from the Euclidean metric
h(x, y) = |y| and the radial field Vx := x by navigation problem, and therefore it has the form F = α + β, where
α is the Klein metric and β is the exact form β = − 1

2d(ln(1 − |x|2)). It has many nice curvature properties. In
particular, the Funk metric on Bn is of constant flag curvature K = − 1

4 .
The flag curvature is the most important Riemannian quantity in Finsler geometry because it is an analogue

of sectional curvature in Riemannian geometry. Furthermore, Finsler metrics of constant flag curvature (or scalar
curvature and dim n ≥ 3) are the natural extension of Riemannian metric of constant sectional curvature. Professor
S. S. Chern openly asked the following question on many occasions: classification Finsler metrics of constant (flag)
curvature.

Recently, great progress has been made in studying Chern’s question. For instance, Bao-Robles-Shen have
classified Randers metrics of constant flag curvature via the navigation problem in Riemannian manifolds [2]. This
class of Randers metrics contains the Funk metric on unit ball Bn. Inspired by Bao, Robles and Shen’ result,
Finslerian geometers have obtained many beautiful results via navigation problem.

In this article, we are going to discuss the geometry of the navigation problem on a Finsler manifold. We will
give proofs for several important local and global results.

2. Navigation problem

A Minkowski norm on a vector space V is a nonnegative function F : V → [0,∞) with the following properties:
(i) F is positively y-homogeneous of degree one, i.e., for any y ∈ V and any λ > 0, F (λy) = λF (y),
(ii) F is C∞ on V \{0} and for any tangent vector y ∈ V \{0}, the following bilinear symmetric form gy(u, v) :

V × V → R is positive definite,

gy(u, v) :=
1

2

∂2

∂s∂t
[F 2(y + su+ tv)]s=t=0.

Let M be a differentiable manifold. Let TM = ∪x∈MTxM be the tangent bundle of M , where TxM is the
tangent space at x ∈M . We set TMo := TM \ {0} where {0} stands for {(x, 0)|x ∈M, 0 ∈ TxM}.

A Finsler metric on M is a function F : TM → [0, ∞) with the following properties
(a) F is C∞ on TMo;
(b) At each point x ∈M , the restriction Fx := F |TxM is a Minkowski norm on TxM .
Let F = F (x, y) be a Finsler metric on M . Then

F =
√
gij(x, y)yiyj , gij :=

(
F 2

2

)
yiyj

.

Riemannian metric F is defined by:

F =
√
gij(x)yiyj , gij :=

(
F 2

2

)
yiyj

.
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Let

F :=

√
|y|2 − (|x|2|y|2 − 〈x, y〉2)

1− |x|2
, y ∈ TxBn ∼= Rn.

F = F (x, y) is a Riemannian metric on the unit ball Bn, called the Klein metric on Bn.
Locally Minkowskian metric F is defined by:

F =
√
gij(y)yiyj , gij :=

(
F 2

2

)
yiyj

.

For instance, let φ = φ(y) be a Minkowski norm on Rn. Define

Φ(x, y) := φ(y), y ∈ TxRn ∼= Rn.

Then Φ = Φ(x, y) is a (locally) Minkowskian metric.
Let α =

√
aij(x)yiyj be a Riemann metric on a manifold M and β = bi(x)yi be a 1-form on M . Assume that

‖βx‖α := sup
y∈TxM

β(x, y)

α(x, y)
< 1.

Define F = α+ β. F is a Finsler metric, which is called the Randers metric.
Let

F :=

√
|y|2 − (|x|2|y|2 − 〈x, y〉2) + 〈x, y〉

1− |x|2
, y ∈ TxBn ∼= Rn.

F = F (x, y) is a Finsler metric on the unit ball Bn, called the Funk metric on Bn.
For an arbitrary constant vector a ∈ Rn with |a| < 1, let

Fa :=

√
|y|2 − (|x|2|y|2 − 〈x, y〉2) + 〈x, y〉

1− |x|2
+

〈a, y〉
1 + 〈a, x〉

,

where y ∈ TxBn ∼= Rn. Fa = Fa(x, y) is a Finsler metric on Bn. Note that F0 = F is the Funk metric on Bn. We
call Fa the generalized Funk metric on Bn.

Randers metrics were first studied by physicist G. Randers, in 1941 from the standard point of general relativity
[19].

The main technique of the navigation problem is described as follows. Given a Finsler metric F and a vector
field V with F (x, Vx) < 1, define a new Finsler metric F̃ by

F

(
x,

y

F̃ (x, y)
+ Vx

)
= 1, ∀x ∈M, y ∈ TxM. (2.1)

Lemma 2.1 ([5]). For any piecewise C∞ curve C in a manifold M , the F̃ -length of C is equal to the time for
which the object travel along C.

It follows that under the influence of V , for any two points p, q in M , the shortest time from p to q is the
geodesic of the Finsler metric F̃ .

Given a Riemannian metric F (x, y) =
√
gx(y, y) and a vector field V on a manifold M with F (x, Vx) < 1. By

(2.1), one obtains

1 =F (x,
y

F̃
+ V )2

=gx

(
y

F̃
+ V,

y

F̃
+ V

)
=

1

(F̃ )2
gx(y, y) +

2

F̃
gx(V, y) + gx(V, V ).

It follows that
(F̃ )2 = F (x, y)2 + 2gx(V, y)F̃ + F (x, V )2(F̃ )2

that is, [
1− F (x, V )2

]
(F̃ )2 − 2gx(V, y)F̃ − F (x, y)2 = 0. (2.2)

Note that
1− F (x, Vx)2 > 0.
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Thus the solutions of (2.2) are

F̃± =
gx(V, y)±

√
gx(V, y)2 + [1− F (x, V )2]F (x, y)2

1− F (x, V )2
.

Observe that

F̃− ≤
−|gx(V, y)|+ gx(V, y)

1− F (x, V )2
≤ 0.

Thus F̃− is not a Finsler metric, and F̃+ is a Randers metric as follows:

F̃+ =

√
gx(V, y)2 + [1− F (x, V )2]F (x, y)2

1− F (x, V )2
+

gx(V, y)

1− F (x, V )2
. (2.3)

Given a Minkowski norm ϕ : Rn → R, one can construct Ω := {v ∈ Rn |ϕ(v) < 1} . A domain Ω in Rn defined
by a Minkowski norm ϕ is called a strongly convex domain. Recall that the indicatrix ∂Ω of ϕ is a strictly convex
hypersurface enclosing the origin [11].

For each x ∈ Ω, identify TxΩ with Rn. Thus (Ω, F (x, y)) is a Minkowski manifold where F (x, y) = ϕ(y) and
Vx := x is a radial vector field on Ω satisfying F (x, Vx) = ϕ(x) < 1. By using F and V , we produce a new Finsler
metric F̃ in terms of the navigation problem (2.1). F̃ is called the Funk metric on a strongly convex domain Ω.

Let us take a look at a special case: when ϕ(y) = |y|,

F (x, y) = |y|.

Using (2.1) or (2.3) we get F̃ is the Funk metric on Bn, that is

F̃ :=

√
|y|2 − (|x|2|y|2 − 〈x, y〉2) + 〈x, y〉

1− |x|2
, y ∈ TxBn ∼= Rn.

3. Randers metrics of isotropic S-curvature

Let F be a Finsler metric on an n-dimensional manifold M . For a non-zero vector y ∈ TxM , F induces an inner
product gy on TxM by

gy(u, v) =
1

2
[F 2]yiyj (x, y)uivj .

Here (xi, yi) denotes the standard local coordinate system in TM , i.e. yi’s are determined by y = yi ∂
∂xi |x.

The Riemannian curvature of F is a family of endomorphisms Ry = Rikdx
k ⊗ ∂

∂xi : TxM → TxM , defined by

Rik := 2
∂Gi

∂xk
− yj ∂2Gi

∂xj∂yk
+ 2Gj

∂2Gi

∂yj∂yk
− ∂Gi

∂yj
∂Gj

∂yk
(3.1)

where

Gi :=
1

4
gil
{

[F 2]xkyly
k − [F 2]xl

}
are the geodesic coefficients of F .

