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1. Introduction

Non-linear PDEs arising in many applied fields like Biology, Fluid Mechanics, Plasma Physics and Optics, systems
of impulse and Neural Networks, etc. and exhibit a rich variety of non-linear phenomena. The investigation of
the exact solutions plays an important role in the study of non-linear systems. In this paper, we find Lie point
symmetries, third order local symmetries, an optimal system of these two type symmetries, and corresponding
invariant solutions for a general short pulse equation:

SPE : Ugpt = QU + g(ug)zza (]‘)
where u = u(z,t) is the unknown real function and subscripts denote differentiation w.r.t. = and ¢; o and S are
non-zero real parameters.

This general SPE was derived by T. Schafer and C.E. Wayne [8, p.94] as a model equation describing the
propagation of ultra-short light pulses in silica optical fibres. In [8, 7], many results are obtained about the special
SPE:
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2. Lie contact and point symmetries
Let J' = J*(R2,R) be the jet space with coordinates (z,t,u, 1y, us). Let
Vv=£0y+ T +n0y+0" Ou, + 1" Ou,, (3)

be an infinitesimal Lie contact symmetry of (1), where £, 7 and 7 are smooth functions J*(R?, R) — R, and

Q = Uy + Tugy — , (4)

be the characteristic function of (4). Thus
§= Quma T = Qutv n= urQu, + uQu, — @, (5)

77:8 = _Qw - ua:Qua nt = _Qt - thu-
Then, the (3) is an infinitesimal Lie contact symmetry of the (1) if and only if
@) Lo Lo s

v (uzt —au — gﬁ(u )m) =0, Ugt = QU + gﬁ(u Vo, (6)

where v(?) is the second prolongation of v:
v = Q0 +DuQ 0y, +DiQ 8y, +D3Q0u,, +DuDiQu,, +DQ 00, (7)

where D, and D; are total derivative w.r.t x and t, respectively.
By substituting u, ; from second equation of (7) in the first equation, we find a polynomial of 4y, and u; with
functional coefficients of (z,t, u, us,ut). Its coefficients must be zero:

Qum,um =0, Q?Lm,uf, =0, Qut,ut =0,
UtQuu, T 0UQu, u, + Qtu, =0,  auQu, uy + Uz Quuy + Quu, =0,
U2 Quu + 2 Qu oy + Qua + au(aQut’ut + 2ug Qu i, + QQz,ut) =0, (8)
W Quyuy — e Quuy, — 5Qu iy + Qt oy — 4UQu, iy, — 2uzQy = 0,
Up Ut Qu + Ue Qo + W Qu s + Qe
o (ueQuu, + Qtuy + Quuy + Qu) + a(UeQu, + 1:Qu, — Q) = 0.

After solving the determining system (8), one finds that
Q = c1uy + coup + ¢z (Tuy, — tuy — 3u); (9)
where, c1, co and c3 are arbitrary constants. Therefore,

Theorem 1. The SPE (1) has a 3—dimensional Lie algebra g of point symmetries, generated by the infinitesimal
generators

Vlzaxa V2:ata V3:xax_tat+3ualm (10)
and commutating table

LI vi va s

Vi 0 0 V1
Vo 0 0 —Va (11)
V3 | —V1 Vo 0

The SPE (1) has not any non-point contact symmetry.

3. Invariant solutions and its classification

The one-parameter groups G; generated by the base of g are as follows:

G1 : exp(evy) - (x,t,u) = (x + &, t,u),
Gy : expleva) - (o,t,u) = (2.t +€,u), (12)
Gs3 : exp(evs) - (z,t,u) = (esx,e*Et,e%u),
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where ¢ is a real number.
Since each group G; is a symmetry group of SPE (1) and if uw = f(z,y) is a solution of the SPE (1), so are the
following functions

u=flz+et), u=f(z,t+e), u= f(eex7e_5t,e_35u), (13)

where € is an arbitrary real number. Thus, for the arbitrary combination v = ¢1vy + ¢ava + ¢3vs € g, the SPE (1)
has the following solution:

u= f(e®z +e1,e Pt +ea,e ), (14)

where ¢; are arbitrary real numbers.

