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ABSTRACT: The extensions of the Riemannian structure include the Finslerian
one, which provided in recent years successful models in various fields like Biology,
Physics, GTR, Monolayer Nanotechnology and Geometry of Big Data. The present
article provides the necessary notions on tensor spectral data and on the HO-SVD
and the Candecomp tensor decompositions, and further study several aspects related
to the spectral theory of the main symmetric Finsler tensors, the fundamental and
the Cartan tensor. In particular, are addressed two Finsler models used in Langmuir-
Blodgett Nanotechnology and in Oncology. As well, the HO-SVD and Candecomp
decompositions are exemplified for these models and metric extensions of the eigen-
problem are proposed.
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1. Introduction

The attempt of extending the eigendata of linear operators in finite-dimensional vector spaces to symmetric covariant
tensors in a natural way was a notable subject along recent years, providing different approaches [1, 2]. Related to
this, it was shown that there exist also multiple ways to provide canonic Tucker type decompositions for tensors
([3]-[8])- On the other hand, remarkable symmetric tensors which occur in the Finslerian geometric models ([9]-[13]),
which are relevant for the structure naturally admit relevant eigendata and Tucker decompositions ([14]-[16]). The
works dedicated to their various applications (we mention [17]-[20]) are accompanied by the the strive to obtain

optimal symbolic computational means (e.g., [21]-[27]).

The present work illustrates this multilinear algebraic approach for two pseudo-Finsler structures: one produced
by the process of formation of the Langmuir-Blodgett monolayers from Nanotechnology [28, 29] and the second of
Randers type, statistically associated to the Garner dynamical system from Oncology [30, 31]. Covariant extensions
for the tensor eigenproblem are proposed and discussed, within the Riemannian and Finslerian frameworks.
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2. Tensorial extensions of the matrix eigenproblem

The attempt of naturally extending the eigenproblem for bilinear forms in finite-dimensional vector spaces to
multi-index symmetric covariant tensors (N-way arrays) can be achieved in several ways [1, 2], as follows.

Let T € T2(R™) be a symmetric tensor field on the flat manifold V = R".

Definition 2.1. For T € T,2(R™) a symmetric tensor field on the flat manifold V = R™.

a) The scalar X € R and the vector y € T (R™) = R™ are respectively called Z—eigenvalue (A € o7(T)), and the
associated Z—eigenvector to A, if they satisfy the system of n 4+ 1 equations:

To™ ly=2Xy; g(y,y) =1,

where T o™=ty = Tyuy i y2...y'm - dax®. Moreover, for X € C and y € C" these are respectively called
FE—eigenvalue and FE—eigenvector.

b) The scalar X\ € R and the vector y € Tt (R™) = R™ are respectively called H—eigenvalue (A € og(T)), and the
associated Z—eigenvector to A, if they satisfy the polynomial homogeneous of order m — 1 system of n equations:

(T o™ Ly = )\(yk)m_l, kel n.
Moreover, for A € C and y € C™ these are respectively called N—eigenvalue and N —eigenvector.

It was shown that oz(T) # 0 and og(T) # 0 for even-order symmetric tensors. As well, it was proved that the
following concept of B—eigenvalue/eigenvector embraces both the H— and N —cases of eigendata and, the Z— and
E—ones (in the even-order case).

Definition 2.2. For two given m—order n—dimensional symmetric tensors T, B, we call B—eigenvalue and cor-
respondingly B— eigenvector the couple (A, y) € K x K™ (K € {R,C}) which satisfies the conditions:

n

Z (Tkiz...im — ABk)iz...im)yig Y, = O,Vk‘ - 1,’[1. (21)

12,0 tm=1

Then the following result holds true [1, 2]:

Proposition 2.3. a) The Z— and E—eigenvalues are obtained as particular solutions of (2.1), assuming m even,

for:
By, iy, = 0iyip -0

b) The H— and N— eigenvalues are obtained as particular solutions of (2.1), for

1, forig=...=1p,
Biy. iy = 0iy.iiy = .
0, otherwise.

Im—1%m "

The Candecomp polyadic decomposition.

