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1. Introduction

Recently in paper [10], we have introduced the new deformed (a, §)-metric mentioned in the bove equation (1).
This metric was obtained by deformation by the previous («, 8)-metric introduced and investigated by us in some
previous papers [8], [9], [10]:

F=p+ (2)
where a € (,+00). The study of Finsler metrics with reversible geodesics represent a special field of research not
only in Finsler geometry but also in physics. As we know, a Finsler space is said to have reversible geodesics if for
every oriented geodesic paths, the same path traversed in the opposite direction is also a geodesic.

In a series of recent papers, [1], [6], [11], the study of Finsler spaces with reversible geodesics are discussed. Motivated
by the above mentioned studies, in this paper we want to investigate the study of Finsler spaces endoweed with the
metric (1), to be with reversible geodesics. In this respect, in Section 3 we will do this investigation.
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On the other hand, we know that the T-tensor plays an important role not only in Finsler geometry but also in
general relativity. This tensor was introduced by Matsumoto in [7].
We will find the T-tensor associated with the metric (1) also in Section 3. This will be another main result of our

paper.

2. Preliminaries
Let M be an n-dimensional, real, differentiable manifold and 7 : TM — M be the tangent bundle of M.

Definition 2.1. Let F : TM — {0} — R, be a Finsler metric. The Finsler space F™ = ( F(z,y)), is endowed
with an (a, B)-metric, if the fundamental function F, can be written as follows: F(x,y) = F (« (:v, y), B(z,y)), where
a = +/a;;(z)y'yl with a;; a Riemannian metric and 3 = b;(x)y" is a 1-form field on TM.

Some interesting results in Finsler geometry, were obtained recently also in the following papers: [2], [3], [4], [13].

Let M be an n-dimensional C*° manifold. Denote by T, M the tangent space at x € M, by TM = U T,M the
zeM
tangent bundle of M, and by TMy = T'M \ {0} the slit tangent bundle on M. A Finsler metric on M is a function

F : TM — [0,00) which has the following properties:

(i) F is C*° on T My;

(ii) F is positively 1-homogeneous on the fibers of tangent bundle T'M;

(iii) for each y € T;;M, the following quadratic form g, on T, M is positive definite,

19
B 0) = 5 5

[Fz(y + su + tv)] |s,e=0, u, v € T, M.

Let us first observe the following:

Remark 2.2. The metric F, is also an (a, B)-metric since it can be rewritten in the following form:

Fe(a,B) = ag(s)

where
p(s)=s*+es+a+1 (3)

Also, it is easy to compute
¢'(s)=2s+¢ ¢"(s)=2. (4)

From [11], we know the following;:

Definition 2.3. [11] A special vector field T', on the slit tangent bundle TM = TM — {0}, is said to be spray on
the smooth manifold M, if T stisfies the following properties:

(a) [n standard coordiﬁate system (z,y) on TM, T can be expressed as T’ = y° 821‘ —2G(x, y)a%l where G*(z, \y) =
)\ZG’(_x,y), VA >0, G are called spray coefficients;

(b) G* are smooth at (x,y #0) € TM.

As we know, locally a smooth curve v : [0,1] — M is a constant speed geodesic of (M, F') if and only if it satisfies
the system of differential equations:

() +2G* (4(1),4(1) = 0

Lagrange equation of (M, F) in terms of geodesic

F F
r 0 - | — 0 - = 0.
oy’ oy’
Definition 2.4. [11] If F and F are two different Finsler functions on the same differentiable manifold M, then
F and F are called projectively equivalent if their geodesics coincide on a set of points.

withi=1,2,..,
spray I is given by:

Lemma 2.5. A Finsler structure (M, I') is with reversible geodesics if and only if F' and its reversible function F
are projectively equivalent, i.e., the geodesics of F' and F' coincides on a set of points.
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If we will consider the reverse geodesic spray and we will denote it by T', then according to the previous lemma,
F' is with reversible geodesics if and only if
_ (OF OF
r - | —— =0 (5)
ay* ayt

Another well known facts from [11], is that if (M, F') is a non-Riemannian n(n > 2)-dimensional manifold, then
F is with reversible geodesics if and only if F(«, 8) = Fo(a, 5)+€8, where Fj is absolute homogeneous («, 3)-metric,
€ is a non-zero constant and 3 is a closed 1-form on the manifold M.
For our metric (1), we can observe the following interesting facts: it can be rewritted as follows:

B2 +a(a+1)
«

Fe(a, ) = + €8 =F(o, 8) + €8 (6)

where F(a, B) = W, with |e] < 2v/a + 1 and we need to choose € # 0, so € € (72\/(1 + 1,0) U (O, 2¢/a + 1).
Therefore, we will denote: F, = F(alﬁ) + ¢f8 with F' defined above and with a € (%, +oo).
If T is the geodesic spray of F, then I is the geodesic spray of F'. On the view of [11], can be obtained the following

link between I' and T*: OF OF op op
3 <ayi> Tow 1 {F <8yi) - 5fci] '

- (OF oF - OF op Oa op
D) (2 sl ) 2 2 =
<8yl> Ox* ( 8yl + s 3yl> ox? P o

_ O ap - (0p s
I'(F, [(F)—— + Fs |T - ) — —
g+ [P (o) = o] + T+ [P (57) - o
Now, let us recall some well known results regardlng the theory of T-tensor in Finsler geometry. In this respect,
we will follow the paper [5]:

because, as we know:

Lemma 2.6. [5] The components C;;, = %Z‘Z,ﬁ of the Cartan tensor of an («, 8)-metric are given by:
p1 0%
Cz'jk = % (hz]mk + hjkm,- + hikmj) + imimjmk7

where hi; = a;; — aza, my = by — say.

Theorem 2.7. [5] The T-tensor of an (a,)-metric, takes the form: T = @ (hpihjk + hnjhik + harhij) +
\If(hhkmimj + hhjmimk + hhimjmk—i— hijmhmk + hjkmimh + hikmjmh) + thmimjmk,
where:

o= —M(s—i—alﬁm )
v e Pio  spyd  pr1gm’K,
«a ap 2a 2
2 /L] / 2 /
Q_Po¢ 2pp¢’ 30 (K [y 4 O 4 2100
2a « 2 2ap
P1
Ki=—"
' 2a(p+ mPg¢")
Ko, = PP~ 2p109"
Y =
2ap(p +m2¢¢")

here, we know that for an (a, 8)-metric F' = a¢(s), the components g;; = 2 ay &ﬂ F?, the fundamental tensor
can be calculated by the formula:

gij = paij + pobib; + p1(bic; + bj) + paraia; (7)

where «; = g; and

p=0"—so¢/
po =0 + 66"
_ ¢¢/ _S(¢/2 +¢¢//)
p2 =52 (¢ + ¢9") — 569/,
where b = a%/b;. These results and also other important results on this topic can be found in [12].
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Proposition 2.8. For an (a, 8)-metric F = a¢(s), the inverse (g¥7), of the metric (gi;), is given by:
g7 = —a" + pob't’ 4+ 1 (b'e? + ¥ a’) + poaa? (8)
p

where:

_ ool P p1 )
p(p+0¢"m2) " T p(p+ pgm2)’
_ p1(spt (pr+ 569" )m?)
’ PP (p+ d¢'m?)

Ho =

and m? = b% — s>

As we know from [10], we have the following result:

Theorem 2.9. The function F. = a¢(s) is a Finsler function as defined in (1) if and only if |s| < min{v/a + 1, 21’227‘”1}

3. Main Results
Now, we are ready to formulate our main first result:
Proposition 3.1. Let us consider the following («, 8)-metric:
F=F.(a0,8)+8 9)

where Fy(a, 8) = % +eB, witha € (1,+00) and € € (—v2a +1,0)U(0,2a + 1), then F is with reversible
with geodesics if and only if B is a closed 1-form.

Proof. We will start with the condition for the (¢, 8)-metric F, to be with reversible geodesics:

_ (OF oF
T - | - — =
(81/z ) ox* 0

where T is the reverse of I', the geodesic spray of the metric

Fla.g < 2t @l) g

«

Next, we get after easy computations:
_ (OF, OF _ - (0B ap

r - | — — = (F)g | - | — —
(8y1> ox? (F)s [ (81/) 8x’]

L(OFN OF (28 N\ [(9b b\
F(@gﬁ) axi_<a+6 1) (6xj 8xi)y'

But % 4+ e —1 =0 is not possible, so F, is with reversible geodesics, if and only if (gi;ﬁ — gi@) =0, i.e. I is with

So, we conclude that:

reversible geodesic if and only if the differentiable 1-form g is closed in M.