For a two-dimensional plane P ⊂ TxM and a non-zero vector y ∈ TxM , the flag curvature K(y, P ) is defined
by

K(y, P ) :=
gy(u, Ry(u))

gy(y, y)gy(u, u)− gy(y, u)2

where P = y ∧ u. The flag curvature in Finsler geometry is an analogue of sectional curvature in Riemannian
geometry which was first introduced by L. Berwald. A Finsler metric F is said to be of constant flag curvature if
the flag curvature K(y, P ) = constant. In the local coordinate, F has constant flag curvature if and only if

Rik = λ(F 2δik − F
∂F

∂yk
yi).

Finsler metrics of constant flag curvature are the natural extension of Riemannian metrics of constant sectional
curvature. Below are three interesting examples:
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The Klein metric on Bn

F =

√
|y|2 − (|x|2|y|2 − 〈x, y〉2)

1− |x|2
, y ∈ TxBn ∼= Rn

is of constant flag curvature −1.
The generalized Funk metric on Bn

Fa :=

√
|y|2 − (|x|2|y|2 − 〈x, y〉2) + 〈x, y〉

1− |x|2
+

〈a, y〉
1 + 〈a, x〉

,

is of constant flag curvature − 1
4 where y ∈ TxBn ∼= Rn.

Consider the following Randers metric defined nearby the origin in Rn

F :=

√
|y|2 − (|xQ|2|y|2 − 〈y, xQ〉2)

1− |xQ|2
− 〈y, xQ〉

1− |xQ|2

where Q = (qij) is an anti-symmetric matrix. F is of constant flag curvature zero.

Let F = α+ β be a Randers metric on M . Then F is the solution of the following equation

h
(
x,

y

F
+ Vx

)
= 1

where h is a Riemannian metric and V is a vector field where h(x, Vx) < 1. We call (h, V ) the navigation
representation (or navigation data) of F .

Professor S. S. Chern openly asked the following question on many occasions: Classification Finsler metrics
of constant (flag) curvature. The complete classification of Randers metrics of constant flag curvature due to
Bao-Robles-Shen is motivated by the following result:

A Randers metric F is of constant flag curvature K = λ if and only if (i) h has constant sectional curvature
µ = λ+ c2; and (ii) V is a homothetic field of h with dilation c, where (h, V ) is the navigation representation of F .

The condition (ii) is equivalent that F has constant S-curvature [26]. Lately, Cheng-Shen established relation
between the flag curvature of F and h for a Randers metric F of isotropic S-curvature [7] generalizing Bao-Robles-
Shen’s the flag curvature non-increasing equation [2].

Let αµ :=

√
ω2|y|2−µ〈x,y〉2

ω2 , ω :=
√

1 + µ|x|2. By studying the homothetic fields in Riemannian manifolds
of constant sectional curvature, Bao-Robles-Shen obtain the following important classification result of Ransders
metrics of constant flag curvature [2].

Theorem 3.1. Let F be a Randers metric on a manifold M , and (h, V ) be the navigation representation. Then F
has constant (flag) curvaure if and only if h is a Riemannian metric and V is a vector field on M with the following
property: at any point in M , there is a local coordinate system (xi) with (xi(p)) = 0 such that h is locally expressed
by αµ and V is given by

V :≡

{
−2cx+ xQ+ b, µ = 0

xQ+ b+ µ〈b, x〉x, µ 6= 0

where Q is a skew-symmetric matrix and b is a constant vector field with |b| < 1.

Recall that the S-curvature is one of most important non-Riemannian quantities in Finsler geometry [6]. In the
rest of section, we are going to discuss Randers metrics of isotropic S-curvature.

Define the (mean) distortion τ : TM\{0} −→ R by

τ(x, y) := ln

√
det(gij(y))

σ(x)

where

σ(x) =
V ol(Bn)

V ol{(yi) ∈ Rn|F (x, yi ∂
∂xi ) < 1}

where Bn denotes the unit ball in Rn and Vol denotes the Euclidean measure on Rn.
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To measure the rate of change of distortion along geodesics, we define

S(x, y) :=
d

dt
[τ(ċ(t))]t=0

where c(t) is the geodesic with ċ(0) = y. We call the scalar function S the S-curvature. The S-curvature S is said
to be isotropic if there is a scalar function c(x) on M such that

S(x, y) = (n+ 1)c(x)F (x, y)

In particular, S is said to be of constant c if c = constant.

Example 3.1. If Randers metric F = α+ β has constant (flag) curvature, then the S-curvature of F is constant,
i.e.

S = (n+ 1)cF

where c = constant and n = dimM .

Example 3.2. Let F be the Finsler metric on an open ball Bn(1/
√
|a|) in Rn defined by

F =

√
(|x|2〈a, y〉 − 2〈a, x〉〈x, y〉)2 + |y|2(1− |a|2|x|4)

1− |a|2|x|4
− |x|

2〈a, y〉 − 2〈a, x〉〈x, y〉
1− |a|2|x|4

where a ∈ Rn is a constant vector. We can show that F is of isotropic S-curvature

S = (n+ 1)〈a, x〉F.

Example 3.3. Let ζ be an arbitrary constant and

Ω =

{
Rn, ζ > 0

B(
√
− 1
ζ ), ζ < 0

Define F : TΩ→ [0,∞)by

α(x, y) : =

√
κ2〈x, y〉2 + ε|y|2(1 + ζ|x|2)

1 + ζ|x|2
, β(x, y) :=

〈x, y〉
1 + ζ|x|2

where ε is an arbitrary positive constant, and κ is an arbitrary constant. Then F has isotropic S-curvature, i.e.
S = (n+ 1)cF where

c =
κ

2[ε+ (εζ + κ2)|x|2]

Note that when ζ = −1, κ = ±1 and ε = 1, these metrics reduce the famous Funk metrics on the unit ball.

Proposition 3.2. [26] Let F = α + β be an n-dimensional Randers metric expressed in terms of a Riemannian
metric h and a vector V by

α =

√
λh2 + V0

λ
, β = −V0

λ
(3.2)

respectively, where λ = 1− h(x,−Vx) and V0 = viyjhij. Then F has isotropic S-curvature,

S(x, y) = (n+ 1)c(x)F (x, y),

if and only if V is a conformal vector field, Lvh = −4c(x)h.

Let Rik be the Riemannian curvature of F given in (3.1). Let

Ric :=
∑

Rii

Ric is a well-defined scalar function on TM\{0}. We call Ric the Ricci scalar (or Ricci curvature).
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Proposition 3.3. [16] Let M be an n-dimensional compact manifold and F = α+ β be an n-dimensional Randers
metric expressed in terms of a Riemannian metric h and a vector field V by (3.2). Suppose that F has isotropic
S-curvature. Then ∫

M

{[1 + h(x, V )]2
[
Ric(x, V )− (n− 1)

(
3cxiV i

F (x, V )
− c2 − 2cxiV i

)
F (x, V )2

]
− |∇V |2 − n− 2

n
(divV )2} ∗1 = 0

(3.3)

where h(x, y) :=
√
hij(x)yiyj , V = V j ∂

∂xj , cxj = ∂c
∂xj .

We say Ric < −(n− 1)λ for some λ ∈ R if for any y ∈ TxM [22]

Ric(x, y) < −(n− 1)λF (x, y)2

Theorem 3.4. [16] Let M be an n-dimensional compact manifold and F = α + β be an n-dimensional Randers
metric expressed in terms of a Riemannian metric h and a vector V by (3.2). Suppose that F has constant S-
curvature. Then ∫

M

[1 + h(x, V )]2[Ric(x, V ) + (n− 1)c2F (x, V )2] ∗1 > 0 (3.4)

Furthemore, if Ric < −(n− 1)c2, then F = α is a Riemannian metric.