For an arbitrary tensor T' € RI1*/2XIn “the general Candecomp (Parafac) decomposition has the form [3, 4]:

R
T:Z/\Tvgl)@...@vgv),

r=1

where B®) = [vgs)7 . 7VS)] € My xr(R), s € 1, R are the modal matrices, A\, € R (r € 1, R) are scalars and
R €0, N is the the rank of the tensor [3, 4].

The best rank-one approzimation of T € T (R™), is the homogeneous polynomial y— dependent tensor A = A@™y*,
which is global minimizer for the distance |[T"— A @™ y|[r for A € R,|[|y[|2 = 1, where || - |[r is the Frobenius
norm, and where ®™y* is be regarded as an m—th order n—dimensional degenerate tensor of rank 1, with the
components y;, - ...-y;, [1, 2]. An important result which show that this approximate is an efficient estimate for
T in applications, is the following:

Theorem 2.4. Consider T € T2(R™). Then:

a) For A € oz(T) and y its associated Z— eigenvector, we have X = Ty™ and

IT = x@™ yllE = IT|[F = A* > 0.

b) The best rank one approzimation of T is provided by A =\ Q™ y, where A = argmaz|oz(T)| and y is one of its
eigenvectors.
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As well, it is known that the best rank-one approximation of T is the solution of the variational equivalent to the
dual problem of maximizing

FW) =2 i —tm TiinYis - Yin, = (T,0™y"), for [[y[l2 =1,
equivalent to the maximization of the Rayleigh quotient

_({Lemy)? )
W=y T g

An important ingredient in constructing the solution to this problem is the H—spectral data (for n > 2), while the
case of n = 2 reduces to the classic matrix spectral framework.

3. Finsler and pseudo-Finsler structures
We shall further consider the Finslerian framework, which naturally extends the Riemannian one.

Definition 3.1. A real Finsler structure: a couple (M, F), such that:
M is a real n-dimensional C> manifold; F : TM — [0,00) is a mapping (Finsler fundamental function), which
satisfies:

1. F smooth on the slit tangent space ToM = {(z,y)|x € M,y € T, M,y # 0} continuous on the null section;

2. F positive 1-homogeneous in y, i.e., F(x,\y) = AF(x,y), VA > 0;

3. F defines the smooth maps g;; : TM \ {0} — R, i,j € 1,n components of the metric Finsler tensor field

. . . . L. . . n2 2
g = gijdz' ® dx’, which form a symmetric positive definite matriz, (gij)ijeﬁ; Gij = %%.

We shall also consider the pseudo-Finslerian extensions of this framework, in which F' lacks the non-negativity
condition, is only positive-homogeneous, and ¢ is only non-degenerate.

Examples.

e In medical image analysis (more specific, in Diffusion Tensor Imaging DTT), the Riemannian-type diffusion norm

F=+\/ytD-ly, Vye T,R?

(D being a 3 x 3 real matrix) was extended to the Finslerian (HARDI) model based on the spherical tensor [32]
D = {D,, ..z}, which builds the Finsler 6—th root norm

F(z,y) = (Dil__,yﬁyi1 ...yiﬁ)l/G, Yy € T,RS;

e The m-th root Grobner-type Finsler pseudo-norms [33], including Berwald-Moor, Chernov and Bogoslovski [14,
15, 16];

e Kropina %2, Matsumoto aa—_zﬁ, and Randers o+ 8 (||8]|a < 1);

e The Antonelli m—th root conformal-locally Minkowski norm [34], where o = a;x%, o; € Ry,i = 1,n:

e The Roxbourgh and Reza-Tavakol relativistic EPS-axioms satisfying Finsler norms (1992), including the pseudo-
norm modeling the light propagation (¢ — 0 leads to the classic locally Minkowski case) in R*:

(422 + (5*)2 + (yH)?)? )1/ ?
2+ (2)2 + (¥3)% + (v4)2)2

Faw) = (01 - =

3.1. Finslerian main symmetric tensors
Consider an n—dimensional pseudo-Finsler space (M, F'). The main symmetric tensors of this structure are:
the fundamental metric tensor g and the Cartan tensor C, having the components:
1 0%F? 1 03F? o —
9ij = 200y Cijr = 10705705 1,5,k € 1,n,
which have the following notable properties:
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oF .
oyt

e the transvection property: Cijk(z,y)y* = 0; gij (2, y)y’ = F

e a Lagrange space (M, L) [12] becomes Finslerian iff C;;, is completely symmetric and satisfyes the transvection
property; in such a case, (M, F') with L = F? is a Finsler sructure;

e a Finsler space (M, F) becomes Riemannian (pseudo-Finsler ~» pseudo-Riemannian) iff C;;; = 0; in such a
case, we have the structure (M, g), with g = Hess,(F?) being y—independent.