O

Remark 3.2. It is easy to observe that the («, 8)-metric F is projectively flat if and only if F. is projectively flat

% + €8, where a € (%,—i—oo) and

Now, we will investigate in more details the above (o, 8)-metric F, =
€€ (—v2a+1,0)U (0,v/2a +1).
Here we can observe: )
F (o, B8) =« (ﬁz—i—a—kl—i—eﬂ) =a(s®* +es+a+1).
e @
So:
p(s)=s*+es+a+1 (10)
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with a € (1, 400) and € € (—v2a+1,0) U (0,v/2a +1). .
After computations, we can find the coefficients for the tensor (g;;) and respectivelly for the tensor (¢*/) associated
with the metric F, with ¢(s) = 52 + es +a + 1, as follows:

p=—st—sctesates+ta®+2a+1 (11)
po=065>+6es+e+2a+2 (12)
p1=—45> —3s%+ae+e (13)
po =45 +35% —esa—es (14)
1
= - 15
Ho (s2+es+a+1)(2+m?) (15)
6s2—2a—2)e+8s3
P = ( 2 (16)
(s2+es+a+1) (1+2m?)
2 (—4 83 — 3 5%+ ae+ e) (83 +s%e+as+ s —2m?s3 —m?s%e + 2m2as + m2ae + 2m?s + m26) (17)
2 =

(s2+es+a+1)°(142m2)

Remark 3.3. The fundamental tensors for the the metric g;; and respectivelly g%, can be writted acording to (7)
and (8) as follows:
9ij = paij + pobibj + p1(bicj + bjos) + pacioy;

g7 = —a"” + pob'’ 4+ p1(b'a? + ¥ a’) + psata?,
p
where the coefficients p, po, p1, p2, respectively u, p1, pa, are given in the above relations (11)-(17).

Theorem 3.4. For the (a, 3)-metric F.(a, 8) with ¢(s) = s> +es+a+1, given in (10), has the following T-tensor:
Tijk = @ (hnihjk + hnjhis + hekhig) + Y (hpemamg + hpymamy + hpamymg+ higmpmy + hjpmamy, + hgemgmy,) +

Qmpmymgmy,
where:
fI):—l (453 =352+ (a+1)e) (=" —ste+e (I+a+im?) s+ (a+1)(a+1+2m?)s)
2 (—s24+a+1+2m?)a
m2e (a+1)

(=s2+a+1+4+2m?)a

1 1 19
(—4m2 -2) st 4+ (27 - 17m2> stV —12 <2 +m2> (1 +a+ 862> s°

1 9 47 5 1 5\ (19 4 43 43\ , 2\ -
- - — 1 —12 ( = — —a+ — 1
38<2+m>e<76e+ +a)s <2+m 52€ T\t e+ (a+1)" | s'+

1
<(i - 2m2> € — % (; +m2> (a+1)e —24 <2 +m2) (a+ 1)262/3m2a> %+

U=6(-45"—3s%+(a+1)e)

1 3
((—2m2—1—a—2m2a) et —12 (2+m2> (a—|—1)262—§o¢em2—

1 2 3 2 1 5 1/1 2 5,3 (1 2 2 3
4(2+m><3a+a +3a”+1 ) |8 + 5 2—|—m (a+1)e —|—2 2—|—m (a+1)"¢€
13 1 5 2 15
12m2a62—2(2+m2) (3a+1+3a2+a3—12 )6—3m2<16+a>a>s4

2 /1 1 - 1 2
—|—(3 <2—|—m2> (a+1)264—1m2ae‘5+3 <2+m2) (1+9a—|—a3+3a+3a2> € —

2 , (15 2 /1, .
3™m (16+a>ae+3 <2+m>(a+1)a>s+
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1 1 9 9 3 3
<2+m2> (<6a+2a2+2a+2a3+2)62—|—(a—|—1)(a3+3a2—|—3a+a—|—1)>632+