Proof. By c = constant and (3.3), we have (3.4). Assume that V is a non-zero vector field. Note that

[1 + h(x, V )]2 > 0.

If Ric < −(n− 1)c2, then we have
Ric(x, V ) + (n− 1)c2F (x, V )2 < 0.

It follows that the left side of (3.4) is negative. This is a contradiction. It follows that

V ≡ 0.

Plugging this into (3.2) yields β = 0. Hence F = α is a Riemannian metric.

�

4. Global classification result for Randers metrics

Let F be a Finsler metric on a manifold. F is said to be of scalar flag curvature if the flag curvature K = K(y)
is a scalar function on the slit tangent bundle TM\{0}, or equivalently if

Rik = K(F 2δik − FFykyi).

Proposition 4.1. [14] Let (M, g) be an n-dimensional Riemannian manifold and V a conformal vector field on
(M, g), that is,

LV g = 2λ(x)g (4.1)

for some scalar funtion λ(x) on M . If the scalar curvature r of (M, g) is constant, then

∆λ =
λr

n− 1
(4.2)

where ∆ denotes the Laplacian of g. In particular,
(i) if M is compact, then r is positive unless λ is constant;
(ii) if g is an Einstein metric, and dimM > 3, then

Ddλ = − rλ

n(n− 1)
g, (4.3)

where Dd denotes the Hessian of g.
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Proof. (4.2) is an immediate consequence of the following:

LV r = 2(n− 1)∆λ− 2λr, r = constant.

(i) Assume that M is compact and λ is not constant. Note that

1

2
∆λ2 = −1

2

∑
i

(λ2)ii

= −2
∑
i

(λ)ii −
∑

λ2
i = λ∆λ− |∇λ|2. (4.4)

We denote the global inner product of tensor fields by ( , ). Then

0 =
1

2

∫
M

∆(λ2) ∗1

=

∫
M

λ∆λ ∗1−
∫
M

|∇λ|2 ∗1

=
r

n− 1

∫
M

λ2 ∗1−
∫
M

|∇λ|2 ∗1 =
r

n− 1
(λ, λ)− (∇λ,∇λ)

from (4.2) and (4.4). It follows that

r = (n− 1)
(∇λ,∇λ)

(λ, λ)
> 0.

(ii) Assume that g is an Einstein metric and dimM > 3. Then

Ric =
r

n
g, r = constant. (4.5)

Using (4.1), we have
LVRic = (∆λ)g − (n− 2)Ddλ. (4.6)

Taking (4.5) together with (4.1), (4.6) and (4.2) we obtain

(n− 2)Ddλ = (∆λ)g −LVRic

=
rλ

n− 1
g −LV (

r

n
g) =

rλ

n− 1
g − r

n
LV g

=
rλ

n− 1
g − r

n
· 2λg = −rλ(n− 2)

n(n− 1)
g.

Note that dimM > 3, so we obtain (4.3).

�

This proposition is a natural generalization of Theorem 1.1 of [26] in the case of g with constant sectional
curvature.

Lemma 4.2. [14] Let (M,F ) be an n-dimensional compact Finsler manifold with constant S-curvature c. Then
c = 0.

Proof. Proposition 3.1 in [13] tell us that

divG(τω) = τ|n =
S

F

where
τ : SM → R

is the distortion of F .
Note that M is compact and c = constant. It follows that

0 =

∫
SM

divG(τω)Π

=

∫
SM

S

F
Π

=

∫
SM

(n+ 1)cΠ = (n+ 1)cV ol(SM)

where ω := Fyjdx
j is the Hilbert form of F .
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�

In 2009, Cheng-Shen classified locally Randers metrics of scalar flag curvature whose S-curvature are isotropic
[7]. Mo gave the following global classification for these metrics on compact manifolds.

Theorem 4.3. Let F = α+β be a Randers metric on a compact manifold of dimensional n > 3, which is expressed
in terms of a Riemannian metric h and a vector field V . Suppose that F is of isotropic S-curvature S = (n+ 1)cF
and of scalar flag curvature. Let µ denote the constant sectional curvature of h.

(a) If µ = −1, then F = α is Riemannian.
(b) If µ = 0, then F is locally Minkowskian.
(c) If µ = 1, then c is an eigenfunction of Laplace operator corresponding to the first eigenvalue λ1 = n. In this

case, (M,h) is isometric to a unit sphere, or V is a killing vector field on (M,h).

Proof. Denote the navigation representation of F by (h, V ). By Proposition 3.5, the condition isotropic
S-curvature implies that [26]

LV h = −4ch.

Furthermore, Theorem 5.1 of [7] tells us that h has constant sectional curvature µ.
Case 1. µ 6 0. Assume that c is not constant. It follows from (i) of Proposition that

µ =
r

n(n− 1)
> 0

That is a contradiction. Thus c = constant, that is, F has constant S-curvature. By Lemma 4.2, c = 0. According
to (8) in [7], the scalar flag curvature K of F satisfies that

K =
3cxjyj

F
+ σ, σ = µ− c2 − 2cxjV j

where cxi = ∂c
∂xi , V = V i ∂

∂xi . It follows that

K = µ = constant

Thus F has constant flag curvature. By Akbar-Zadeh’s rigidity theorem [1], F must be Riemannian if µ = −1
and F must be locally Minkowskian if µ = 0.

Case 2. µ = 1. Then
r = n(n− 1) (4.7)

Plugging (4.7) into (4.2) yields that c(x) is eigenfunction corresponding to the first eigenvalue λ1 = n. If c ≡ 0,
then LV h = 0 and V is a Killing field. Otherwise c(x0) 6= 0 for some x0 ∈M , then c is not constant from Lemma
4.2. By Obata’s theorem A [18], (M,h) must be isometric to a sphere.

�

5. Homothetic navigation problem

A vector field V on a Finsler manifold (M,F ) is called homothetic with dilation c if its flow φt satisfies that

F (φt(x), (φt)∗(y)) = e2ctF (x, y), ∀x ∈M, ∀y ∈ TxM.

In particular, V is called Killing if c = 0.
The lift of a flow φt on a manifold M is again a flow φ̆∗t on TM

φ̆∗t := (φt(x), φt∗(y)) (5.1)

By the relationship of vector fields and flows, (5.1) induces a natural way to lift a vector field V to a vector field
XV on TM . Let V = vi ∂

∂xi be a vector field on M . In natural coordinates, we have

XV = vi
∂

∂xi
+ yj

∂vi

∂xj
∂

∂yi
.

Lemma 5.1. V is a homothetic field of F with dilation λ if and only if XV (F ) = 2λF . In particular, V is a killing
field of F if and only if XV (F ) = 0.
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For non-collinear u, v ∈ TxM , we denote the tangent plane Span{u, v} by u∧v. In 2004 International Conference
on Riemannian-Finsler Geometry at Nankai University, P.Foulon announced that if a Finsler metric and V is a
Killing field, then F and F̃ have the same flag curvature where F̃ is the navigation Finsler metric with respect to
(F, V ). Mo-Huang studied the navigation problem for any Finsler metric F and any homothetic field (for instance,
the Funk metric on a strongly convex domain) in the spirit of Bao-Robles-Shen’s the flag curvature non-increasing
formula above and the announcement of P. Foulon and obtained the following:

Theorem 5.2. Let F = F (x, y) be a Finsler metric on a manifold M and V a vector field on M with F (x, Vx) < 1.
Let F̃ = F̃ (x, y) denote the Finsler metric on M defined by (2.1). Suppose that V is homothetic with dilation c.
Then the flag curvature of F̃ and F is related by

KF̃ (y, y ∧ u) = KF (ỹ, ỹ ∧ u)− c2 (5.2)

where ỹ = y − F (x, y)V .

Theorem 5.2 tells us that for a homothetic field, the navigation representation satisfies the flag curvature non-
increasing equation. In particular, the navigation problem has the flag curvature preserving property for a Killing
field.