Regarding the Candecomp decomposition, we have the following straightforward results

Proposition 3.2. a) For the (0,2) Finslerian metric tensor T' = g considered at a fized flagpole, the Candecomyp
decomposition becomes the adjusted SV D decomposition of [g], directly inferred from the diagonalization via an
orthonormal basis. The squares of the singular values are exactly the eigenvalues of the k—modes (de Lathavwer or
Kiers).

b) For the (0,3) Cartan tensor T' = C, the Candecomp decomposition has the form:

R
T = Z)\rar®br®cr,
r=1
with
A=lay,...,an], B=[by,...,byn], C=]ci,...,cN],
and X € R, r € 1, R, where R is the rank of T [3, 4]. The sum in b) can be truncated to the term corresponding
to the A, € oz which has mazximal absolute value and 'y its corresponding Z— eigenvector, one gets the Candecomp

approximation
T=\LVy=\hyoyay.

3.2. Spectral data
Consider a (pseudo-)Finsler space (M, F'), and a given flag (z,y.), which fixes the components of the Finsler

tensor fields. In particular, for the metric and the Cartan tensors, we have the spectral Z— and E—equations for
the metric tensor of the space of the form

gijfP =M ie€Tn, and Cypfif*=\f', ic1n, with || f||o = 1.

Let T =T = (z,y)i, .i,,dz" ®@...®@dz'm € TS (M) be an m-covariant symmetric homogeneous Finsler tensor with
fixed flag (z,y). Denote by h;T the tensor with homothetic flag (h,T)(z,y) = T(x,ty). Then, regarding to the
behavior of spectra w.r.t. the flag homothety, and of eigenvalues under symmetry, we have:

Theorem 3.3. a) For the metric tensor g, for all cases Z/E/H/N,
o(htg) = o(g), Vte D;
b) For the Cartan tensor C, for all cases Z/E/H/N,

O'(h,tC) = hl/t ‘O'(C), Vit € D,

R*  for F homogeneous
where D =

R%,  for F positive homogeneous.

We shall further provide an analysis for two Finsler structures, which appear in modeling the behavior of Langmuir
monolayers under pressure; another, corresponding to the expectance in the evolution of an oncologic process after
significant changes in the parameters.

4. The Langmuir-Finsler spectral data

Finsler geometry provides relevant geometric objects for the Physics of monolayers (e.g., [28, 29]). Far from
the equilibrium state of a compressed monolayer there appears a phase foliation at which an interface boundary
consists of domains of subphase surface, the Langmuir-Blodgett monolayer, and the Langmuir monolayer. We
represent in Fig.1(a) the Langmuir monolayer and the double charged layer during the compression process. The
three-dimensional globe conformation of the hydrophobic tails on the subphase surface is represented in Fig 1(b).
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LB-monolayer

barrier

sdfaceof Cangmuir
subphase monolayer subphase
(a) The Langmuir-Blodgett monolayer formation (b) The subphase space.

Figure 1: First-order phase transition in Langmuir-Blodgett monolayers.

Under certain conditions, the behavior of the interface boundary of the monolayer is governed by the Finsler
norm: ) )
3 ) 22 4 .29
F=aS ype oY)
T 2c2
where the parameters A, B, C' are given by:

2|Vt

A=p|V|rte
B =me —p (=% + 2 (Vtyt + S(VIHE + £( VIt

2|Vt 6.
FEVID'T+ 2(IVID®) e — & I g; [200])

T T

C =md?,

2|V |t
T

where V' is the compression speed, Ei [ ] is the exponential integral, m is the molecular mass and c is he speed of light.

Also, r and ¢ are the first two components of the cylindric orthogonal coordinate system (7, ¢, z), in which the spherically-
symmetric monolayer is displaced in the plane xy (2 = 0) and the center is located at the origin of coordinates. As
admissible experimental values for the parameters we have:

pe{1,10}, V e{0,10-'5,1075,10-3,0.05,1,10,500}, po =0,
q€{-01,0,01,0.29}, Ro=036, =281, & =0.885-10"11,
m=47-10"26, ¢=3-10%, t;=0.01, v=0.05and ry € [0,0.36].

