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ABSTRACT: The scope of this paper is twofold. On the one hand, we will inves-
tigate the reversible geodesics of a Finsler space endowed with the deformed newly
introduced (α, β)-metric

Fε(α, β) =
β2 + α2(a+ 1)

α
+ εβ (1)

where ε is a real parameter with |ε| < 2
√
a+ 1 and a ∈

(
1
4 ,+∞

)
; and on the other

hand, we will investigate the T-tensor for this metric.
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1. Introduction

Recently in paper [10], we have introduced the new deformed (α, β)-metric mentioned in the bove equation (1).
This metric was obtained by deformation by the previous (α, β)-metric introduced and investigated by us in some
previous papers [8], [9], [10]:

F = β +
aα2 + β2

α
(2)

where a ∈
(
1
4 ,+∞

)
. The study of Finsler metrics with reversible geodesics represent a special field of research not

only in Finsler geometry but also in physics. As we know, a Finsler space is said to have reversible geodesics if for
every oriented geodesic paths, the same path traversed in the opposite direction is also a geodesic.
In a series of recent papers, [1], [6], [11], the study of Finsler spaces with reversible geodesics are discussed. Motivated
by the above mentioned studies, in this paper we want to investigate the study of Finsler spaces endoweed with the
metric (1), to be with reversible geodesics. In this respect, in Section 3 we will do this investigation.
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On the other hand, we know that the T-tensor plays an important role not only in Finsler geometry but also in
general relativity. This tensor was introduced by Matsumoto in [7].
We will find the T-tensor associated with the metric (1) also in Section 3. This will be another main result of our
paper.

2. Preliminaries

Let M be an n-dimensional, real, differentiable manifold and π : TM −→M be the tangent bundle of M .

Definition 2.1. Let F : TM − {0} −→ R, be a Finsler metric. The Finsler space Fn = (M,F (x, y)), is endowed
with an (α, β)-metric, if the fundamental function F , can be written as follows: F (x, y) = F̃ (α(x, y), β(x, y)), where
α =

√
aij(x)yiyj with aij a Riemannian metric and β = bi(x)yi is a 1-form field on TM .

Some interesting results in Finsler geometry, were obtained recently also in the following papers: [2], [3], [4], [13].

Let M be an n-dimensional C∞ manifold. Denote by TxM the tangent space at x ∈ M , by TM =
⋃
x∈M

TxM the

tangent bundle of M , and by TM0 = TM \ {0} the slit tangent bundle on M . A Finsler metric on M is a function
F : TM → [0,∞) which has the following properties:
(i) F is C∞ on TM0;
(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM ;
(iii) for each y ∈ TxM , the following quadratic form gy on TxM is positive definite,

gy(u, v) :=
1

2

∂2

∂s∂t

[
F 2(y + su+ tv)

]
|s,t=0, u, v ∈ TxM.

Let us first observe the following:

Remark 2.2. The metric Fε is also an (α, β)-metric since it can be rewritten in the following form:

Fε(α, β) = αφ(s)

where
φ(s) = s2 + εs+ a+ 1 (3)

Also, it is easy to compute
φ′(s) = 2s+ ε, φ′′(s) = 2. (4)

From [11], we know the following:

Definition 2.3. [11] A special vector field Γ, on the slit tangent bundle ˜TM = TM − {0}, is said to be spray on
the smooth manifold M, if Γ stisfies the following properties:
(a) In standard coordinate system (x, y) on TM , Γ can be expressed as Γ = yi ∂

∂xi − 2Gi(x, y) ∂
∂yi where Gi(x, λy) =

λ2Gi(x, y), ∀λ > 0, Gi are called spray coefficients;
(b) Gi are smooth at (x, y 6= 0) ∈ ˜TM .

As we know, locally a smooth curve γ : [0, 1]→M is a constant speed geodesic of (M,F ) if and only if it satisfies
the system of differential equations:

γ̈(t) + 2Gi (γ(t), γ̇(t)) = 0

with i = 1, 2, ..., n, where γ̇ = γ̇i ∂
∂xi . Also we recall that the Euler-Lagrange equation of (M,F ) in terms of geodesic

spray Γ is given by:

Γ

(
∂F

∂yi

)
− ∂F

∂yi
= 0.

Definition 2.4. [11] If F and F̄ are two different Finsler functions on the same differentiable manifold M , then
F and F̄ are called projectively equivalent if their geodesics coincide on a set of points.