Corollary 5.3. Let F = F (x, y) be a Finsler metric on a manifold M and V a vector field on M with F (x, Vx) < 1.
Let F̃ = F̃ (x, y) denote the Finsler metric on M defined by (2.1). Suppose that V is homothetic with dilation c. If
F is of scalar curvature, then F̃ is also of scalar curvature. Moreover, if F has constant curvature, then so does F̃ .

Let Ω ⊂ Rn be a strongly convex domain defined by a Minkowski norm φ = φ(y). For each x ∈ Ω, identify TxΩ
with RN . This (Ω, F (x, y)) is a Minkowski manifold where F (x, y) = φ(y) and Vx := x is a radial vector field on
Ω satisfying F (x, Vx) = φ(x) < 1. Moreover, we have

XV (F ) = vi ∂F∂xi + yj ∂v
i

∂xj
∂F
∂yi

= yjδij
∂φ(y)
∂yi

= yi ∂φ∂yi
= φ = F.

Hence V is a homothetic field of F with dilation 1
2 .

On the other hand, all Minkowski metrics have zero flag curvature. Combining this with (5.2) we have

KF̃ = KF −
(

1

2

)2

= −1

4

where KF̃ denotes the flag curvature of the Funk metric on the strongly convex domain Ω.
A smooth curve in a Finsler manifold is called a geodesic if it is locally the shorted path connecting any two neaby

points on this curve. Now we are going to give a geodesic description of the geodesics of Finsler metric F̃ obtained
from arbitrary Finsler metric F and arbitrary homothetic field V of F in terms of the navigation representation.
Precisely we show the following:

Theorem 5.4. Let F = F (x, y) be a Finsler metric on a manifold M and V a vector field on M with F (x, Vx) <
1. Suppose that V is homothetic with dilation c. Let F̃ = F̃ (x, y) denote the Finsler metric on M defined by
F (x, y + F̃ (x, y)V ) = F̃ (x, y). Then the geodesics of F̃ are given by ψt(γ(a(t))), where ψt is the flow of −V , γ(t)
is a geodesic of F̃ are defined by

a(t) :=

{
e2ct−1

2c , if c 6= 0,

t, if c = 0.

Our result generalizes a theorem previously only known in the case of Randers metrics with constant S-curvature
[20]. As its application, we represent explicitly the geodesics of the Funk metric on a strongly convex domain (see
Theorem 5.5 below)

Theorem 5.5. Let ϕ : E −→ R be a Minkowski norm and Ω its strongly convex domain. Assume that F̃ is the
Funk metric on Ω defined by

ϕ(
y

F̃ (x, y)
+ x) < 1.

Then the geodesics of F̃ are given by

e−t
[
x+

et − 1

ϕ(y)
y

]
.
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6. Navigation Finsler metrics of constant (or scalar) flag curvature

Let Mn be an n-dimensional manifold and V a vector field of Mn. Let F and F̃ be two Finsler metrics on Mn.
We say F̃ is a navigation Finsler metric with respect to (F, V ) if F̃ is produced from the Finsler metric F and the
vector field V in terms of the navigation problem.

Example 6.1. Let F be a Riemannian metric. Then the navigation Finsler metric F̃ with respect to (F, V ) is a
Randers metric.

Example 6.2. For each x ∈ Ω := {v ∈ RN |ϕ(v) < 1}, identify TxΩ with RN with ϕ : RN −→ R is a Minkowski
norm. Thus (Ω, F (x, y)) is a Minkowski manifold where

F (x, y) = ϕ(y)

and Vx := x is a radical vector field on Ω. Then the navigation Finsler metric F̃ with respect to (F, V ) is the Funk
metric on a strongly convex domain Ω.

Consider the following function

F := αφ(s), s =
β

α
(6.1)

where φ = φ(s) is a positive C∞ function on (−b0, b0) satisfying

φ(s)− sφ
′
(s) + (b2 − s2)φ

′′
(s) > 0, |s| 6 b < b0

Then by Lemma 1.2 in [5], F is a Finsler metric if ‖βx‖α < b0 for any x ∈M . A Finsler metric in the form (6.1) is
called an (α, β)-metric.

Let Φ = αφ(β/α) be an (α, β)-metric on an open subset U ⊂ RN . Define

α := ρ(h)ᾱ, β := Bρ(h)r+1dh (6.2)

where

ᾱ =

√
|y|2 + µ(|x|2|y|2 − 〈x, y〉2)

1 + µ|x|2

where

ρ(t) =

[
−2rB2

p

(
C + ηt− 1

2
µt2
)]− 1

2r

(6.3)

h : =
1√

1 + µ|x|2

(
A+ 〈a, x〉+

η|x|2

1 +
√

1 + µ|x|2

)
(6.4)

where A,B,C, p, r and η are constants (B > 0) and a ∈ RN is a constant vector.

Proposition 6.1. Let Φ = αφ(β/α) be an (α, β)-metric on an open subset U ⊂ RN . Assume that α and β
satisfying (6.2). Let V denote a vector field on U defined by

Vx = xQ at x ∈ U (6.5)

where Q is skew-symmetric and satisfies that
QaT = 0. (6.6)

where a ∈ RN is a constant vector given in (6.4). Then V is of Killing type with respect to Φ.

Now we take a look at the special case of (6.2)∼(6.4): when A = B = 1, C = η = 0, µ = −1, r = − 1
2n ,

α =
(1 + 〈a, x〉)2n

(1− |x|2)n+1

√
(1− |x|2)|y|2 + 〈x, y〉2

β =
(1 + 〈a, x〉)2n−1

(1− |x|2)n+1
[(1− |x|2)〈a, y〉+ (1 + 〈a, x〉)〈x, y〉]

In [17], authors given an explicit constriction of polynomial of arbitrary degree (α, β)-metrics with scalar flag
curvature and determine their scalar flag scalar. From Mo-Yu’s Finsler metric of (α, β) type, we produce new
Finsler metrics with scalar curvature by using Theorem 5.2 and Corollary 5.3.
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Theorem 6.2. Let

Φ :=
(1 + 〈a, x〉)2n

(1− |x|2)n+1

√
(1− |x|2)|y|2 + 〈x, y〉2

× φ

(
(1− |x|2)〈a, y〉+ (1 + 〈a, x〉)〈x, y〉

(1 + 〈a, x〉)
√

(1− |x|2)|y|2 + 〈x, y〉2

)

be an (α, β)-metric on an open subset U at origin in RN where

φ(s) = 1 + 2ns+ 2n

n−1∑
k=0

(−1)kCn−1
k s2k+2

(2k + 1)(2k + 2)
.

Assume that V is a vector field on U defined by (6.5) where Q is skew-symmetric and satisfies that (6.6) and
Φ(x, Vx) < 1. Then Finsler metric F given by

Φ(x,
y

F (x, y)
+ Vx) = 1, ∀x ∈ U , y ∈ TxU

is of scalar curvature with flag curvature

KF = − (n+ 1)|y − Φ(x, y)Vx|2

Φ2ω2
+

(n2 − 1)〈x, y − Φ(x, y)Vx〉2

Φ2ω4

− ζ2n−4ψ2φ
′′

2θΦ3ω2n+2
+

ζ2n−2

4Φ4ω4n+4
(2n〈a, y − Φ(x, y)Vx〉θφζ + φ

′
ψ)

× [4(n+ 1)Φ〈x, y − Φ(x, y)Vx〉ω2n + 3ζ2n−2]

− (n〈a, y − Φ(x, y)Vx〉θφζ + φ
′
ψ)

(2n− 1)〈a, y − Φ(x, y)Vx〉ζ2n−3

Φ3ω2n+2

where

θ : =
√

(1− |x|2)|y − Φ(x, y)Vx|2 + 〈x, y − Φ(x, y)Vx〉2

ψ : = ζ2|y − Φ(x, y)Vx|2 − 2〈a, y − Φ(x, y)Vx〉〈x, y − Φ(x, y)Vx〉ζ
− ω2〈a, y − Φ(x, y)Vx〉2

φ(i) : = φ(i)

(
ω2〈a, y − Φ(x, y)Vx〉+ ζ〈x, y − Φ(x, y)Vx〉

ζθ

)
where

ω :=
√

1 + µ|x|2, ζ = A+ 〈a, x〉.

where φ(i) denotes i-order derivative for φ(s).