Regarding the spectra of the Blodgett-Finsler pseudo-metric and of the Cartan tensor, we have the following

Theorem 4.1. a) For Z/E with m even, if y € Sy (A € 0), then —y € Sy;
b) For Z/E with m odd, if y € Sx (A € o), then =X\ € 0 and —y € S_»;

¢) For H/IN, ify € Sx (A € o), thenVt € K, ty € S, where K € {R, C}, respectively.

The metric tensor of the LF' structure has the attached matrix:

1 1,2
BAL 4B AL, 0
— w112 143
9] = | a8} a0 10 o :
0 0 —1C(2?)?

with (21,22, 2%) = (¢,r,¢) and (3,2, ¢%) = (§,7,6).
As for the Candecomp and HO-SVD decompositions, we have the following results:
We shall further assume that the supporting element (x,y,) € TM is fixed.

I. The metric tensor.

We note that the matrix [g] is symmetric, and for experimentally admissible values of A, B, C, it is non-definite,
non-degenerate, of signature (4,+,—). Since the metric tensor g is of second order, the CP and HO — SV D
decompositions coincide, and are practically provided by the usual SV D decomposition. The CP approximation is
given by the eigendata of the maximal positive eigenvalue of [g]. The matrix [g] admits the real eigenvalues

o(lg)) = {Al _ W Ne = M Ao = —1c<x2>2} 7
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where
L= —C(*)?®+24A(y")° +6(y*)°A(y') +2(4*)°B

R= C*(1*)% —4A@W")3C(y*)® + 12(y*)° A(y")C + 4(y*)° BC+
+4A%(y")° +12(y)2 A% (y")* = 8(y*)’ BA(y" )’ +
+36(y*) A% (y")? + 24(y*)°A(y") B + 4(y*)° B,

and three associated generating column eigenvectors

3ayh)? 3ayh)? 0
—202) (LR a0 +8G?)) 202 (LeFE a0 +B02)
O = [v1;v2;5v3] = .
0 0 1
Then, for D = diag(\1, A2, A3), E [HE”, ngl\’ |Iv3H] [w1, wa, ws], we have D = E'[g]E, and infer the Candecomp

decomposition by diagonalization relative to the orthonormal basis:

’L’

lg] = EDE"= Y \w; - w
i=1,3

By denoting the eigenvalue of maximal absolute value by A, and the associated unit eigenvector by w,, the best
rank-one approximation of [g] is [g] ~ A = A\w, - wl.

With the same notations, the HO-SV D of [g] is practically SV D, given by

9] = [sign(A1)w1,sign(A2)wz, sign(Az)wa] - diag(|A1l, | Az, [A3]) - [w1, w2, ws]t
= > I\l - (sign(Ai)w;) - wh
i=1,3

II. The Cartan tensor. The Cartan tensor, considered at the fixed supporting element (x,y.) € ™

C =Gy dr' @ da? @ da®, Oy _l_o
= z;k(%%) T ar’ @ ar”, ”k(x’y)_ZW’

is a third-order covariant tensor, with its first-index slices given by

3A «
C = {((Criy=y'M, Caij=v-M, Csi;=0Osx3)}, where y= ?, V= _B’%
. . B% —aB 0

where y. = (o, 8,7) is the flag vector of the supporting element, and M = [ _o5 o2 o |. We note that C has only

0 0 0

8 nontrivial coefficients.

The Z/E-eigendata of the Cartan tensor are given by the eigensystem:

Crijz'2? = A%, k€1,3, Z (2?2 =1,

which lead to

1 +1
Sy—0 =4 ———(a,B,t)|teR}, S on2 =< ————(%,0%,0) 5.
A1=0 { ORI (o, 8,t) } M= IAL { /7a4+ﬂ4(5 o )}

and which infer the twofold Candecomp approximation:

C~A=X vy QU RV, ’UiES)\Z.