Lemma 2.5. A Finsler structure (M,F ) is with reversible geodesics if and only if F and its reversible function F̄
are projectively equivalent, i.e., the geodesics of F and F̄ coincides on a set of points.
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If we will consider the reverse geodesic spray and we will denote it by Γ̄, then according to the previous lemma,
F is with reversible geodesics if and only if

Γ̄

(
∂F

∂yi

)
− ∂F

∂yi
= 0 (5)

Another well known facts from [11], is that if (M,F ) is a non-Riemannian n(n ≥ 2)-dimensional manifold, then
F is with reversible geodesics if and only if F (α, β) = F0(α, β)+εβ, where F0 is absolute homogeneous (α, β)-metric,
ε is a non-zero constant and β is a closed 1-form on the manifold M .
For our metric (1), we can observe the following interesting facts: it can be rewritted as follows:

Fε(α, β) =
β2 + α2(a+ 1)

α
+ εβ = F̄ (α, β) + εβ (6)

where F̄ (α, β) = β2+α2(a+1)
α , with |ε| < 2

√
a+ 1 and we need to choose ε 6= 0, so ε ∈

(
−2
√
a+ 1, 0

)
∪
(
0, 2
√
a+ 1

)
.

Therefore, we will denote: Fε = F̄ (α, β) + εβ with F̄ defined above and with a ∈
(
1
4 ,+∞

)
.

If Γ is the geodesic spray of Fε, then Γ̄ is the geodesic spray of F̄ . On the view of [11], can be obtained the following
link between Γ and Γ̄:

Γ̄

(
∂F

∂yi

)
− ∂F

∂xi
= Fβ

[
Γ̄

(
∂β

∂yi

)
− ∂β

∂xi

]
.

because, as we know:

Γ̄

(
∂F

∂yi

)
− ∂F

∂xi
= Γ̄

(
Fα

∂F

∂yi
+ Fβ

∂β

∂yi

)
− Fα

∂α

∂xi
− Fβ

∂β

∂xi
=

Γ̄(Fα)
∂α

∂yi
+ Fα

[
Γ̄

(
∂α

∂yi

)
− ∂α

∂xi

]
+ Γ̄(Fβ)

∂β

∂yi
+ Fβ

[
Γ̄

(
∂β

∂yi

)
− ∂β

∂xi

]
Now, let us recall some well known results regarding the theory of T-tensor in Finsler geometry. In this respect,

we will follow the paper [5]:

Lemma 2.6. [5] The components Cijk = 1
2
∂gij
∂yk

of the Cartan tensor of an (α, β)-metric are given by:

Cijk =
ρ1
2α

(hijmk + hjkmi + hikmj) +
ρ′0
2α
mimjmk,

where hij = aij − αiαj, mi = bi − sαi.

Theorem 2.7. [5] The T-tensor of an (α, β)-metric, takes the form: Tijk = Φ (hhihjk + hhjhik + hhkhij) +
Ψ(hhkmimj + hhjmimk + hhimjmk+ hijmhmk + hjkmimh + hikmjmh) + Ωmhmimjmk,
where:

Φ = −ρ1φ
2α

(s+ αK1m
2)

Ψ =
ρ1φ
′

α
− ρ21φ

αρ
− sρ′0φ

2α
− ρ1φm

2K2

2

Ω =
ρ′′0φ

2α
+

2ρ′0φ
′

α
− 3φ

(
K2

(
ρ1 +

ρ′0m
2

2

)
+
ρ1ρ
′
0

2αρ

)
.

K1 =
ρ1

2α(ρ+m2φφ′′)

K2 =
ρρ′0 − 2ρ1φφ

′′

2αρ(ρ+m2φφ′′)

here, we know that for an (α, β)-metric F = αφ(s), the components gij = 1
2

∂2

∂yi∂yj F
2, the fundamental tensor

can be calculated by the formula:

gij = ρaij + ρ0bibj + ρ1(biαj + bjαi) + ρ2αiαj (7)

where αi = ∂α
∂yi and

ρ = φ2 − sφφ′

ρ0 = φ′2 + φφ′′

ρ1 = φφ′ − s(φ′2 + φφ′′)

ρ2 = s2(φ′2 + φφ′′)− sφφ′,
where bi = aijbj . These results and also other important results on this topic can be found in [12].
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Proposition 2.8. For an (α, β)-metric F = αφ(s), the inverse (gij), of the metric (gij), is given by:

gij =
1

ρ
aij + µ0b

ibj + µ1(biαj + bjαi) + µ2α
iαj (8)

where:

µ0 = − φφ′′

ρ(ρ+ φφ′′m2)
;µ1 = − ρ1

ρ(ρ+ φφ′′m2)
;

µ2 =
ρ1
(
sρ+ (ρ1 + sφφ′′)m2

)
ρ2(ρ+ φφ′′m2)

and m2 = b2 − s2.