Note that when n = 0, a = 0, N = 2, Q =

(
0 ε
−ε 0

)
, we recover Shen’s construction [23].

When n = 1, we obtain the following:

Theorem 6.3. Let

Φ :=
[(1 + 〈a, x〉)(

√
(1− |x|2)|y|2 + 〈x, y〉2 + 〈x, y〉) + (1− |x|2)〈a, y〉]2

(1− |x|2)2
√

(1− |x|2)|y|2 + 〈x, y〉2

be an (α, β)-metric on the open subset U at origin in RN . Assume that V is a vector field on U defined by (6.5)
where Q is skew-symmetric and satisfies that (6.6) and Φ(x, Vx) < 1. Then Finsler metric F given by

Φ(x,
y

F (x, y)
+ Vx) = 1, ∀x ∈ U , y ∈ TxU

is of zero flag curvature.
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Now we are going to give a lot of new Finsler metrics of constant (or scalar) curvature and determine their scalar
flag curvature by fining Killing fields of general Bryant’s metric.

Finsler metric on a manifold M in the following form is said to be general (α, β) type

F = αφ(b2,
β

α
)

where α is a Riemannian metric, β is a 1-form, b = ‖β‖α and φ(ρ, s) is a C∞ function [28]. A Finsler metric
F = F (x, y) on an open subset U ⊂ Rn is said to be projectively flat if all geodesics are straight in U . All
projectively flat Finsler metrics are of scalar curvature (Proposition 6.1.3 of [5]).

Theorem 6.4. Let ϕ ∈ (−π2 ,
π
2 ) and Ω = Bn(r), where r = 1√

−µ if µ < 0 and r = +∞ if µ > 0. Define

F =

√√
A+B

2E
+

(
U

E

)2

+
U

E

where

A : = (α2cosϕ+ b2α2 − β2)2 + (α2sinϕ)2

B : = α2cosϕ+ b2α2 − β2

U : = βsinϕ

E : = b4 + 2b2cosϕ+ 1

Then F is a Finsler metric on Ω with scalar curvature

K =
(λ− µ〈a, x〉)2

1 + µ|x|2
+

µ

F 2

α2 + β

ε
√√

A−B
2E

−
(
U

E

)2

− V

E

 (6.7)

where

V : = β(cosϕ+ b2)

ε : = sgn

(
α2sinϕ

2
− UV

E

)
where

α :=

√
|y|2 + µ(|x|2|y|2 − 〈x, y〉2)

1 + µ|x|2
(6.8)

β : =
〈a, y〉√

1 + µ|x|2
+

λ− µ〈a, x〉
(
√

1 + µ|x|)3
〈x, y〉, b := ‖β‖α (6.9)

a ∈ Rn is an arbitrary constant vector and λ an arbitrary non-zero constant.

Proof. In 2011, Yu and Zhu proved that F is projectively flat [28], equivalently, its geodesic coefficients Gi

satisfies the following [25]
Gi = Pyi

where P is its projective factor. Hence P and its scalar flag curvature K are given by

P =
F0

2F
, K =

P 2 − P0

F 2
(6.10)

A function f defined on TΩ can be expressed as f(x1, · · · , xn; y1, · · · , yn). We use the following notation:

f0 =
∂f

∂xi
yi

Then we have

F0 = −2µ〈x, y〉
ω2

F +
2ζ

ω

(
εQ− V

E

)
F
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where

ω :=
√

1 + µ|x|2, ζ := λ− µ〈a, x〉.

Together with the first equation of (6.10) we obtain

P = −µ〈x, y〉
ω2

+
ζ

ω

(
εQ− V

E

)
It follows that

P 2 − P0 =
ζ2

ω2
F 2 + µ

[
α2 + β

(
εQ− V

E

)]
Together with the second equation of (6.10) yields (6.7).

�

Let us take a look at the special case: when µ = 0,

α = |y|, β = 〈λx+ a, y〉

Then we have the following:

Corollary 6.5. Let ϕ ∈ (−π2 ,
π
2 ), a ∈ Rn be an arbitrary constant vector and λ an arbitrary constant. The following

Finsler metric is projectively flat with non-negative constant flag curvature K = λ2,

F = Im
−〈λx+ a, y〉+ i

√
(eiϕ + |λx+ a|2)|y|2 − 〈λx+ a, y〉2
eiϕ + |λx+ a|2

.

Remark 6.6. When λ = 1 and a = 0, them F was constructed by Bryant with constant flag curvature K = 1 [3].

Proposition 6.7. Let Φ = αφ(b2, βα ) be a general (α, β)-metric on an open subset U ⊆ Rn. Define α and β by
(6.8) and (6.9) respectively. Let V denote a vector field on U defined by

Vx = xQ (6.11)

where Q is skew-symmetric and satisfies that
QaT = 0 (6.12)

Then V is of Killing type with respect to Φ.

Proof. By a straightforward computation one obtains

XV (Φ) = (φ− β

α
φ2)XV (α) + φ2XV (β) + αφ1XV (b2) (6.13)

where

XV = V i
∂

∂xi
+ yj

∂V i

∂xj
∂

∂yi
= V + yj

∂V i

∂xj
∂

∂yi

By using (6.8) and (6.9), we have
XV (α) = XV (β) = XV (b2) = 0

Plugging these into (6.13) yields
XV (Φ) = 0.

Therefore V is a Killing field of Φ.

�

Let Φ = αφ(b2, βα ) be a general (α, β)-metric on an open subset U ⊂ Rn. Assume that α and β satisfies (6.8)
and (6.9) respectively. Proposition 6.10 tells us V := xQ is a Killing field of Φ, where Q satisfies QT = −Q and
QaT = 0. Define

φ(ρ, s) = Im
−s+ i

√
eiϕ + ρ− s2

eiϕ + ρ
.
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Then the elementary function expression of Φ is given by

F =

√√
A+B

2E
+

(
U

E

)2

+
U

E
.

Theorem 6.7 implies that Φ is of scalar curvature. Let V be a Killing field of Φ on U with Φ(x, Vx) < 1. Define
a new Finsler metric F by

Φ

(
x,

y

F (x, y)
+ Vx

)
= 1, ∀x ∈ U , y ∈ TxU . (6.14)

By using Theorem 5.2 and Corollary 5.3, we obtain F is also of scalar curvature. Moreover, its scalar flag curvature
KF is given by

KF (x, y) = KΦ(x, y − Φ(x, y)Vx) (6.15)

Combining this with Theorem above we have the following:

Theorem 6.8. Let

Φ = Im
−β + i

√
α2eiϕ + b2α2 − β2

eiϕ + b2

be a general (α, β)-metric on an open subset U at origin in Rn, where α and β are defined by (6.8) and (6.9).
Assume that V is a vector field on U defined by (6.11) where Q is skew-symmetric and satisfies that (6.12) and
Φ(x, Vx) < 1. Then Finsler metric F given by (6.14) is of scalar curvature with the flag curvature

KF =
(λ− µ〈a, x〉)2

1 + µ|x|2
+

µ

F 2

α2 + β

ε
√√

A−B
2E

−
(
U

E

)2

− V

E


where A,B,U, V,E and ε are defined in Theorem 6.7, where

α = α(x, y − Φ(x, y)Vx), β = β(x, y − Φ(x, y)Vx).