As well, the H/N-homogeneous eigensystem

provides the H/N-eigendata:

Sxi=0 = { ;(aﬁ,t)

B —a
teR,, S, gazs2_a22 =< =* , ,0 .
Va?+ B2+t } da= e { (\/a2+52 Vo2 + 52 >}
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For the HO-SV D decomposition of the Cartan tensor C, the de Lathauwer or Kiers matrix [3] matricization
unfolding provides the three k—modes {M;, Ma, M3} € Ms3yo(R), which produce the singular values as square
roots of the eigenvalues of N; = M; - M}, i € 1,3:

Osing = {)\sing* = (042 + 62) V 72 + V27 070 }a
and the corresponding HO-SVD orthogonal matrices

VAV —v /[y +v2 0
U= v anfme o)
0 0 1

-8/ /a2+52 o/ /a2+52 0
V=1 ajazim pifarizo | =W,
0 0 1

with the columns conveniently permuted to satisfy the generalized core tensor slice orthonormality condition for
the core tensor S; these lead to the HO-SVD for the Cartan tensor C:

CigtUpViW, = Spar & Cigie = Sper (U] (V)W)

with the core tensor S almost zero (except Si11 = S222 = Asing. )-

5. The Garner-Randers spectral data

In Oncology, the Garner-Randers structure provides information on the ratio of malignant/quiescent cells as-
suming that certain treatment conditions are fulfilled. The Garner model is described by the dynamical system

d,1 _ .1 1/,.1 .2 halz?

grt =o' —at(zt —2%) + TG
d.2 _ .2 1,1 _ .2\ _ha'a?
Gt =—rr’ +ax'(z' —2°) TG

e z, proliferating (malignant) cells, scaled;

e y, quiescent cells, scaled;

e a, which measures the relative nutrient uptake by resting vs. proliferating cancerous cells;

e r =d/b, the ratio between the death rate of quiescent cells and the birth rate of proliferating cells;

e h, growth factor that preferentially shifts cells from quiescent to proliferating state; it is inversely proportional to a;
e k, mild moderating factor.

For the experimental data

a = 1.998958904, » = 0.03, h = 1.236, k = 0.236,
and with LSM accuracy, we obtain the statistically fit local Garner-Randers Finsler estimate [30, 31]:

F(z,y) = a+ B =\/gij(@)y'yl + bi(z)y" = /(y")? + (y2)% + 0.63y" — 0.27y°,

where « is a y,-dependent Riemannian norm and S is its linear deformation. The main multilinear symmetric
tensors on {(z,y.)} X T (M) are:

e the fundamental metric tensor g(y«) = (95 (¥))2s2|y=y.

_1.26(y")%4+1.89y" (¥°)*+1.397/(41) >+ ()2 ((¥")*+(v*)H) —0.27(3*)°

g = ()2 +(2)2)
_0.63(y%)%—0.27(y")?—0.17/(y1) 2+ (¥2)? ((¥")*+(¥*)?)

912 = 2+
_0.63(y")°—0.81(y")*y" +1.073/(¥1) 2+ (1¥2)* ((¥")*+(¥*)?) —0.54(y*)®

922 = )2+ )2

e the Cartan tensor C(y.) = (Cijr(Y+)) 20222 |y=y.

_ 0.135(y%)%(Ty*+3y") _ —0.135(y*)%y! (Ty°+3y")
Cin="gnmannr e Cn2= s e
_ 0.135(y")%y* (7% +3y") _ —0.135(y")* (7y*+3y")
Cro2= = imrysn o Cee= —(rppeyryer

The Z-eigendata are (), z) where z = (21, 22) are provided by the following eigensystems:
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e for the Euclidean/Kronecker spectral framework with oz, = {0,0, Ag, — A4},
Cijrd 2128 = A2 a=1,2; gij2'2 =1;
e For the extended fixed-flag metric framework with oz, = {0,0, Ay, =Ay},
Cijp? 2" = Ngia2®, i=1,2. gjp2?2"=1.