As we know from [10], we have the following result:

Theorem 2.9. The function Fε = αφ(s) is a Finsler function as defined in (1) if and only if |s| < min{
√
a+ 1,

√
2b2+a+1

3 }.

3. Main Results

Now, we are ready to formulate our main first result:

Proposition 3.1. Let us consider the following (α, β)-metric:

F = Fε(α, β) + β (9)

where Fσ(α, β) = β2+α2(a+1)
α +εβ, with a ∈

(
1
4 ,+∞

)
and ε ∈ (−

√
2a+ 1, 0)∪(0,

√
2a+ 1), then F is with reversible

with geodesics if and only if β is a closed 1-form.

Proof. We will start with the condition for the (α, β)-metric F , to be with reversible geodesics:

Γ̄

(
∂F

∂yi

)
− ∂F

∂xi
= 0

where Γ̄ is the reverse of Γ, the geodesic spray of the metric

F̄ (α, β) =
β2 + α2(a+ 1)

α
+ (ε− 1)β

Next, we get after easy computations:

Γ̄

(
∂Fε
∂yi

)
− ∂F

∂xi
= (F̄ )β

[
Γ̄

(
∂β

∂yi

)
− ∂β

∂xi

]
So, we conclude that:

Γ̄

(
∂Fε
∂yi

)
− ∂F

∂xi
=

(
2β

α
+ ε− 1

)(
∂bi
∂xj
− ∂bj
∂xi

)
yi.

But 2β
α + ε− 1 = 0 is not possible, so Fε is with reversible geodesics, if and only if

(
∂bi
∂xj − ∂bj

∂xi

)
= 0, i.e. Fε is with

reversible geodesic if and only if the differentiable 1-form β is closed in M .

�

Remark 3.2. It is easy to observe that the (α, β)-metric F is projectively flat if and only if Fε is projectively flat

Now, we will investigate in more details the above (α, β)-metric Fε = β2+α2(a+1)
α + εβ, where a ∈

(
1
4 ,+∞

)
and

ε ∈ (−
√

2a+ 1, 0) ∪ (0,
√

2a+ 1).
Here we can observe:

Fε(α, β) = α

(
β2

α2
+ a+ 1 + ε

β

α

)
= α(s2 + εs+ a+ 1).

So:
φ(s) = s2 + εs+ a+ 1 (10)
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with a ∈
(
1
4 ,+∞

)
and ε ∈ (−

√
2a+ 1, 0) ∪ (0,

√
2a+ 1).

After computations, we can find the coefficients for the tensor (gij) and respectivelly for the tensor (gij) associated
with the metric Fε with φ(s) = s2 + εs+ a+ 1, as follows:

ρ = −s4 − s3ε+ ε sa+ ε s+ a2 + 2 a+ 1 (11)

ρ0 = 6 s2 + 6 ε s+ ε2 + 2 a+ 2 (12)

ρ1 = −4 s3 − 3 s2ε+ aε+ ε (13)

ρ2 = 4 s4 + 3 s3ε− ε sa− ε s (14)

µ0 = − 1

(s2 + ε s+ a+ 1)
(
1
2 +m2

) (15)

µ1 =

(
6 s2 − 2 a− 2

)
ε+ 8 s3

(s2 + ε s+ a+ 1)
2

(1 + 2m2)
(16)

µ2 =
2
(
−4 s3 − 3 s2ε+ aε+ ε

) (
s3 + s2ε+ as+ s− 2m2s3 −m2s2ε+ 2m2as+m2aε+ 2m2s+m2ε

)
(s2 + ε s+ a+ 1)

3
(1 + 2m2)

(17)

Remark 3.3. The fundamental tensors for the the metric gij and respectivelly gij, can be writted acording to (7)
and (8) as follows:

gij = ρaij + ρ0bibj + ρ1(biαj + bjαi) + ρ2αiαj ;

gij =
1

ρ
aij + µ0b

ibj + µ1(biαj + bjαi) + µ2α
iαj ,

where the coefficients ρ, ρ0, ρ1, ρ2, respectively µ, µ1, µ2, are given in the above relations (11)-(17).