Taking µ = 0 in Theorem 6.11 and then using (6.15) and Corollary 6.7 we have the following:

Theorem 6.9. Let ϕ ∈ (−π2 ,
π
2 ) and

F = Im
−〈λx+ a, y〉+ i

√
(eiϕ + |λx+ a|2)|y|2 − 〈λx+ a, y〉2
eiϕ + |λx+ a|2

be a general (α, β)-metric on an open subset U at origin in Rn where a ∈ Rn is an arbitrary constant vector and λ
an arbitrary non-zero constant. Assume that V is a vector field on U defined by (6.11)

Vx = xQ

where Q is skew-symmetric and satisfies
QaT = 0

and Φ(x, Vx) < 1. Then Finsler metric F is given by

Φ(x,
y

F (x, y)
+ Vx) = 1, ∀x ∈ U , y ∈ TxU

which is of positive constant flag curvature λ2.

7. Explicit construction of all dual flat Randers metrics

Recently, a signification progress has been made in studying Randers metrics. For instance, Bao-Robles-Shen
have classified Randers metrics of constant flag curvature via the navigation problem on Riemannian manifolds.
Huang-Mo showed that there exists no non-homothetic conformal field on a Randers manifold of isotopic S-curvature
in terms of the shortest time problem. Recently C. Yu have given a direct characterization of the dually flat Randers
metrics in terms of their navigation data [27]. He showed that a Randers metric on an open subset U ⊆ Rn is
dually flat if and only if its navigation data (h,W ) satisfies

Gih = 2θyi + h2θi, (7.1)
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and W [ is dually related to h where Gih denotes the geodesic coefficients of h, [ : TU → T ∗U is the musical
isomorphism, θ = θi(x)yi is a 1-form on U and θi = hijθj .

Recall that a Finsler metric F = F (x, y) on an open subset U ⊆ Rn is dually flat if it satisfies the following
dually flat equations

F 2
xiyjy

i − 2F 2
xj = 0,

where x = (x1, · · · , xn) ∈ U and y = yi ∂
∂xi ∈ TU . Such Finsler metrics arise from α-flat information structures on

Riemann-Finsler manifolds.

In the Riemannian case, let h =
√
hij(x)yiyj be a dually flat Riemannian metric on U ⊂ Rn. Then h is the

Hessian of some locally scalar function ψ, i.e.,

hij(x) =
∂2ψ

∂xi∂xj
(x).

Therefore h is a Hessian metric on (U , D) where D is the standard flat connection on U .
In this section, we completely determine Riemannian metrics which satisfy condition (7.1) and 1-forms which

are dually related to such Riemannian metrics. We have the following:

Theorem 7.1. A Randers metric F = α+ β on an open subset U ⊆ Rn is dually flat if and only if its navigation
data (h,W ) satisfies

(h,W [) = ω
1
2 (h̃, W̃ [) (7.2)

where h̃ is the Riemannian metric of constant sectional curvature given in (7.5), W̃ [ is closed and conformal with

respect to h̃ and ω :=
√

1 + µ|x|2.

By using Theorem 7.1 we construct explicitly all dually flat Randers metrics by using the bijection between
Randers metrics and their navigation representation. More precisely, we show the following result.

Theorem 7.2. Let F be a Randers metric on an open subset U ⊆ Rn. Then F is dually flat if and only if F can
be expressed in the following form

F =
ω

1
2

Ψ

√
Ψ|y|2 − (µ− λ2 − µ|v|2)〈x, y〉2 + 2Φ〈v, y〉+ ω2〈v, y〉2

+
Φ + ω2〈v, y〉

ω
1
2 Ψ

, y ∈ TxU ∼= Rn (7.3)

where Φ := (λ− µ〈v, x〉)〈x, y〉

Ψ := 1 + (µ− λ2)|x|2 − |v|2ω2 − 〈v, x〉(2λ− µ〈v, x〉),

ω :=
√

1 + µ|x|2, v ∈ Rn is a constant vector, and λ, µ are constants

Let us take a look at a special case. When v = 0,

Ψ = ω2 − λ2|x|2.

Then F has obtained in [27]. In particular, when µ = 0 and λ = 1, (7.3) is reduced to the famous Funk metric on
the unit ball Bn.

It is worth mentioning our recent result that dually flat Riemannian metrics form a broader class than Rieman-
nian metrics which satisfy (7.1).

A Riemannian metric h on an open subset U ⊂ Rn is called to be strongly dually flat if its geodesic coefficients
satisfies (7.1). Note that every strongly dually flat Riemannian metric must be dually flat.

Let h be a strongly dually flat Riemannian metric on an open subset U ⊆ Rn. A 1-form β on U is said to be
dually related to h if

bi;j = c(x)hij + 2θibj , (7.4)

where c(x) is a scalar function, θi is given in (7.1) and bi;j denotes the covariant derivative of bi with respect to the
Levi-Civita connection of h.

We can show that each strongly dually flat Riemannian metric on an open subset U is conformal to a projectively
flat Riemannian metric.
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Lemma 7.3. Let h =
√
hij(x)yiyj be a strongly dually flat Riemannian metric on an open subset U ⊆ Rn. Then

h̃ = [det(hij)]
1

n+2 h.

is projectively flat.

Combining this with Beltrami’s theorem, h̃ has constant sectional curvature. Hence we have the following:

Proposition 7.4. Let h =
√
hij(x)yiyj be a strongly dually flat Riemannian metric on an open subset U ⊆ Rn.

Then
h̃ = [det(hij)]

1
n+2 h.

is of constant sectional curvature.

We assume that U ⊆ Rn is complete, connected and simply connected. As we know, every Riemannian metric
of constant sectional curvature on U is isometric to the following metric on Bn(rµ) ⊆ Rn,

h̃ =

√
ω2|y|2 − µ〈x, y〉2

ω2
, ω :=

√
1 + µ|x|2, (7.5)

where rµ := +∞ if µ ≥ 0 and rµ := 1/
√
−µ if µ < 0.

Let h be a strongly dually flat Riemannian metric on U . By Proposition 7.4, we have

h(x, y) = eλ(x)h̃(x, y), (7.6)

for some scalar function λ on U ⊆ Rn. Then we have, up to a positive constant,

eλ(x) = (1 + µ|x|2)
1
4 .

Thus we obtain the following theorem.

Theorem 7.5. Let h be a strongly dually flat Riemannian metric on U ⊆ Rn. Then, up to a scaling,

h =

√
(1 + µ|x|2)|y|2 − µ〈x, y〉2

(1 + µ|x|2)
3
4

. (7.7)

Let h be the strongly dually flat Riemannian metric given in (7.7). Then

Gih = 2θyi + h2θi, (7.8)

where θ = θi(x)yi satisfies [27]

θi(x) = − µ

4ω2
xi. (7.9)

Assume that β = bj(x)yj is a 1-form and it is dually related to h. Then

bi;j = c(x)hij + 2θibj , (7.10)

where θi is given in (7.9) and bi;j denotes the covariant derivative of bi with respect to the Levi-Civita connection
of h.

Let h̃ be the Riemannian metric of constant sectional curvature given in (7.5). Then

c̃(x) := ω[c(x) + 2bkθ
k], (7.11)

satisfies

c̃|k + 2c̃θk + µbk = 0. (7.12)

c̃|k denotes the covariant derivative of c̃ with respect to the Levi-Civita connection of h̃.
Case 1. µ 6= 0. We obtain a general formula for c̃,

c̃ =
λ+ 〈a, x〉

(1 + µ|x|2)
1
4

.
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It follows that

β = bky
k =

λ− µ〈v, x〉
ω

5
2

〈x, y〉+
〈v, y〉
ω

1
2

, (7.13)

where v := − 1
µa.

Case 2. µ = 0.
By (7.9), we obtain

θi = 0, θi = 0. (7.14)

It follows that c(x) = c̃(x) is a constant. Let λ = c(x). Then we obtain a general formula for bi,

bi = λxi + vi,

where v = (v1, · · · , vn) is a constant vector. Thus, (7.13) also holds for the case µ = 0.