We note that 0 is a Z-eigenvalue with multiplicity 2, and that (A, z) is an eigenpair iff (—\, —z) is an eigenpair as
well. In order to provide relevant numeric solutions for the Cartan Z-eigenproblem, we fix the following eigendata
details: the flagpoles are unit subsequent vectors lying on the indicatrix (displaced via ”indicatrix harmonics”):

1

Ly ————— . 6,sin 0
(v, y°) [(cos,smb)], (cos@,sind),

for N =64, 0 = h%’r, h =1, N. The Garner-Randers indicatrix is harmonically digitized by using g-unit flagpoles
- see Fig. 2(a). The Z-eigensystem can be tracted by Maple PolynomialSolve or Matlab providing the eigenpairs
with h-dependent accuracy:

A Y% ~ 2 =2y v2), 22 (v, v2)),

and the Zs-eigendata for the nontrivial flag-dependent eigenvalues are represented in Fig. 2(b).

b) Zs-eigendat
(a) Harmonic sampling of the indicatrix (b) Zs-eigendata

Figure 2: Harmonic sampling of the indicatrix and Zs-eigendata

As well, the Z,-eigendata for the nontrivial eigenvalues can be depicted as follows:

05m x 15x In

Figure 3: In this case, there exist non-real solutions of the Z-eigenproblem. For a whole flagpole subdomain, the
eigenvalues are purely imaginary; their modules are plotted by the dark curve.

6. The Finslerian metric extension

We shall further describe the case of constructing the coordinate-independent formulation of the extended
eigenproblem. For the beginning, the particular Riemannian Z/E frameworks can be developed as follows. Let
A= (4;i,..4,) be an m-th order tensor, covariant and symmetric, and let g be a Riemannian metric on M.
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Z/E H/N
Ajinoi 072 - ptm = Aot )
oo =1 Ajigeiy, 072 0= A0T)
Aji o 0002 gt = Ay o )
wrt & ||1jZH2 1"1 Aiig--~im Slayt2 .. tm = )\(Ua)mfl
=
Ajigriy, g0 - ptm = Ao o ,
wrt g ||;T|2g z: E, leR Aii2“_img“11;12 coeptm = /\(Ua)m—l

We note that the advantage of the g-left extension is its being coordinate-free, while the right extension exhibits
homogeneity. As well, for m = 2, the extensions reduce to the classical matrix eigensystem.

As for the proper Finslerian invariant case, we have the following results:

Theorem 6.1. a) For T € F(m xp Top) (k > 1), the Z—spectral equation admits the following invariant
extension:
2T = \C - (29)",

where C = v azi is the Liouville vector field.

b) ForT € F(m Xum Tor_1) (k> 1), the Z—spectral equation admits the following invariant extension:
2T = AC.

Corollary 6.2. ForT € I‘(m X 01 TQOk_H) (k > 1), the Z—spectral equation admits the following invariant exten-
sion:
T = Nieg - (i2g)*.

In particular, for the Cartan tensor, in the metric-extended o, case, we infer the following

Corollary 6.3. a) Let T = C € F(m xn TY)), be the Cartan tensor considered at an arbitrary fized flagpole
(z,y«) € M x T, M. Then the local extended Z—spectral equation becomes

Cije(@, )y y" = Agisy?,  |lyllg=a.  (¥)
b) For g =46 and a =1, (*) leads to the classic eigenvalue problem for C.

¢) For y. =y, (*) provides a trivial l.h.s. of the Z—spectral equation, with unique Z—eigenvalue X = 0 and
Z —eigenspace given by:

(i) the scaled proper Finslerian indicatrix (for a > 0);

(ii) the set of isotropic vectors of the Finsler pseudo-norm (for a = 0), and
(iii) the negative scaled Lagrangian indicatrix (for a < 0).

As well, for the metric-extended even-tensor we generally have

Corollary 6.4. a) For T € r(ﬂ? xp T9) (k > 1), the Z—spectral equation admits the following invariant
extension:
2T = Nieg,  |[Cllg =a, a€R.

b) In the particular case when T = § € F(ﬁ/f X 1Y) is a Finslerian metric tensor at the fived flagpole (x,vy.) €
M x T, M, for g=20 and a = 1, the Z—spectral equation from above leads to the classic eigenvalue problem for g,

Gy’ =Ny, lyll =1

We should note that, among the applicative fields of the Z—eigendata theory, one can mention: tensor data
analysis; higher-order statistics; computer tomography and M.R.I. data processing; multispectral image restoration
and compression; signal processing, separation and denoising, etc.

As well, works have been recently addressing open problems, like: the usage of resolvent advances on proper
identifying the spectra; optimizing the decomposition for speed and storage data; specializing the spectral algorithms
for Big Data within neuro-fuzzy systems for pattern recognition.
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