Theorem 3.4. For the (α, β)-metric Fε(α, β) with φ(s) = s2+ε s+a+1, given in (10), has the following T-tensor:
Tijk = Φ (hhihjk + hhjhik + hhkhij) + Ψ(hhkmimj + hhjmimk + hhimjmk+ hijmhmk + hjkmimh + hikmjmh) +
Ωmhmimjmk,
where:

Φ = −1

2

(
−4 s3 − 3 s2ε+ (a+ 1) ε

) (
−s5 − s4ε+ ε

(
1 + a+ 1

2 m
2
)
s2 + (a+ 1)

(
a+ 1 + 2m2

)
s
)

(−s2 + a+ 1 + 2m2)α

− m2ε (a+ 1)

(−s2 + a+ 1 + 2m2)α

Ψ = 6
(
−4 s3 − 3 s2ε+ (a+ 1) ε

) [ (
−4m2 − 2

)
s11 +

(
−17

2
− 17m2

)
ε s10 − 12

(
1

2
+m2

)(
1 + a+

19

8
ε2
)
s9

−38

(
1

2
+m2

)
ε

(
47

76
ε2 + 1 + a

)
s8 − 12

(
1

2
+m2

)(
19

24
ε4 +

(
43

12
a+

43

12

)
ε2 + (a+ 1)

2

)
s7+((

−3

4
− 3

2
m2

)
ε5 − 39

2

(
1

2
+m2

)
(a+ 1) ε3 − 24

(
1

2
+m2

)
(a+ 1)

2
ε− 2/3m2α

)
s6+((

−2m2 − 1− a− 2m2a
)
ε4 − 12

(
1

2
+m2

)
(a+ 1)

2
ε2 − 3

2
αεm2−

4

(
1

2
+m2

)(
3a+ a3 + 3a2 + 1− 1

12
α

))
s5 +

(
1

2

(
1

2
+m2

)
(a+ 1) ε5 +

3

2

(
1

2
+m2

)
(a+ 1)

2
ε3−

13

12
m2αε2 − 2

(
1

2
+m2

)(
3a+ 1 + 3a2 + a3 − 5

12
α

)
ε− 2

3
m2

(
15

16
+ a

)
α

)
s4

+

(
2

3

(
1

2
+m2

)
(a+ 1)

2
ε4 − 1

4
m2α ε3 + 3

(
1

2
+m2

)(
1 +

2

9
α+ a3 + 3 a+ 3a2

)
ε2−

2

3
m2

(
15

16
+ a

)
α ε+

2

3

(
1

2
+m2

)
(a+ 1)α

)
s3+
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(
1

2
+m2

)((
1

6
α+

9

2
a2 +

9

2
a+

3

2
a3 +

3

2

)
ε2 + (a+ 1)

(
a3 + 3 a2 + 3 a+ α+ 1

))
ε s2+(

1

12
m2α (a+ 1) ε3 +

1

2

(
1

2
+m2

)
(a+ 1)

(
a3 + 3 a2 + 3 a+ 1 +

2

3
α

)
ε2+

1

6
m2

(
a+

3

4

)
(a+ 1)α ε+

1

3

((
1

2
+m2

)
a2 +

(
1 + 2m2

)
a+

1

2
− 1

2
m2

)
α

)
s+

1

12

(
m2 (a+ 1)

2
ε2 +

(
1−m2 + 2m2a2 + 4m2a+ 2a+ a2

)
ε− 1

2
m2a (a+ 2)

)
α

]
(
s2 + ε s+ a+ 1

)−2(1

2
+m2

)−1
α−2

and

Ω =
54s2 + 54 ε s+ 6 a+ 6 + 12 ε2

α
− 3

(
s2 + ε s+ a+ 1

) 1

α(s2 + εs+ a+ 1)(1 + 2m2)((
− 2(−3s2 + a+ 1)sε3 +

(
26 s4 − 2 (a+ 1)

2
)
ε2 +

(
6 + 36 s5 + (15 + 16 a) s3 +

(
−7 a− 4 a2 − 3

)
s
)
ε+ 16 s6+

(15 + 16 a) s4 + 12 s+ a2 + 2 a

)
(−4 s3 − 3 s2ε+ aε+ ε+ 6m2s+ 3m2ε) + 3

(
−4 s3 − 3 s2ε+ aε+ ε

)
(2 s+ ε)

α (s2 + ε s+ a+ 1)