Proof of Theorem 7.1 The conformal field of h̃ is given by [5, 26]

W̃ = (λω + 〈a, x〉)x− |x|2

1 + ω
a+Qx+ v + µ〈v, x〉x,

where λ is a constant, Q is an antisymmetric matrix independent of x and a, v ∈ Rn are constant vectors. It follows
that

W̃ [ =
1

ω3

[
(λ+ 〈a, x〉)〈x, y〉+ ω

(
xTQy + 〈v, y〉 − |x|2

1 + ω
〈a, y〉

)]
. (7.15)

By a direct calculation we have dW̃ [ = 0 if and only if

Q = 0, a = −µv.

Plugging this into (7.15) yields

W̃ [ =
1

ω3

[
(λ− µ〈v, x〉)〈x, y〉+ ω2〈v, y〉

]
. (7.16)

Combining this with (7.8) and (7.13) we obtain (7.2).

Proof of Theorem 7.2 Denote the navigation data of F by (h,W ). Then F can be expressed as

F =

√
(1− ‖W‖2h)h2 + (W [)2

1− ‖W‖2h
− W [

1− ‖W‖2h
. (7.17)

By a direct calculation, we obtain (7.4).

8. Flag curvature in conformal navigation problem

In this section, we determine the flag curvature of Finsler metric produced from any Finsler metric and any
conformal field in terms of the navigation problem. To characterize Riemannian metrics among Finsler metric, we
define the Cartan torsion A = {Ay}y∈TxM\{0} by

Ay(u, v) = Aijku
jvk

∂

∂xi
, Aijk :=

F

4
gil

∂2F 2

∂yj∂yk∂yl

where u = uj ∂
∂xj , v = vk ∂

∂xk ∈ TxM .
Let (M, F ) be a Finsler manifold with its Hilbert form ω. Let SM be the projective sphere bundle of M ,

obtained from TM by identifying nonzero vectors which differ from each other by a positive multiplicative factor.
It is easy to verify that [4]

ω ∧ (dω)n−1 6= 0, n = dimM

i.e., ω defines a contact structure on SM . Hence there is a unique vector field X on SM that satisfies ω(X) = 1
and Xy(dω) = 0. This vector field X is known as the Reeb vector field.

268



X. Mo et al., AUT J. Math. Comput., 2(2) (2021) 251-274, DOI:10.22060/ajmc.2021.20355.1064

Every vector y ∈ TxM\ {0} uniquely determines a covector p ∈ T ∗xM\ {0} by

p(u) :=
1

2

d

dt

(
F 2(x, y + tu)

)
|t=0, u ∈ TxM.

The resulting map LFx : y ∈ TxM → p ∈ T ∗xM is called the Legendre transformation at x.
Define a non-negative scalar function H = H(x, p) by

H(x, p) := max
y∈TxM\{0}

p(y)

F (x, y)
. (8.1)

The function H is C∞ on T ∗M\ {0} and Hx := H|T∗xM is a Minkowski norm on T ∗xM for x ∈M . Such a function
is called a Cartan metric [12] (co-Finsler metric in an alternative terminology [23]). The pair (M, H) is called a
Cartan manifold.

Every covector p ∈ T ∗xM\ {0} uniquely determines a vector y ∈ TxM\ {0} by

q(y) :=
1

2

d

dt

(
H2(x, p+ tq)

)
|t=0, q ∈ T ∗xM.

The resulting map LF∗x : p ∈ T ∗xM → y ∈ TxM is called the inverse Legendre transformation at x.

Indeed LFx and LF∗x are inverses of each other. Moreover, they preserve the Minkowski norms H(x, p) =
F
(
x, LF∗x p

)
.

A (local) flow (a local one-parameter group in an alternative terminology) on a manifold M is a map φ :
(−ε, ε)×M →M , also denoted by φt := φ(t, ·), satisfying

• φ0 = id : M →M ;

• φs ◦ φt = φs+t for any s, t ∈ (−ε, ε) with s+ t ∈ (−ε, ε).

Hence, the lift of a flow φt on M is a flow φ̂t on T ∗M ,

φ̂t(x, p) := (φt(x), (φ∗t )
−1(p)). (8.2)

By the relationship between vector fields and flows, (8.2) induces a natural way a lift of a vector field V on M to a
vector field X∗V on T ∗M .

A vector field V on a Finsler manifold (M, F ) is called conformal with dilation c(x) if its flow φt satisfies

F (φt(x), φt∗(y)) = e2σt(x)F (x, y), ∀x ∈M, y ∈ TxM (8.3)

where c(x) =
[
dσt(x)
dt

]
t=0

. In particular, V is called a homothetic field if c = constant.

Similarly, a vector field V on a Cartan manifold (M, H) is called conformal with dilation c(x) if its flow φt is a
conformal transformation on (M, H), i.e.,

H(φt(x), (φ∗t )
−1(p)) = e−2σt(x)H(x, p), ∀x ∈M, p ∈ T ∗xM (8.4)

where c(x) =
[
dσt(x)
dt

]
t=0

.

Lemma 8.1. [10] Let V be a conformal field on a Finsler manifold (M, F ) with dilation c(x) and H its Cartan
metric defined by (8.1). Then V is a conformal field of H with dilation c(x).

Proposition 8.2. [10] Let ϕ be a conformal transformation on a Cartan manifold (M, H), i.e. ϕ̂∗H = e−2σ(x)H.
Then

ϕ̂∗X
[ = e2σ(x)

(
X[ + 2Yσ(x)

)
where Yσ(x) is defined by

Yf := Xf − fX[ = −φDf ∈ V S∗M (8.5)

for f ∈ C∞(M).

Let F be a Finsler metric and F̃ denote the Finsler metric defined in (2.1). With the help of the inverse Legendre
transformation at x, we obtain co-Finsler metric H(x, p) and H̃(x, p) respectively. Then H and H̃ are related by
[15]

H̃(x, p) = H(x, p)− p(V ). (8.6)
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Proposition 8.3. [10] For a conformal transformation ϕ on a Cartan manifold (M, H), we have

ϕ̂∗H[(v) = e2σ(x)
[
H[(ϕ̂∗v) + 2σ̇ϕ̂∗v − 2A[(Yσ, ϕ̂∗v)

]
(8.7)

where H[ is the horizontal endomorphism.

Proposition 8.4. [10] Let V be a conformal field of H with dilation c(x). Then[
X∗V , H[(v)

]
= −2cH[(v) +H[ [X∗V , v]− 2ċv + 2A[(Yc, v) (8.8)

where

X∗V = vi
∂

∂xi
− pj

∂vj

∂xi
∂

∂pi

where V = vi ∂
∂xi .

Proposition 8.5. [10] Let V be a conformal field on a Cartan manifold (M, H) with dilation c(x). Let H̃ be the
Cartan metric given in (8.6). Then

R̃[(v) = R[(v) +
[
3X̃[(c)− c2 + 2X∗V (c)

]
v − 2A[(Yc, v) (8.9)

where R[ (resp. R̃[) is the Riemann tensor of H (resp. H̃)

Proof.

R̃[(v) =P [Ṽ

[
X̃[, H̃[(v)

]
=R[(v)− P [Ṽ

[
X∗V , H[(v)

]
− c [X∗V , v] +

[
X̃[(c) + c2

]
v

=R[(v) +
[
3X̃[(c)− c2 + 2X∗V (c)

]
v − 2A[(Yc, v)

�

Proposition 8.6. [10] Let V be a conformal field on a Cartan manifold (M, H) with dilation c(x). Let H̃ be the
Cartan metric given in (8.6). Then

K̃[(v)−
[
3X̃[(c)− c2 + 2V (c)

]
= K[(v)− 2

A[(v, Yc, v)

h[(v, v)
(8.10)

where K[ (resp. K̃[) is the flag curvature of H (resp. H̃)

Proof. The flag curvature K[ is given by

K[(v) =
h[(R[(v), v)

h[(v, v)
, v ∈ V S∗M\ {0} (8.11)

where h[ is the angular metric on V S∗M . Combining with Proposition we have (8.10).