Let G be the symmetry Lie group of SPE (1). Now G operates on the set of solutions S of SPE (1), and s-G be
the orbit of s, and H be a subgroup of G. Invariant H—solutions s € S are characterized by equality s-S = {s}.
If h € G is a transformation and s € S, then

ho(s-H)=(h-s)- (hHR™Y). (15)

Consequently, every invariant H—solution s transforms into an invariant hHh~!—solution (Proposition 3.6 of [5]).
Therefore, different invariant solutions are found from similar subgroups of G. Thus, the classification of invariant
H — solutions is reduced to the problem of the classification of subgroups of G, up to similarity. An optimal system
of s—dimensional subgroups of G is a list of conjugacy inequivalent s—dimensional subgroups of G with the property
that any other subgroup is conjugate to precisely one subgroup in the list. Similarly, a list of s—dimensional sub-
algebras forms an optimal system if every s—dimensional sub-algebra of g is equivalent to a unique member of the
list under some element of the adjoint representation: h = Ad(g)-h. Let H and H be connected, s—dimensional Lie
subgroups of the Lie group G' with corresponding Lie sub-algebras h and h of the Lie algebra g. Then H=gHg!
are conjugate subgroups if and only h = Ad(g) - h are conjugate sub-algebras (Proposition 3.7 of [5]). Thus, the
problem of finding an optimal system of subgroups is equivalent to that of finding an optimal system of sub-algebras,
and so we concentrate on it.

For the one-dimensional sub-algebras, the classification problem is essentially the same as the problem of clas-
sifying the orbits of the adjoint representation, since each one-dimensional sub-algebra is determined by a nonzero
vector in Lie algebra symmetries of SPE (1) and so to ”simplify” it as much as possible. The adjoint action is given
by the Lie series

&2
Ad(exp(ev;)vj)=v;—elv;, vj]+§[vi7 Vi, vil]—--, (16)
where 4,5 = 1,---,3. Let Ff : g — g defined by v — Ad(exp(ev;)v), for ¢ = 1,---,3. Therefore, if v =
C1V1 + caVa + c3vs € g, then

F1(v) = (1 + e1¢3) vy + cava + c3vs,
F?(v) = c1v1 + (c2 + e2c3)va + c3v3, (17)
Fiss (V> =e 3c1vy + €3 cava + c3v3.
Applying these transformations, one can show that
Theorem 2. A one-dimensional optimal system of g is

vi+avs, bvi+va, V3, (18)

where a and b are real constants; and, a two-dimensional optimal system of g is given by

Vi,Va, Vi,Vs, V2, Vs. (19)

4. Local symmetries of SPE

One can generalize one-parameter Lie groups of point transformations with infinitesimal generators in the char-
acteristic form v = Q(z, t, u, u,, us) 0, to one-parameter s-order local transformations with infinitesimal generators
of the form

v = Q(z,t,u,0u, 0*u, - -- ,0°u) Oy, (20)
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where the infinitesimal components depend on derivatives of u up to some finite order s > 1. The prolongation of
v is given by

v®) = Q8, +D,Q8y, +DiQ8y, +D2Qd,,. +D,DQ 8y, + D?Q8y,, +--- . (21)

where D, and D; are total derivative w.r.t z and ¢, respectively [1].
Then, for s = 3, (21) is an infinitesimal local symmetry of the (1) if and only if

v() (umt —au — éﬁ(us)m) =0, Uy =oau+ %ﬁ(ug)m7
g2 = Dy (au + %B(ui”)m% Ugpz = Dy (u + %ﬁ(tﬁ)m), (22)
......... tpere = D2 (o + éﬁ(u?’)m),
which leads to a polynomial of u,s and s, with functional coefficients of
QU Uy Uy Ugry Uigy 5 Uy Wttty Ugpd 5 Ugd ) (23)

and its derivatives. All of its coefficients must be zero. This leads to a system of 5 linear determining PDEs:

4.8
B uerui + Quz4,ut4 =0,

......... (24)
U Ut Quuy T+ F Uz Upa Quyuyy, = 0.
Therefore, the most general third-order characteristic function @ is
Q = (c1t+ c2) ug + 3c1u — €1 Ty + C3 Uy — €3 B2UY Unga (25)
- ;C:s aB?ugut, — (c3 Ba®ul —cs) uy + \/%,
where c¢q, - -+ ,c5 are arbitrary constants. There is not any non-trivial second or fourth-order characteristics. Thus,

we prove that

Theorem 3. The most general third-order infinitesimal local symmetry generator of SPE (1) is a R—linear com-
bination of following five vector fields vi, va, v3 of (10) and

Ugzx

——0,
V2Bu2,, + o (26)

3
3,6 2 4 2
V5 = (umww - 6 UprUzza — 5046 UgUyy — O ﬂuwwx) au

Vg =

There is mot any non-trivial second or fourth-order infinitesimal local symmetry generators.
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