)
Also

K1 =
1

2

−4 s3 − 3 s2ε+ aε+ ε

α (−s2 + a+ 1 + 2m2) (s2 + ε s+ a+ 1)

and

K2 =

(
6 s2 − 2 a− 2

)
sε3 +

(
26 s4 − 2 (a+ 1)

2
)
ε2 +

(
6 + 36 s5 + (15 + 16 a) s3 +

(
−7 a− 4 a2 − 3

)
s
)
ε

α (s2 + ε s+ a+ 1)
3

(1 + 2m2)

+
16 s6 + (15 + 16 a) s4 + 12 s+ a2 + 2 a

α (s2 + ε s+ a+ 1)
3

(1 + 2m2)

Proof. The proof of this Theorem is direct, using the above relations from Theorem 2.7 and making computations
to find the Ψ,Φ,Ω and also K1 and respectively K2. Also, here for computations we used the program Maple 13.

�

Example 3.1. We will give an example for the above considered metric Fε(α, β), choosing a = 1 and respectively
ε =
√

2, because a ∈
(
1
4 ,+∞

)
and can be choose just fromt this interval and respectivey, ε, must be in (−

√
2a+ 1, 0)∪

(0,
√

2a+ 1). For this values for a and respectively ε, we get in this case the following metric tensor for our metric:

gij = −(s2 + s
√

2 + 2)(s2 − 2)aij + (6s2 + 6s
√

2 + 6)bibj + (−4s3 − 3
√

2s2 + 2
√

2)(biαj + bjαi)+

(
(
3 s3 − 2 s

)√
2 + 4 s4)αiαj .

For the T-tensor, we get in this case the following values for the Ψ,Φ,Ω and also K1 and respectively K2:

K1(s) =
1

4

−4 s3 − 3 s2
√

2 + 2
√

2(
s2 +

√
2s+ 2

)
α (−1/2 s2 + 1 +m2)

K2(s) =

(
43 s3 − 22 s+ 6 + 36 s5

)√
2 + 83 s4 − 13 + 16 s6 + 12 s

α
(
s2 +

√
2s+ 2

)3
(1 + 2m2)

Φ(s) =

((
−2 s4 +

(
4 +m2

)
s2 + 2m2

)√
2− 2 s5 + 8m2s+ 8 s

) ((
3
4 s

2 − 1
2

)√
2 + s3

)
α (−s2 + 2 + 2m2)
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Ω(s) =
54 s2 + 54 s

√
2 + 36

α
− (3 s2 + 3 s

√
2 + 6)(((

12s2 − 8
)
s
√

2 + 83s4 − 13 +
(
6 + 36s5 + 31s3 − 14 s

)√
2 + 16s6 + 12s

)
α
(
s2 + s

√
2 + 2

)3
(1 + 2m2)(

−4s3 − 3
√

2s2 + 2
√

2 + 6m2s+ 3
√

2m2
)

α
(
s2 + s

√
2 + 2

)3
(1 + 2m2)

+ 3

(
−4s3 − 3

√
2s2 + 2

√
2
)

(2s+ 2)

α
(
s2 + s

√
2 + 2

) )

Ψ(s) =
s
(
s2 +

√
2s+ 2

) (
2 s3 + 3 s2

√
2 + 2

√
2 + 12 s

)
α (s2 − 2)

−

−
(
4 s3 + 3 s2

√
2− 2

√
2
)
m2
(
43 s3

√
2− 22

√
2s+ 83 s4 − 13 + 6

√
2 + 36

√
2s5 + 16 s6 + 12 s

)
4α
(
s2 +

√
2s+ 2

)2
(1/2 +m2)

4. Conclusion

In this paper, we succeed to investigate a special type of deformed (α, β)-metric type, especially if a Finsler space
endowed with such a metric is with reversible geodesics. Also we investigate the T-tensor for this kind of metrics
and finally we investigate a particular example of such a metric. In fact, this family of deformed (α, β)-metrics
which we have investigated here in this paper could generate interesting examples of metrics for particular cases of
a and ε and in our future works we will continue to investigate new type of metrics from this family.

Remark 4.1. In this paper, we used the Maple 13 program for computations.
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[9] L. I. Pişcoran, V. N. Mishra, S-curvature for a new class of (α, β)-metrics, RACSAM, doi:10.1007/s13398-016-
0358-3, 2017.

[10] P. Laurian-Ioan, B. Najafi, C. Barbu, T. Tabatabaeifar, The deformation of an (α, β)-metrics, International
Electronic Journal of Geometry, 2021, Accepted.
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