�

Theorem 8.7. [10] Let F = F (x, y) be a Finsler metric on a manifold M with its Cartan torsion A and V be a
vector field on M with F (x, Vx) < 1. Let F̃ = F̃ (x, y) denote the Finsler metric on M defined in (2.2). Suppose
that V is conformal with dilation c(x). Then the flag curvature of F̃ and F is related by

KF̃ (y, y ∧ u)−
[
3
yicxi

F̃ (x, y)
− c2 + 2V (c)

]
=KF (ỹ, ỹ ∧ u)

− 2
A(x, [ỹ])(u, ∇c, u)

h(x, [ỹ])(u, u)

where ỹ = y + F (x, ỹ)V and h is the angular metric of F .

Remark 8.8. We have two special case of Theorem:
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• When V is homothetic, i.e. its dilation c(x) = constant, then ∇c = 0 and our formula is reduced to Mo-
Huang’s formula in [15].

• When F is Riemannian and it has sectional curvature K = K(x), then our formula is reduced to Cheng-Shen’s
formula in [7].

Consider the case dimM = 2, so x = (x1, x2) and y = (y1, y2). In order to avoid the excessive use of parentheses,
we shall abbreviate x1, x2 as s, t and y1, y2 as p, q respectively. Let

M :=
{

(s, t) ∈ R2| t > 1
}
.

Define F : TM → R by

F (s, t; p, q) :=
1

t
φ(p, q) (8.12)

where
φ(p, q) := (p4 + 2εp2q2 + q4)

1
4 , ε ∈ (0, 3) (8.13)

is a Minkowski norm on R2. F is a Finsler metric on M .
For the Finsler surface (M, F ), its Gaussian curvature K takes the place of the flag curvature in general case.

A direct calculation shows that the Gauss curvature of F is given by

KF (s, t; p, q) =
[φ(p, q)]2Q(p, q)

[∆(p, q)]4
(8.14)

where
Q(p, q) :=ε(2ε2 − 3)p14 + (17ε4 − 42ε3 + 18)p12q2

+ ε(8ε4 − 50ε2 + 21)p10q4

+ (9ε6 − 89ε4 + 81ε2 − 36)p8q6 − 5ε(5ε4 − 4ε2 + 6)p6q8

+ ε2(5ε4 − 5ε2 − 21)p4q10 + ε3(5ε2 − 12)p2q12 − ε4q14

(8.15)

and
∆(p, q) := εp4 + (3− ε2)p2q2 + εq4. (8.16)

Let V denote a vector field on M defined by

V :=
∂

∂t
. (8.17)

By using the isomorphism TxM ' R2 we have F (x, Vx) < 1 on M . Denoted the lift of V by XV . Then [8]

XV (F ) =
∂F

∂t
= −1

t
F

where we have made use of (8.12). Thus V is conformal with dilation c = − 1
2t (see [9]). In particular, V is not

homothetic.
Using Theorem 8.7, we obtain that the Gauss curvature KF̃ is given by

KF̃ (x, y) = KF (x, ỹ) +
3q

2t2F (x, ỹ)
+

3

4t2
− 2λ(x, ỹ)I(x, ỹ)

where

ỹ = y + F (x, y)V =

(
p, q +

(p4 + 2εp2q2 + q4)
1
4

t

)

I(x, y) =
3(1− ε2)pq

[∆(p, q)]
3
2

(p4 − q4), λ(x, y) =
p(p2 + εq2)

2F
√

∆(p, q)t2
.

Let us take a look at the special case: when ε = 1,

F (s, t; p, q) :=
(p2 + q2)

1
2

t
.

F is the famous Poincaré metric of constant sectional curvature KF = −1. In this case, F̃ is of Randers type and
its Gauss curvature is given by

KF̃ (x, y) =
3

4t2

(
2q

F̃ (x, y)
+ 1

)
− 1.
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9. Landsberg curvature in conformal navigation problem

The following Landsberg curvature, it gives the rate of change of the Cartan torsion along geodesics. For a
vector y ∈ TxM\{0}, define

Ly(u, v) = Ȧijku
jvk

∂

∂xi

where u = uj ∂
∂xj , v = vk ∂

∂xk ∈ TxM and “˙” denotes the covariant derivative along geodesics. L = {Ly}y∈TxM\{0}
is called the Landsberg curvature. We say that F has relatively isotropic Landsberg curvature if L + cA = 0 where
c = c(x) is a scalar function on M [5]. We say that F is a Landsberg metric if L = 0.

Let (M,F ) be a Finsler manifold. A vector field V on (M,F ) is said to be closed if dV [ ≡ 0 (mod δyi), where

V [ = V jgijdx
i, V = V j

∂

∂xj

and δyi are defined by [5]

δyi := dyi +N i
jdx

j . (9.1)

In the case of a vector field V on a Riemannian manifold, our notion is reduced to dV [ = 0 where [ : TM → T ∗M
denotes the musical isomorphism.

In this section, we discuss the Landsberg curvature of a Finsler metric via conformal navigation problem. We
have the following:

Theorem 9.1. Let F = F (x, y) be a Finsler metric on a manifold M with its Landsberg curvature L and V a

closed vector field on (M, F ) with F (x, Vx) < 1. Let F̃ = F̃ (x, y) denote the Finsler metric on M defined by (2.1)

Suppose that V is conformal with dilation c(x). Then the Landsberg curvature L̃ and the Cartan torsion Ã of F̃
satisfy

L̃y + c(x)Ãy = Lỹ

where ỹ = y + F (x, ỹ)V .

Theorem 9.1 tells us that the Killing navigation problem (i.e. c(x) ≡ 0) has the Landsberg curvature preserving
property for a closed vector field.

Our method to proving Theorem 9.1 is partially in the contact geometry. It follows that our method is quite
different from Shen in [24].

A Randers metric can be expressed in the navigation form

F =

√
(1− b2)α2 + β2

1− b2
+

β

1− b2

where (α, β[
−1

) is the navigation data of F and b := ‖β‖α is the length of β. Suppose that β[
−1

is closed and
conformal with dilation c(x). Then F satisfies L + c(x)A = 0 [24].

Theorem 9.2. Let F = F (x, y) be a Landsberg metric on a manifold M and V a closed vector field on (M, F ) with

F (x, Vx) < 1. Let F̃ = F̃ (x, y) denote the Finsler metric on M defined in (2.1). Suppose that V is a conformal

field of F . Then F̃ has relatively isotropic Landsberg curvature, i.e. the Landsberg curvature of F̃ is proportional
to its Cartan torsion.

If c = constant, we have non-trivial example satisfying the conditions and conclusions in Theorem. Given
a Minkowski norm ϕ : Rn → R, a constant vector b and a constant c, one can construct a domain Ω :=
{v ∈ Rn |ϕ(2cv + b) < 1}. For each x ∈ Ω, identify TxΩ with Rn. This F (x, y)) is a Minkowski metric on the
domain Ω where F (x, y) = ϕ(y) and Vx := 2cx + b is a vector field on Ω satisfying F (x, Vx) = ϕ(2cx + b) < 1. It
can be shown that V is conformal with constant dilation c and V is a closed vector on (F, Ω). Define a new Finsler

metric F̃ by (2.1). Note that any Minkowski metric must be Landsberg type. By Theorem 9.1, we have

L̃ + cÃ = 0. (9.2)

Moreover, the geodesics of F̃ are given by e−2ct
[
x+ e2ct−1

2cϕ(y) y
]
− tb (resp. x + t

ϕ(y)y − tb) for c 6= 0 (resp. c = 0).

When c = 1
2 and b = 0, F̃ is the Funk metric on a strongly convex domain. Our result (9.2) has been obtained in

[21]. Again, the technique and method used in this paper is quite different from Shen in [21].
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