1 1 /1 2
<12m2a (a—|—1)63—|—§ (2+m2) (a+1) (a3+3a2+3a+1+3a>62+

1 1 1 1 1
6m2 (a+z) (a+1)ae+§ <<2+m2>a2+(1+2m2)a+22m2)a>5+

1 1
12(mg(a—&—l)zeQ—i—(1—m2+2m2a2+4m2a+2a+a2)6—2m2a(a—|—2)>a

-1
2 (1
(s2+es—|—a+1) 2(2—|—m2> a2

and

Q

54s? +5des+6a+ 6 + 12 € 9 1
= ~3 1
« (" +estat )a(52+es+a+1)(1+2m2)

((—2(—352 +a+1)se + (2684 -2 (a+1)2) €4 (6+36s°+(15+16a)s® + (—-Ta—4a® — 3) s) e+ 16 s°+

(4% —3s%c+ac+e) (25+6))

(154 16a)s* + 125 +a®> +2a | (—4 5> — 35%€ + ae + € + 6m?s + 3m?e) + 3
a(s?+es+a+1)

Also
1 —45% —3s%+ae+te
K =-
2a(—-s2+a+14+2m?)(s2+es+a+1)
and
(652 —2a—2)se® + (2654—2 (a—|—1)2> 4+ (6+36s°+(15+16a)s® + (~Ta—4a® —3)s) e
Ky =

a(s2+es+a+1)*(142m?)

165 + (15 +16a) s* + 125+ a? + 2a
a(s2+es+a+1)®(1+2m?)

Proof. The proof of this Theorem is direct, using the above relations from Theorem 2.7 and making computations
to find the ¥, ®,Q and also K and respectively Ks. Also, here for computations we used the program Maple 13.

O

Example 3.1. We will give an example for the above considered metric F.(a, ), choosing a = 1 and respectively
€ = /2, because a € (%, —|—oo) and can be choose just fromt this interval and respectivey, €, must be in (—v/2a + 1,0)U
(0,v/2a + 1). For this values for a and respectively €, we get in this case the following metric tensor for our metric:

9ij = —(82 + 5\/§+ 2)(82 — 2)ai]‘ + (682 + 68\/54— G)blbj + (—453 — 3\/582 + 2\/5)([)1‘0@‘ =+ bjai)—i—
((3s*—25) V2 +4sM ;.
For the T-tensor, we get in this case the following values for the W, ®, Q) and also K1 and respectively Ks:

—4s3 - 35224212

1
Ka(s) = 4 (2 4+ V2s+2) o (—1/252 + 1 +m?)

(435 =225 +6+365°) V2 +83sT — 13+ 1655 + 125
a (52+\/§5+2)3(1+2m2)

((—254—|— (4+m2) 52+2m2)\/§—285+8m25+85) ((%SQ—%)\/i+s3)
a (—s2+2+2m?)

KQ(S) =

D(s) =
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_ 54s* +545v2+36
«

Q(s) (352 +35V2+46)

((125% — 8) sv/2 4 83s* — 13 + (6 + 365° + 31s® — 14.5) V2 + 165° + 125)
a(s2+svV2+ 2)3 (1+2m?)
(—4s® — 3v2s? + 2v/2 + 6m?s + 3v2m?) L3 (—4s® — 3v2s% +2V2) (25 + 2)
a(52+5\/§+2)3(1+2m2) a(52+5\/§+2)

8(s2+\/§s—|—2) (2s3+352\/§+2\/§+128)
W(s) = a (s?2-2) B

(453 +352V2—2v2)m? (43532 — 2225 + 835 — 13+ 62 + 36 V25° + 16 s° + 1235)
4a (s? +\@8+2)2(1/2+m2)

4. Conclusion

In this paper, we succeed to investigate a special type of deformed («, 8)-metric type, especially if a Finsler space
endowed with such a metric is with reversible geodesics. Also we investigate the T-tensor for this kind of metrics
and finally we investigate a particular example of such a metric. In fact, this family of deformed («, 8)-metrics
which we have investigated here in this paper could generate interesting examples of metrics for particular cases of
a and € and in our future works we will continue to investigate new type of metrics from this family.

Remark 4.1. In this paper, we used the Maple 18 program for computations.
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